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Chapter 1 

Vector Analysis 


Problem 1.1 

(a) Prom the diagram, ]B 4- C| cos#3 = |B| cos#! + |Cjcos#2. Multiply by |A|. 
j Aj |B + C| cos #3 = |A||B| cos#i + |A||C| cos# 2 - 
So: A*(B + C) = A*B + A-C. (Dot product is distributive.) 


|C| sin 02 



B| sin 6i 


Similarly: |B + C| sin #3 = jB| sin # x + |C| sin #2. Mulitply by [A| n. 

| Aj |B + Cj sin #3 n = |A|jB| sin#i n + |A||C| sin # 2 n. 

If n is the unit vector pointing out of the page, it follows that 
Ax(B + C) = (AxB) + (AxC). (Cross product is distributive.) 

(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and 
Section 8 (cross product). 

Problem 1.2 


jB|cos0i 1 C|cos02 


The triple cross-product is not in general associative. For example, 
suppose A = B and C is perpendicular to A, as in the diagram. 
Then (BxC) points out-of-the-page, and Ax(BxC) points down, 
and has magnitude ABC. But (AxB) = 0, so (AxB)xC = 0 ^ 
Ax(BxC). . 


A = B 


BxC i Ax (BxC) 


Problem 1.3 

A = +lx + ly-lz;A = B = lx + ly + lz;f? = \/3. 
A-B = +1 + 1 — 1 = 1 = AH cos# = v^t/Scos# =+ cos# = |. 


# = cos- 1 (i) * 70.5288° 



Problem 1.4 


The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example, 
we might pick the base (A) and the left side (B): 

A = -lx + 2y + 0z;B = -lx + 0y + 3z. 
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VECTOR ANALYSIS 


CHAPTER 


AxB = 


= 6x + 3y + '2z. 


x y z 

-12 0 

-10 3 

This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its 
length: 

AXB 


|AxB| = v‘36 + 9 + 4 = 7. 


n = 


A XB| 


fx+ fy + |z 


Problem 1.5 


Ax(BxC) = 


x 

A x 


z 

A, 


(. B y C z -B z C y ) {B Z C X — B X C Z ) (B x C y -B y C x ) 

= x[Ay(B x Cy - B y C x ) - A Z (B Z C X - B X C Z )\ + y() + z() 

(I’ll just check the x-component; the others go the same way.) 

= x(AyB x C y — A y ByC x ~ A Z B Z C X + A Z B X C Z ) + y() + z(). 

B(A-C) — C(A-B) = [ B x (A x C x + AyCy + A Z C Z ) — C X (A X B X + AyBy + A Z B Z )] x + () y + () z 
= x(A y B x C y + A Z B X C Z - AyB y C x - A Z B Z C X ) + y() + z(). They agree. 

Problem 1.6 

Ax(BxC)+Bx(CxA) + Cx(AxB) = B(A.C)-C(A.B)+C(A-B)-A(C-B)+A(B-C)-B(C-A) = 0. 
So: Ax(BxC) - (AxB)xC = -Bx(CxA) = A(B-C) - C(A-B). 

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or 
one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0). 


Conclusion: Ax(BxC) = (AxB)xC either A is parallel to C, or B is perpendicular to A and C. 


Problem 1.7 

*=(4x+6y-+8z)-(2x + 8y + 7z) 

* = v / 4 + 4+ l= [3] 


2x - 2y + z 


i-A- 
*- % ~ 


!*-|y + ! 2 


Problem 1.8 


(a) AyBy + A Z B Z = (cos 4 >A y + sin 4>A z )(cos 4>B y + sin <j>B z ) + (- sin 4>A y + cos 4>A Z )(~ sin 4>B y + cos 4>B Z ) 

— cos 2 4>A y By + sin 4> cos 4>( A y B z + A z B y ) + sin 2 <t>A z B z + sin 2 4>A y B y - sin 4> cos 4>(A y B z + A z B y ) + 
cos 2 4>A Z B Z 

= (cos 2 4> + sin 2 4>)AyB y + (sin 2 (j> + cos 2 4>)A Z B Z = A y B y + A Z B Z . / 


(b) (A x ) 2 + (Ay ) 2 + (A z ) 2 = ZUA iAi = S? =1 (S ^RijAj) (Zl =l R ik A k ) - E jtk (S i%U ifc ) AjA k . 
This equals A 2 X + A 2 + A 2 provided 


= { ; % ( 4 } 


Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also 
necessary. For suppose A = (1,0,0). Then E j tk (E, RijRi k ) AjA k — TiRnRn, and this must equal 1 (since we 
want A x +A~ y + A z — 1). Likewise, Ef =1 f?i 2 .Ri 2 = E i-iRaRi 3 — 1- To check the case j A fc, choose A = (1,1,0). 
Then we want 2 = Ej ifc (E iRijRik) AjA k = E; Rn Rn + E; R^Ra + E, R lt R ,2 + EiR^Rn. But we already 
know that the first two sums are both 1; the third and fourth are equal, so E, R ti R^ — E i RaRn = 0, and so 
on for other unequal combinations of j, k. / In matrix notation: RR — 1, where R is the transpose of R. 
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Problem 1.9 




x Looking down the axis: 


A 120° rotation carries the z axis into the y (= z) axis, y into x (= y), and x into z (= x). So A x = A z , 
Ay — A x , Ag — Ay. 

(° 0 M 

R= 1 0 0 

V_0 1 0 / 


Problem 1.10 

(a) No change. ( A x = A x , A y = A y , A z = A z ) 

(b) A — ► -A, in the sense ( A x = ~A X , A y = -A y , A z = -A z ) 

(c) (AxB) — > ( i -A)x(— B) = (AxB). That is, if C = AxB, C — » C . No minus sign, in contrast to 

behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AxB) — > (A) X (B) = 

(AxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector 

and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a vector. 
Angular momentum (L = rxp) and torque (N = rxF) are pseudovectors. 


(d) A-(BxC) — » (-AM(-B)x(-C)) = -A-(BxC). So, if o = A-(BxC), then [T 
changes sign under inversion of coordinates. 


Problem 1.11 


-a; a pseudoscalar 



(a) V/ = 2x x + 3 y 2 y + 4z 3 z 

(b) V/ = 2xy 3 z 4 x + 3x 2 j/ 2 z 4 y + 4 x 2 y 3 z 3 z 

(c) V/ = e x sinylnzx + e x cosylnzy + e x siny(l/z) z 



Problem 1.12 

(a) V/i = 10[(2y - 6i - 18) x + ( 2x -8 y + 28) y]. Vh = 0 at summit, so 

2x ~ 8y + 28 = 0 ==>• 6x - 24y + 84 = 0 } 2y ~ 18 “ 24j/ + 84 = °- 
22 y = 66 y — 3 =i> 2a; — 24 -H 28 = 0 x = —2. 

Top is 3 miles north, 2 miles west, of South Hadley. 

(b) Putting in x = -2, y = 3: 

h = 10(— 12 - 12 - 36 + 36 + 84 + 12) = | 720 ft, 

(c) Putting in x = 1, y = 1: V/i = 10[(2 - 6 -18)x + (2 - 8 + 28) y] = 10(-22x + 22 y) = 220(- x + y). 
|V/i| •= 220y^ » 311 ft/mile ; direction: northwest. 
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CHAPTER 1. VECTOR ANALYSIS 


Problem 1.13 

-4 = (a -a')x + (y -y')y + (z-z')z; = y/(x - a;') 2 + (y ~ y') 2 + (z - z') 2 - 

(a) V(* 2 ) = ■§ i [{x-x') 2 + {y-y') 2 + {z-z , j 1 ]x + § i {) y + -§.{)% = 2(x-x')x + 2(y -y')y + 2{z- z')z = 2*. 

(b) V(i) = &[(a - a ') 2 + (y - y'f + {z- x + 4()-i y + &()"* z 

= -§()“*2(a - a') x - -y')y~ |()~?2(z - z') z 

= -()“*[(* - a:')x + (y -y')y + (z - *') z] = — (1A 3 )-* = -(l/4 2 )i. 

(c) ^(* n ) = n/2 - n_1 ^ = n^ n- 1 (H 2 **) =n 4 n - 1 i ?: , so V( 4 U ) = n 4 n ~U. 


Problem 1.14 

y = +y cos cp + z sin cp; multiply by sin <p: y sin <p = +y sin <p cos <p + z sin 2 <f>. 
z = —y shu/) + z cos<£; multiply by cos <f>: z cos cp = —y sin<£cos</> + z cos 2 (p. 

Add: y sin 0 .+ z cos <p = z(sin 2 <p + cos 2 <p) = z. Likewise, ycos<p — z sin 0 = y. 

So || = cos (/>; §§ = - sin <j>; || = sin <p; |§ = cos <j>. Therefore 

M) v = n = i;ii+ifi=+co S «v/) s+5 i„«v/), l SoVftransforms Qed 

CZ/). = ^ = Ua + gH = -i»*(V/), + c«#(V/). ] So V/ transforms aa a vector, qed 


Problem 1.15 


(а) V-v 0 = ^(a 2 ) + ^(3 az 2 ) + |^(-2az) = 2a + 0 - 2a = 0. 

(б) V'Vj = £(ay) + ^(2yz) + £(3az) = y + 2a + 3a. 

(c)V-v c = £(y 2 ) + ^(2ay + z 2 ) + £(2 yz) = 0 + (2a) + (2y) = 2(a + y). 


Problem 1.16 

V-v = &(*)+£(*) + £(*) = JL [a(a 2 + y 2 + z 2 )~§] +£ [y(a 2 + y 2 + z 2 )-t] +£ [z(a 2 + y 2 + z 2 )~f ] 

= ()-|+a(-3/2)()-f2a + ()-f +y(-3/2)()-§2y + ()-§+ z(-3/2)()-i22 
= 3r~ 3 - 3 r~ 5 (a 2 + y 2 + z 2 ) = 3 r~ 3 - 3r -3 = 0. 

This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the 
origin. How, then, can V-v = 0? The answer is that V-v = 0 everywhere except at the origin, but at the 
origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at 
that one point, and zero elsewhere, as we shall see in Sect. 1.5. 


blem 1.17 

cos <j)v y + sin0w 2 ; v z = -sin^x y +cos <pv z . 

= ^ cos< t> + % sin 0 = (tS-% + T^ff) cos< t>+ [t^-% + f) Sin 0. Use result in Prob. 1.14: 
= C0S<j)+~f sin <p^j cos <p + (jfr cosep+^fc sin<?i) sin <p. 

= ~Tjf sin< ^ + %- cos< £ = ~ (^f! I + ifcm) sirup + ^ ||) cos^ 

= - ^ sin^ + ^ cos<^ sin0 + sin 0 + cos</>j cos^i. So 

Lt — dVy J. _i_ ci n sh nr\ c A\ oin /A r*r\o /A glii. cin ^ <A cin ^ /A — cin /A Poe /A 


t cos< ^ = “ fl + sin<£+ cos^ 

I- cos<^>j sin^ + (“^ sin< ^ + ^ cos^j cos<£. So 

^ sin <p cos <j> + sin <j> cos <f> + sin 2 (j> + ^ sin 2 <j> - 


^ cos 2 <f> + sin <p cos <j> + sin <f> cos <^> + ^ sin 2 (j> + ^ sin 2 <j> - sin (j> cos cp 






5 


- sin <j> cos <j> + cos 2 <j) 

= ifr (cos 2 $ + sin 2 0) + ^ (sin 2 <t> + cos 2 <£) = ^ / 


Problem 1.18 


x y z 

(a) V xv a = jy ^ = x(0 - 6xz) + y(0 + 2z) + z(3z 2 - 0) = -~6xzx + 2zy 4- 3z 2 z. 

x 2 3xz 2 — 2xz 

x y z 

(b) Vxv 6 = ^ ^ ^ = x(0 - 2y) 4- y(0 - 3z) + z(0 - x) = | -2yx - 3zy - xi. 

xy 2yz 3 xz 


(c)Vxv c = m lk Tz = x(2z - 2z) + y(0 - 0) + z(2y - 2y) = [IT] 
y 2 (2 xy 4- z 2 ) 2 yz 


Problem 1.19 

v = yx + xy; or v = yzx + xz y + xy z; or v = (3x 2 z - z 3 )x 4- 3y 4- (x 3 - 3xz 2 ) z; 

or v = (sin x) (cosh y)x — (cosx)(sinhy) y; etc. 


Problem 1.20 

W * v * (/fl) = = (/§£ + $ff) * + (/§§ + sif) y + (/if + s§f) 2 

= /(if* + ify+if 2 ) + 0 (if i+ ffy+§f 2 ) = /( v 5) + <?(V/). qed 
(iv) V-(AxB) = ^ ( AyB z — A z By) + ^ (A Z B X — A X B Z ) + ^ (AjBy — A y B x ) 


A dBx | D IMy 4 D 

g* ' r a® 212 ex D v a x 


dAx I A flBj; I R A dBx R IMs 

«... I Slz I a„. £>z fl.. 


= A (^ - + ®» (1* - W + B.'(^ - <£) (<& - 

-A, (I 1 - ® - A- B- (Vx A) - A- (VxB). qed 

(V) V X (/A) = (^ - * + (^ - »i^) , + (2^1 - 2!|M) ^ 

- f fMj. + A - A &)x + ( fQA*. + A 21 - fMi _ 4 

— 9y + A *0s/ * 8z A -yaz) x + \J dz + Ax dz J ax Ax dx)y 

+ (fit?- + A vU ~ ~ A *U) i 

- { A vU ~ A *%') * + { A *% ~ Ax %) y + { Ax U ~ A vM ) 2 ] 

= /(VxA)-Ax (V/). qed 


_i_ a 9B * 4- R dA * — A 9B * — R 

-rrt-X Q Z T 13 y dz y 9z D x 


Mjl _ dA .l \ + R 
dy dz ) + Cii 

_ A (dBjL _ dBj. 
A v V dz dx 


A dBx 
A v dz 
i d A, _ BA, 
< dz dx 


V dx ~ z dy ~ x d 
B, R dAy 

df- Bx ~dr 

8Ar \ I p> ( SA^ _ a^ 

dx I ~ r u * \ dx dy 

1 l -t) = B -l v> 


Problem 1.21 


(a) (A-V)B = {a x ^- + A y^- +^x^)x+ ( A x ^ + A y ^- + A z ^§f}y 

+ ( Ax + A v if 1 + A * ^§t) 2 - 

(b) f = § = xz+yf+zx ' L et > s ; ust th e x component. 

r +z2 

[(-V)r]x = -$= {x£x + y& + z m) m 
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CHAPTER 1. VECTOR ANALYSIS 


= H x [^ =+a: ( _ ^)l7 L ^ 2x ] +yx [~^T^¥ 2y ] +zx Nl^ 2 *]} 

= 7 {f “ £ {x 3 +xy 2 +xz 2 )} = j: {* " $ ( x2 +V 2 + z 2 )} = 7 (? “ f) = °- 
Same goes for the other components. Hence: (f-V)r = 0 . 

(c) (v 0 *V ) Vb = (x 2 ^ + 3 xz 2 -§^ - 2 xz-§^ (xyx + 2yzy + 3xzz) 

= x 2 (y x + 0 y + 3z z) + 3 xz 2 (xx + 2zy + Oz) - 2x2 (0 x + 2y y + 3x z) 

= ( x 2 y + 3 x 2 z 2 ) x + (6x2 3 — 4 xyz) y + (3x 2 2 — 6x 2 2) z 

= x 2 [y + 3 z 2 ) x + 2 xz (32 2 — 2 y) y — 3 x 2 z z 


Problem 1.22 

(ii) [V(A-B)] x = f x (A x B x + A y By + A Z B Z ) = ^-B x + A x ^ + B y + A y 9 -^- + ^B z + A 2 ?£ 

[Ax(VxB)], = A V (VXB), - A 2 (VxB) y = Ay (%--9fr)- A z { a -t ~ 


[Bx(VxA)], = B y (?t - d ~t) - B z { 9 -t ~ 9 -t) 

[(A-V)B] a = (A x f x + A y ^+A z ^)B x = A x ^+A y ^+A z ^t 
l(B-V)A], = B x d -t + By a -fr +B z a -t 
So [Ax(VxB) + Bx(VxA) + (A-V)B + (B-V)A], 

__ A dB v A _ A 9B i , A dB, , D 9A V _ td 0A, _ id dA, , d 9A z 

— A y dx A y dy /lz dz +yl 2 8i + D V dx °y Sy Dz dz + D * dx 

l A dB , , A Mi _L A Ml .1 P Ml _L P M. _L_ P Mil 


+ A v~dt + Az 


+ Bx?t+B y SA,+B z ^ 


= B,& + A,& + B a (& - ) + A t (?§. - f- +*-$■ ) 

+B,{- e 0- + e t + e ^-) + M- l f-+ e t + s ^) 

= [V(A-B)] x (same for y and 2 ) 

(vi) [Vx(AxB)]j = ^(AxB)j — ^(AxB)j = -j^(A x B y — A y B x ) — -^{A Z B X — A X B Z ) 


MiR 4- A 
Qy °y + A 


0g„ _ 3A 

0y dy 


'Jail r _ 4 Mi - Mi R _ 4 Mi 4. Mi R 4. 4 Mi 
ay D I -^y dy dz ° x /iz 0* + 02 


[(B. V) A - (A-V)B + A(V-B) - B(V-A)]« 

p dA x 1 p 0A X , p 0 A x 4 dB x __ 4 OB; 

1 *->v « -r -D z q, /la: A,, ■^ 1 w An 


p 0A X 1 p 0A X , p 0 Ax 4 0B X a 8B X a 0B x . a ( dB x . 0B V 0B t \ p f 0A X . 0A Z \ 


= ^ 
+ A(-^)+^(-^)+5 z (Mi) 
= [Vx(AxB)] j (same for y and 2 ) 


+^+! 4 +B.rtM 


0A V _ SA, -I 
0y 02 ; 


Problem 1.23 


v (Jig) = & Cf/fl) * + £ (//p) y + h if/ 9) 8 


x + £ii_/liy + £j£: 

9 2 ” X + S 2 y + 9 


= f [g(ff x + lfy + lf 2 ) ~/(^ x + fgy + if g )] = gV V a - q ed 


V-(A/^) = £{A x /g) + fr(A y /g) + £{A z /g) 


, | 9 

1 “73 -f 


1 T- ( 0A. , 3A„ , 0aA ( A 09 , 1 09 , ^ 09 M _ »V-A— A'Vfl 1 

- pr + -gf + -sf J “ ^0S + A y0t + ~ T • c l ed 
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[V X (A/ g)] x = 


l(AJg)-&(Ay/ g ) 


= 9J&-A4 i B^-Ayj f 


F [$ _ 1^0 _ ( A *f§ 

g( VXA )*+( AX v »k (same for y and z). qed 


Problem 1.24 


(a) AxB = 


x 

X 

3 y 


y 
2y 
— 2x 


z 

3z 

0 


= x(6xz) + y(9zy ) + z(-2x 2 - 6y 2 ) 


V-(AxB) = ^(6xz) + -§^{9zy) + ^(-2x 2 - 6 y 2 ) = 6z + 9z + 0 = 15z 

VXA = x (^(3z) - £(2y)) + y (&(ar) - &(3z)) + z (£(2y) - £(x)) = 0; B-(VxA) = 0 

VxB = x (^(0) - £(-2x)) +y (£(3y) - 4(°)) + 2 (£ (-2x) ~ ^ (3y) ) = “ 52; A ’( VxB ) = ~ 15z 

V-(AxB) =B-(VxA) - A-(VxB) = 0- (-15z) = 15z. / 

(b) A-B -Zxy-Axy = -xy ; V(A-B) = V(-xy ) = x-§^{-xy) + y^(-xy) = -yx-xy 


Ax(VxB) = 


x 

X 

0 


y z 

2y 3z 
0 -5 


= x(-10y) + y(5x); Bx(VxA) =0 


(A-V)B = (x^ + 2 1/4 + 3*4) ( 3 2/ x “ 2®^) = x(6y) + y(~2x) 

(B-V)A = (3t/4 ~ 2x Jt) (xx + 2yy +%zz) = x(3y) + y(-4x) 

Ax (VxB) + Bx(Vx A) + (A-V)B + (B-V)A 

= -lOyx + 5xy + 6y x - 2xy + 3y x : — 4xy = -j/x-xy = V*(A-B). / 

(c) Vx(AxB) = x (4(-2 x 2 - 6y 2 ) - 4( 9z J/)) + y (£( 6a:z ) ~ 4( _2x2 ~ 6 ^ 2 )) + * (^( dz v) ~ ^( 6xz )) 
= x(-12y - 9 y) + y(6x + 4x) + z(0) = -21y x + lOxy 

V-A = 4(x) + 4(2y) + 4(3 z) = 1 + 2 + 3 . = 6; V-B = £(3y) + 4(-2x) = 0 

. (B-V)A - (A-V)B + A(V*B) - B(V-A) = 3yx - 4xy - 6yx + 2xy — 18y x + 12xy = -21yx + lOxy 
= V X (A xB). / 

Problem 1.25 


«*)££“ 2; ^ = ^ = 0 


<b) 0 = 


a 2 T b _ rp 

~dz 2 - lb 


V 2 T(, = -3 T{, = -3 sin x sin y sin z. 


_ nz T . d^Tc 

«-2 — AOJ-c , Qy-2 


-16 T c ; = -9 T c 


( c ) Hx* 

(d) ^ = 2;^ = ^ = 0 => V 2 n, = 2 

& = ^=0;& = 6x =* V S= 6 x 
^ = ^ = ^=0 => W=0 


V 2 T C = 0. 


V 2 v = 2x + 6xy. 





Problem 1.28 


(a) (0,0,0) — > (1,0,0). x : 0 -» 1 ,y = 2 = 0;dl = dxk; v ■ dl = x 2 dx ; f v ■ dl = x 2 dx = (z 3 /3)|J = 1/3. 
(1,0, 0) — )• (1, 1,0). x = l,y : 0 -> 1, z = 0;ctt = dyy; v • d\ = 2yzdy = 0; f v • dl = 0. 

(1, 1,0) — * (1, 1, 1). x = y = 1, z : 0 -t 1; dl = dzz\ v • dl = y 2 dz = dz; J v • dl = dz = z\q = 1. 

Total: fvdl= (1/3) + 0 + 1 = | 4/3- 

(b) (0, 0, 0) — > (0, 0, 1). x = y = 0, 2 : 0 -> 1; d\ = dz z; v • dl = y 2 dz = 0; f v ■ dl = 0. 

(0,0, 1) — * (0, 1, 1). x = 0,j/ : 0 -» l,z = l;dl = dyy\\ dl= 2yzdy = 2ydy\fv-dl = /q 2?/di/ = y 2 |^ = 1. 
(0, 1, 1) — > (1,1,1). x : 0 -> l,y = z — l;dl = dxx; v • d\ = x 2 dx; f v • dl — x 2 dx = (x 3 /3)|J = 1/3. 
Total: f v • dl = 0 + 1 + (1/3) = |4/3. 

(c) £ = y = ^ : 0 -> 1; dx — dy = dz; v ■ dl = x 2 dx 4- 2 yz dy + y 2 dz — x 2 dx 4- 2a; 2 dx + x 2 dx = 4x 2 dx; 
fv-dl = f 0 1 4x 2 dx - (4a; 3 /3)|o = 4/3. 

(d) / v ■ dl = (4/3) — (4/3) = [o7 

Problem 1.29 

x,y : 0 — > 1,2 = 0;da = dxdyz;\ ■ da = y(z 2 — 3)dxdy = -3ydxdy;Jv-da = —3f^dxf^ydy = 

-3(x|q)(^-|o) = -3(2)(2) = 12. In Ex. 1.7 we got 20, for the same boundary line (the square in the xy- 
plane) , so the answer is | no: the surface integral does not depend only on the boundary line. The total flux 
for the cube is 20 + 12 = 32. 

Problem 1.30 

JT dr = f z 2 dxdy dz. You can do the integrals in any order — here it is simplest to save 2 for last: 

M/ (/*’)*]*' 

The sloping surface is x + y + z — 1, so the x integral is f ( j 1 v ^ dx — 1-y-z. For a given 2 , y ranges from 0 to 
1 - 2 , so the y integral is f 0 {1 ~ z) (l -y - z) dy = [(l-z)y-(y 2 /2)]& 1 ~ z) = (1 - z) 2 - [(1 - z) 2 /2] = ( l-z) 2 /2 = 
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(1/2) - z + {z 2 / 2). Finally, the z integral is /„* z 2 (§ - 2 + 4) dz = (4 - * 3 + 4) d2: = (t ~ 4 + ffi)lo = 


I _ i -L J_ — 
6 4 T 10 


1/60. 


Problem 1.31 


T(b) = 1 + 4 + 2 = 7; T(a) = 0. => I T(b) - T(a) = 7. 


VT = (2x + 4y)x 4- ( 4x + 2z 3 )y + (6yz 2 )z; VT-dl = (2a; + 4 y)dx + (4a; 4- 2x 3 )dy 4- ( 6yz 2 )dz 


/ b vr-di = 7./ 


(a) Segment 1: x ; 0 — > 1, y = z = dy = dz = 0. f VT-dl = /J (2x) dx = a; 2 I* = 1. 

Segment 2; y : 0 -4 1, x = 1, z = 0, dx = dz = 0. f VT-dl = fj( 4) dy = 4y|J = 4. 

Segment 3: z : 0 -4 1, x = y = 1, da; = dy = 0. /VT-dl = /q(6z 2 ) dz = 2z 3 |* = 2. J 

(b) Segment 1: 2 : 0 -4 1, x = y = dx = dy = 0. f VT-dl — f* (0) dz = 0. 

Segment 2: y : 0 -4 1, x = 0, z = 1, dx = dz = 0. /VT-dl = / 0 * 1 (2)dy = 2y|J = 2. > r b vT-di = 7 / 

Segment 3: x : 0 -+ 1, y = z = 1, dy = dz = 0. f VT-dl = /g 1 (2x 4- 4) dx 

= (x 2 +4x)|J = 1+4 =5. 

(c) x : 0 — > 1, y = x, z = x 2 , dy = dxdz = 2 xdx. 


VT-dl = (2x 4- 4 x)dx 4- (4x 4- 2 x 6 )dx 4- (6xx 4 )2xdx = (lOx 4- 14x 6 )dx. 

/ b VT-dl = /^(lOx 4- 14x 6 )dx = (5x 2 + 2x 7 )|J = 5 + 2 = 7./ 

Problem 1.32 


V -v = y + 2z + 3x 

/(V-v)dr = /(y + 2z + 3x)dxdy dz = //{/ Q 2 (y + 2z + 3x) dx} dy dz 

[(j/ + 2z)x + §x 2 ] 2 = 2(y + 2z) + 6 

= / {/o (2y + 4z + 6)dy } dz 

c — y [y 2 + (4z + 6 )y] 2 = 4 + 2(4z + 6) = 8z + 16 


= / 0 2 (8z + 16)dz = (4z 2 + 16z) | 2 = 16 + 32 = |~48~ 


Numbering the surfaces as in Fig. 1.29: 


(i) da — dydzx, x = 2. v-da = 2ydydz. /v-da = Jf2ydydz= 2y 2 | 2 = 8. 

(ii) da = -dy dz x, x = 0. v-da = 0. / v-da = 0. 

(iii) da = dxdzy,y = 2. v-da = 4z dxdz. /v-da = //4zdxdz = 16. 

(iv) da = -dx dzy,y = 0. v-da = 0. / v-da = 0. 

(v) da = dx dy z, z = 2. v-da = 6x dx dy. / v-da = 24. 

(vi) da = -dxdyz,z = 0. v-da = 0. /v-da = 0. 

=4- /v-da = 8 + 16 + 24 = 48 / 


Problem 1.33 


Vxv = x(0 - 2y) + y(0 - 3z) + z(0 - x) = -2yx - 3zy - xz. 

da. = dydz x, if we agree that the path integral shall run counterclockwise. So 

(Vxv)-da = -2 ydydz. 
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/(Vxv)-da = 


Meanwhile, v-dl = 


/{/ 0 2 *(“ 2 y)dy}dz 

C ^ ^ 2 |o~* — —(2 — z) 2 

~ fo ( 4 ~ 4z + z2 ) dz ~ ~ { 4z ~ 2z 2 + t ) 


-( 8-8 + |) = 



(xy)dx + (2 yz)dy + (3 zx)dz. There are three segments. 





(1) x = z = 0; dx = dz = 0. y : 0 -> 2. /v-dl = 0. 

(2) i = 0; z = 2 — y; dx = 0, d 2 = — dy, y : 2 -* 0. v-dl = 2yz dy. 

/ v *dl = /“ 2y(2 — y)dy = - / 0 2 (4y - 2y 2 )dy = - (2y 2 - |y 3 ) |„ = - (8 - § • 8) = -f . 

(3) x = y = 0; dx = dy = 0; 2 : 2 -> 0. v-dl = 0. / v-dl = 0. So / v-dl = — / 

Problem 1.34 

By Corollary 1, /(V X v)-da should equal V X v = (4s 2 - 2x)x + 22 z. 

(i) da = dydzSt, x = 1; y,z : 0 -+ 1. (Vxv)-da = (42 2 - 2 )dydz; /(Vxv)-da = f*(4 z 2 - 2 )dz 
= (jz 3 -2z) | 0 = f-2 = — §• 

(ii) da = -dxdyz, 2 = 0; z,y : 0 -> 1. (V Xv)-da = 0; /(Vxv)-da = 0. 

(iii) da = dx dz y, y = 1; *, 2 : 0 -> 1. ( Vx v)-da = 0; /( Vx v)-da = 0. 

(iv) da = - dxdzy , y — 0; x,z : 0 -+ 1. (Vxv)-da = 0; /(Vxv)-da = 0. 

(v) da = dxdyz, 2 = 1; x,y : 0 -> 1. (Vxv)-da = 2 dxdy; /(Vxv)-da = 2. 

=>/(Vxv)-da = -f+2 = f./ 

Problem 1.35 

(a) Use the product rule Vx(/A) = /(Vx A) — Ax (V/) : 


/ /(Vx A) • da = f V X (/A) • da + [ [A x (V/)] • da = /A-dl + /[Ax (V/)]da. qed. 

ds ds JS dp d$ 


(I used Stokes’ theorem in the last step.) 


(b) Use the product rule V-(A x B) = B • (Vx A) — A • (VxB) : 

[ B • (VxA)dr = f V-(AxB )dr+ f A • (VxB) dr = / (A x B) • da + f A(VxB)dr. qed. 
dv dy dv ds dv 


(I used the divergence theorem in the last step.) 
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Problem 1.36 


r = \A 2 + y 2 + z 2 \ 0 = cos 1 i = tan 1 (*) 


Problem 1.37 


There are many ways to do this one— probably the most illuminating way is to work it out by trigonometry 
from Fig. 1.36. The most systematic approach is to study the expression: 


r = ix + yy + zz = rsin0cos0x + rsin0sin0y + rcos0z. 

If I only vary r slightly, then dr = -^{r)dr is a short vector pointing in the direction of increase in r. To make 
it a unit vector, I must divide by its length. Thus: 


dr 

dr 

Or 

r = dr - 
T dr 

a _ 00 . 
0 - 0r 1 

1 W 

< t > = 8r ' 

dr 

89 

9 ^ 


|p = sin0cos0x + sin0sin0y + cos0 z; ||p| 2 = sin 2 0 cos 2 0 + sin 2 0 sin 2 0 + cos 2 0 = 1. 

|| = r cos 0 cos 0x + r cos 0 sin0y — r sin0 z; |||| = r 2 cos 2 0 cos 2 0 + r 2 cos 2 0sin 2 0 + r 2 sin 2 0 = r 2 . 
Jy = —r sin0sin0x + r sin0 cos0y; |||| 2 = r 2 sin 2 0 sin 2 0 + r 2 sin 2 0 cos 2 <f> = r 2 sin 2 0. 


=► 


f = sin 0 cos 0 x + sin 0 sin 0 y + cos 0 z. 
0 = cos 0 cos 0 x + cos 0 sin 0 y - sin 0 z. 
4> = — sin 0 x + cos 0 y . 


Check: r *r = sin 2 0(cos 2 0 + sin 2 <j>) + cos 2 0 = sin 2 0 4- cos 2 
0-<0 — — cos 0 sin 0 cos 0 + cos 0 sin 0 cos 0 = 0,/ 


0 = 1 , 

etc. 


/ 


sin0r = sin 2 0 cos 0 x + sin 2 0 sin 0 y + sin0cos0z. 
cos 00 = cos 2 0 cos 0 x 4- cos 2 0 sin 0 y - sin 0 cos 0 z. 
Add these: 

(1) sin0r + cos00 = +cos0x + sin0y; 

(2) <0 = - sin0x + cos0y. 
Multiply (1) by cos0, (2) by sin0, and subtract: 


x = sin 0 cos 0 r + cos 0 cos 0 0 — sin 0 <0. 
Multiply (1) by sin0, (2) by cos 0, and add: 


y = sin 0 sin 0 r + cos 0 sin 0 0 + cos 0 <0. 

cos 0 r = sin 0 cos 0 cos 0 x + sin 0 cos 0 sin 0 y + cos 2 0 z. 
sin 0 0 = sin 0 cos 0 cos 0 x + sin 0 cos 0 sin 0 y — sin 2 0 z. 

Subtract these: 


z = cos 0 r — sin 0 0. 
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Problem 1.38 

(a) V-Vi = ±-§-[r 2 r 2 ) = 44r 3 = 4r 


/(V'Vi)dr = /(4r)(r 2 sin 0 dr dd dip) = (4) f R r 3 dr f* sin 9 d8 Jl n d<p = (4) (2)(2-7r) = 47rfl 4 

r fY / 9. • /i T/l 7 i 4 fTT • . /I . 1/1 * , , t"» 4 / / xr j. . , r. . r t 


fvj •da = /(r 2 r)-(r 2 sin 8 dO d<pr) — r 4 sin 0 c$ f Q * d<f> = 47ri? 4 / (Note: at surface of sphere r = /?.) 


(b) V*v 2 = (r 2 ^) =0 =* /(V-v 2 )c/r = 0 


fv 2 •da = / ( - 2 -r ) (r 2 sin 9 dd d<j) r) = /sin 0 d8 d<fi ~ 1 4x. | 

They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our 
calculation of /(V-v 2 ) is incorrect. The right answer is 47 t. 


Problem 1.39 

Vv = 


1 a_ 

pr Q r 


(r 2 r cos #) + M ( sin 0 r sin #) + ^ & (r sin # cos 


= pr 3r 2 cos # + — f-* r 2 sin # cos # + — ^rsin#(-sin0) 


3 cos # + 2cos# — sin0 = 5 cos# - sin<£ 


/(V-vjdr — J( 5 cos # — sin ip) r 2 sin 9 dr d9 dip = r 2 dr f 0 2 [ f 2n (5 cos 9 — sin <p) dp 

c — ^27r(5cos(?) 

= ('x) (107r) J 0 2 sin 9 cos 6 ,d9 


d8 sin 9 


C 1 sin 2 9 

r 2 


— I 
2 


?fR 3 . 


7T 
2 * 


Two surfaces — one the hemisphere: da = R 2 sin 9 d9 dip f : r = R-, <j > : 0 -+ 27r, 0:0 
J v-da = f(r cos 9) R 2 sin 9 dO dp = R 3 f Q J sin 9 cos 9 d9 dip = i? 3 (|) (27r) = 7ri? 3 . 

other the flat bottom: da = ( dr)(r sm9dp) (+ 0 ) = r dr dpO (here 9 = %). r : 0 — > R, p :0 
Jv-da = f(r sin 9) (r dr dp) = J R r 2 dr dp = 2 tt^-. 

Total: fv-da = 7rR 3 + R 3 = |-7rf? 3 . / 


2 7T. 


Problem 1.40 


Vt = (cos 9 + sin 9 cos <p)r + (- sin# + cos# cosp)0 + -A-(— siif #sin p)p 


V 2 t = V-(Vt) 

= 7SW (r 2 (cos# + sin# cos 0)) + ^T 5 ^(sin#(-sin# + cos#cos0)) + TSETfl s in</>) 
= p. 2r (cos # + sin # cos <p) + ■ y n& (— 2 sin # cos # + cos 2 # cos (p - sin 2 9 cos <£) — — j -j cos cp 



r sin 9 


1 


r sin 9 

V 2 t 

= 0 


[(sin 2 # + cos 2 #) cos <p — cos <p] = 0. 


Check: r cos# = z, r sin # cos<p = x => in Cartesian coordinates t — x + z. Obviously, Laplacian is zero. 
Gradient Theorem: Vt-dl = t(b) — t(a) 

Segment 1: 9 — j, <p — 0, r : 0 — > 2. dl = drr; Vt-dl = (cos# + sin#cos0)dr = (0 + l)dr = dr. 
fVt-dl = f 0 2 dr = 2. 

Segment 2: 9 — j, r = 2, <p :0 — > dl = r sin # dip 4> — 2 dip 4>. 

Vt-dl = {— s\n<p){2d<p) = -2sm.<pdcp. fVt-dl = - 2smipd<p = 2cos0|J = -2. 
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Segment 3: r = 2, ft = f ; 9 : * 0. 

dl = r d99 = 2 d#0; Vt-dl = (- sin# + cos # cos ft) (2 d#) = -2sin#d#. 
fVt-dl = — fn 2sin 9dB = 2cos#| < l = 2. 


Total: f b Vt-dl = 2 - 2 + 2 = 

= [2]. Meanwhile, t(b) - t( a) = [2(1 + 0)] - [0( )] = 2. / 

Problem 1.41 From Fig. 1.42, 

s = cos ft x + sin ft y; ft = — sin ft £ + cos ft y; z = z 



Multiply first by cos ft, second by sin ft, and subtract: 

s cos ft — (ft sin (ft = cos 2 ftx + cos (ft sin fty + sin 2 ftx — sin ft cos ft y = x(sin 2 ft + cos 2 ft) = x. 


So 


x = cos ft s — sin ft ft. 


Multiply first by sin ft, second by cos ft, and add: 


§ sin ft + (ft cos ft = sin ft cos ft x + sin 2 fty - sin ft cos ftx + cos 2 ft y = y(sin 2 ft + cos 2 ft) = y 


So 


y = sin ft § + cos ft (ft. 


z = z. 


Problem 1 .42 

(a) Vv = \j- a (s s(2 + sin 2 ft)) + £ ^ (s sin ft cos ft) + £(3z) 

= 1 2s(2 + sin 2 ft) + ~ s( cos 2 ft - sin 2 ft) + 3 

= 4 + 2 sin 2 ft + cos 2 ft - sin 2 ft + 3 

= 4 + sin 2 ft + cos 2 ft + 3 = |~8. j 

(b) /( V-v)dr = f(8)s ds dft dz = 8 / 0 2 s ds /„? d<f> f* dz - 8(2) (f ) (5) = 407 r. 

Meanwhile, the surface integral has five parts: 

top: z — 5, da = sdsdifr z; v*da = 3 z ads dip = 15s ds dft. / v*da = 15 J Q a ds J 0 2 d<j> = 157t. 

bottom: z = 0, da = — sdsdftz; v*da = -3 zsdsdft — 0. /vda = 0. 

back: ft=f, da = dsdzft; v-da = s sin ft cos ft dsdz = 0. /v-da = 0. 

left: ft = 0, da = — dsdzft; vda = — ssinftcosftdsdz = 0. f vda = 0. 

front: s = 2, da = sdftdzs; vda = s(2 + sin 2 ft)sdftdz = 4(2 + sin 2 ft)dftdz. 

/v-da = 4f 0 J (2 + sin 2 ft)dft/„ 5 dz = (4)(ir + f )(5) = 25 tt. 

So /v-da = 157r + 257T = 40 tt. / 

(c) Vxv = (i^(3z)-£(ssinftcosft))s+(£(s(2 + sin 2 ft))-£(3z))ft 

+7 (^(s 2 sin ft cos ft) - ^ (s(2 + sin 2 ft))) z 
= i(2ssinftcosft — s2sinftcosft) = 

Problem 1.43 

(a) 3(3 2 ) - 2(3) - l = 27-6-l=[m 

(b) COS 7T = I -1. I 

(c) 1 zero. | 


(d) ln(— 2 + 3) = In 1 = | zero. | 


Problem 1.44 

(a) /! 2 (2x + 3)|J(x)da;= ±(0 + 3) =|T] 

(b) By Eq. 1.94, (5(1 - x) = (5(x - 1), so 1 + 3 + 2 
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(c) f_ 1 9x 2 l6{x + l)dx = 9{~l) | = | §.| 

(d) 1 (if a > b), 0 (if a < b). 


Problem 1.45 

(a) fZcfi x ) [ x te 5 ( x )] dx - X f( X ) S ( X )\-oo - 1-00 ~k (xf(x))S(x)dx. 

The first term is zero, since 5(x) = 0 at ±oo; ^ (x f(x)) = x ^ = x ^ + /. 

So the integral is - ( x & + /) 5{x) dx = 0 - /( 0) = -/( 0) = - f{x)6(x) dx. 

So, x£5(x) = —5(x). qed 

(b) fZc /We* = f( x )°( x ) l-oo “ fZo £v( x ) dx = f(°°) ~ fo°° £ dx = f(°°) ~ (/(°°) — /(0)) 
= /( 0) = S-oo f( x ) S ( x ) dx ■ So 5E = 6 ( x )- <l ed 


Problem 1.46 

(a) p(r) = qS 3 (r — r'). Check: fp(r)dr = q fS 3 (r — r') dr = q. / 

(b) p{ r) = q5 3 ( r - r 1 ) - q6 3 ( r). 

(c) Evidently p{r) = ,4<5(r — R). To determine the constant A, we require 

Q = Jpdr = fAS(r — R)4irr 2 dr = A4kR 2 . So A = . p(r) = j^5<5(r — /?). 


Problem 1.47 

(a) a 2 + a-a + a 2 ~ 3a 2 . 

(b) /( r - b) 2 ^5 3 (r) dr = ^ b 2 = ^(A 2 + 3 2 ) = 

(c) c 2 = 25 + 9 + 4 = 38 > 36 = 6 2 , so c is outside V, so the integral is | zero. [ 

(d) (e — (2 x + 2 y + 2 z)) 2 = (1 x + Oy + (-1) z) 2 = 1 + 1 = 2 < (1.5) 2 = 2.25, so e is inside V, 
and hence the integral is e-(d - e) = (3, 2, 1) •( — 2, 0,2) = -6 + 0 + 2 = [ -4. | 


Problem 1.48 

First method: use Eq. 1.99 to write J = f e~ r (4nS 3 (r)) dr = 47re -0 = | Air. | 

Second method: integrating by parts (use Eq. 1.59). 

3 = - jL. V(e-')tr + fe-~L.fr. But V («“') = (L e -A , = 

V s 

oo 

— J -^e~ r Anr 2 dr + J e~ r ^ ■ r 2 sin 6d0 d<j>i = Air J e~ r dr + e~ R J sin8d6d<f) 

o 

= 47t (— e~ r ) |^° + Ane~ R = Air (— e“°° + e~°) = 47t./ (Here R = oo, so e~ R = 0.) 


Problem 1.49 (a) V-F x = &(0) + |-(0) + £ (z 2 ) = 0; V-F 2 = H + §* + |f = l + l + l= [I 



X 

y 

2 

= -y ^ ( * 2 ) = - 2a; y ; 


X 

y 

Z 

VxFx = 

d 

dx 

_d_ 

dy 

d_ 

dz 

VxF 2 = 

d_ 

dx 

8_ 

Sy 

d__ 

dz 


0 

0 

X 2 



X 

y 

z 
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Pf 2 is a gradient; Fi is a curl ‘jJ7 2 = ^ (x 2 + y 2 + z 2 ) would do (F 2 = VC/ 2 ). 

For Ai, we want = 0; ^ - z 2 - A* = A, = 0 would do it. 

j Ax = \x 2 y (Fx = V xAi) . (But these are not unique.) 


x y z 

(b) V-F 3 = £(yz) + -§^(xz) + £(xy) = 0; VxF 3 = ^ ^ £ = x (x - x) + y (y -y) + z (z - z) = 0 

yz xz xy 

So F 3 can be written as the gradient of a scalar (F 3 = Vf/ 3 ) and as the curl of a vector (F 3 = V XA 3 ). In 
fact, lh = xyz does the job. For the vector potential, we have 


( ^~lh L= y z ’ which suggests A z = \y 2 z + f(x, z)\ A y = -\yz 2 + g(x, y) 
I Hf? ~ ~ xz > suggesting A x = \z 2 x + h(x, y); A z = -\zx 2 + j(y, z) 


dz dx 

dAy _ dA x 
dx dy 


xy, so A y = \x 2 y + k(y,z); A x = -\xy 2 +l{x,y) 


Putting this all together: A 3 — | {i (z 2 — y 2 ) % + y (x 2 — z 2 ) y + z ( y 2 — a: 2 ) z} (again, not unique). 


Problem 1.50 

(d) (a): VxF = V X(-'VU) — 0 (Eq. 1.44 - curl of gradient is always zero), 

(a) => (c): j>F-dl = /(Vx F) ■ da = 0 (Eq. 1.57-Stokes’ theorem). 

(c) =► (b): / a b 7 F ■ dl - / a b 7/ F ■ dl = / b 7 F . d\ + i b a 77 F • dl = / F • dl = 0, so 


(b) =J> (c): same as (c) => (b), only in reverse; (c) => (a): same as (a)=>- (c). 


Problem 1.51 

(d) => (a): V-F = V-(V xW) = 0 (Eq 1.46 — divergence of curl is always zero). 

(a) => (c): f F • da = f (V-F) dr = 0 (Eq. 1.56^ — divergence theorem). 

(c) => (b) : fjF ■ da — f /f F - da — § F ■ da = 0, so 

f F • da = f F • da. 

J i J ii 

(Note: sign change because for / F • da, da is outward, whereas for surface II it is inward .) 

(b) => (c): same as (c) =>■ (b), in reverse; (c)=> (a): same as (a)=> (c) . 


Problem 1.52 

In Prob. 1.15 we found that V-v a := 0; in Prob. 1.18 we found that Vxv c = 0. So 

v c can be written as the gradient of a scalar; v a can be written as the curl of a vector. 


(a) To find t: 


(!) §~ = V 2 => t = y 2 x + f(y, z) 

(2) | ± = (2xy + z 2 ) 

(3) ff = 2 yz 






16 


CHAPTER 1. VECTOR ANALYSIS 


From (1) & (3) we get = 2yz => / = yz 2 + g{y) =4- t = t/ 2 x + yz 2 + g(y), so f| = 2xy + z 2 4 
2a;?/ + z 2 (from (2)) =S- I 4 = O'. We may as well pick g = 0; then 


t = xy 2 + yz 1 . 


(b) To find W: ^ ^ = x 2 ; ^ ^ = 3z 2 x; ^ ^ - 


dz 


dx 


8x 


dy 


-2 xz. 


Pick W : t = 0; then 


dWz = -3xz 2 => W z = ~^x 2 z 2 + /(2/,-t) 


3x 

aw, 


ax 


y _ 


- —2xz=^W y = -x 2 z+g(y,z). 


^-^ = M+ a;2 -|f = 2:2 ^l£-|§ = 0 - Ma y as wel! P ick / = 9 = o. 


dy 


dy dz 


W = -x 2 zy - §x 2 z 2 z. 


Check: V X W = 


x y z 

_fi_ _9_ d_ 

dx dy dz 

0 — x 2 z — |x 2 z 2 


= x (x 2 ) + y (3xz 2 ) + z (-2xz)./ 


You can add any gradient (Vf) to W without changing its curl, so this answer is far from unique, 
other solutions: 

W = xz 3 x — x 2 zy; 

W — ( 2xyz + xz 3 ) x 4- x 2 y z; 

W = xyz x - \x 2 zy + \x 2 (t/ - 3z 2 ) z. 

Probelm 1.53 


i a 


i a 


Vv = ^2^: (r- 2 r 2 C ° s ^) + ( sin <9r 2 C °s <^>) = -—r 


i a 


r 2 dr 

Is. 1 

— 4r cos 0 H ; — - 

rsinfl 

r cos 0 


r sin 9 89 
cos 0 r 2 cos <j> + 


sin# 


r sin 0 

[4 sin 9 + cos <f> - cos </>] = 4r cos 8. 


r sin 9 84> 
(-r 2 cos 0 cos 4>) 


(-r 2 cos 0 sin $) 


J(V-v)dr = J(4rcos9)r 2 s'm8drdd d<f> = 4 J r 3 dr J cos6sin9d8 J d<f> 

_ (jj 4 ) = j 


7rR_ 

4 


Surface consists of four parts: 

(1) Curved: da. = f? 2 sin 9 d9 d<j>r\ r = R. v ■ da = (f? 2 cos 0) (f? 2 sin 0 tf# d<f) . 


tt/2 tt/2 

J v ■ da = R 4 J cos 0 sin 9 d9 J d<j> = f? 4 (^) = 


R 4 


VJL - 
dy 


Some 
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J2) Left: da = -r dr d9 (p; <p = 0. v • da — [r 2 cos dsin p) (r dr d9) = 0. f v ■ da — 0. 

5) Back: da = rdr d#0; <p = 7r/2. v • da = (— r 2 cos d sin 0) (rdr d6) = — r 3 cos 9 dr dO. 

R rr/2 

Jv-da= J r 3 dr j cos 0 dd = — ^R 4 ^ (+1) = — ^R 4 . 
o o 

(4) Bottom: da — r sin dr dp (9; 6 = 7r /2 . v • da = (r 2 cos </>) (r dr dp) . 

R n /2 

j~ v • da = J r 3 dr J cos p dtp — — R 4 ■ 


Total: § v • da = ttR 4 /4 + 0 - iR 4 + / 


Problem 1.54 

x y z 

Vxv = Wi ^ WI = z(b — a). So f(Vxv) ■ da = (b-a)nR 2 . 
ay bx 0 

v • dl = (at/ x + bx y) • (da: x + dt/ y + dz z) — ay dx 4- bx dy ; x 2 + y 2 = R 2 => 2a; dx + 2y dy = 0, 

so dy = — (x/y) dx. So v • dl = aydx + bx(—x/y) dx — k ( Q y 2 _ fo; 2 ) ^a;. 

For the “upper” semicircle, t/ = \/R 2 — a; 2 , so v • dl = a ^ R ; R l ] 4~~ d x . 


v • dl = 


aR? — (a + b) x 2 

VR 2 - x 2 


da; = < aR 2 sin' 


1 (1) _ ^ a + b ) 


, / T \ 1 

1 

Shl ( p) 


Wi/ J , 

' +fi 

(a -6) (-£ 

2 J 


" = ^R 2 (a — 6) sin 1 (x/R) = ^R 2 (a - 6) (sin 1 (-1) - sin 4 (+l)) = ^R 2 (a - 6) 

= R 2 (6-a). 

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so 
§ v • dl = 7rR 2 (b — a) . / 


Problem 1.55 

(1) x = 2 r = 0; da; = dz = 0; y : 0 — > 1. v • dl = (y + 3a;) dy = y dy. 

1 1 

/ V dI = I ydy ~ 

0 0 

(2) x = 0; z = 2 — 2y ; dz ~ ~‘2dy\ y : 1 0. v ♦ dl = (y -f 3a:) dy 4- 6 dz = y dy — 12 dy = (y - 12) dy. 

o 

fv.* = Jiy-12)dy = -(\- 12^ = -1 + 12. 

1 

(3) a: = y = 0; da; — dy — 0; z : 2 — y 0. v • dl — 6 dz; 

0 

J v • dl = J 6 dz — -12. 
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Total: /v-dl = i- § + 12-12 = [T 
Meanwhile, Stokes’ thereom says /v • dl = J(Vxv) • da. Here da = dydzx , so all we need is 
(Vxv), = g^(6) - -§^(y 4- 3x) = 0. Therefore /(Vxv) • da = 0. / 

Problem 1.56 

Start at the origin. 

(1) d = j, 0 = 0; r : 0 — >• 1. v • dl = (r cos 1 2 9 ) (dr) =0. f v • dl = 0. 

tt/2 

(2) r = 1, 0= f; 0:O->7r/2. v • dl = (3r)(r sin dd0) = 3 d0. / v - dl = 3 f d<p = &■. 


(3) 0= f; r sin d = y = 1, so r = dr = -^cosddd, 6: f -> f- 


v • dl = (r cos 2 d) (dr) — (r cos d sind) (r dd) = — 


cos 2 d 


cos d \ cos d sin d 

d theta — — dd 


sind \ sin 2 d 

/ cos 3 d cos d \ cos d / cos 2 d + sin 2 d \ cos d 

T “ — — I dd — — - — — ~ I dd — 5 — dd. 


sin d 


Therefore 


\sin 3 d sind 


7r/4 


[v<a = - 

J J sin 3 d 2 sin 

ir/2 


sin d V sin 2 d 

tt/4 , 


sin 3 d 


sin 2 d 


1 


= 1 - 1=1 
w/2 2 - ( 1 / 2 ) 2 - ( 1 ) 2 2 


(4) d = f, 0 = j ; r : 42 -> 0. v • dl = (r cos 2 d) (dr) = |r dr. 

I v dl= l°I 


. 1 r s 

rir= 2l 


V2 


"s/2 


= 4-4 


Total: 


/ 


37T 1 1 

v-dl = 0 + — + -- - = 


37T 

2 


Stokes’ theorem says this should equal /(Vxv) - da 
1 


Vxv = 


r sin d 

1 

+ - 
r 

1 


^ (9 

— (sin#3r) — — (— r sin# cos#) 
OV 0(p 

d d 

— (-rr cos d sin d) - — (r cos 2 d) 
ar od v 


r + 


0 


-r~Z-K7 4cos 2 d) - J^-(r3r) 
sin d <90 v Sr 


-[3r cosdl r 1 — [ — 6r] d -4 — [— 2r cos d sin d + 2r cos d sin dl 0 
rsind r r 

= 3 cot d r — 6 d. 


(1) Back face: da = —r dr d9 <p\ (Vxv)-da = 0. /(Vxv) • da = 0. 

(2) Bottom: da = — rsind dr d0d; (Vxv) • da = 6r sind dr d<f>. d = f , so (V X v) • da = 6r dr d0 

1 JT/2 

J (Vxv) -da = J 6r dr J d0 = 6 • ^ ^ = y . 

o o 


/ 
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Problem 1.57 

v ■ dl = y dz. 

(1) Left side: z — a — x\ dz = —dx\ y = 0. Therefore / v • dl = 0. 

(2) Bottom: dz — 0. Therefore f v ■ dl = 0. 


2a lza 

Meanwhile, Vxv-ic, so /(Vxv)-dais the projection of this surface on the xy plane = | ■ a ■ 2a = a 2 . / 

Problem 1.58 


( 3 ) 


Back: z — a — | y\ dz = —1/2 dy; y : 2a -> 0. / v • dl — f y (— | dy) = 


.llil 
2 2 


4aT 

4 


a 2 . 


V-v = 


1 5 


r 2 


— ( 


r 2 r 2 sin 


*) + 


^ (sin 0 4r 2 cos 0) 4 r— - ~ (r 2 tan 0) 

v rsinsa^' 


r sin 8 88 


= ^r4r 3 sin 0 4 — -4r 2 (cos 2 8 — sin 2 0) = —-r (sin 2 8 + cos 2 9 — sin 2 6) 

r l r sin# v sin0 ' 


= 4r 


cos 2 0 
sin 8 


R ir/6 2 tt 

J(V-v)dr = J ^4r- ° S (r 2 sin 6 dr d8 dtp) = J Ar 3 dr j cos 2 9 d8 J dp = (E 4 ) (27t) 


\e 

sin 20] 

L 2 + 

4 J 


7r/6 

0 


= 27T.R 4 


7r i sin 60° 
12 + 4 


TTi ? 4 / V3 

t r +3 T- 


12 


(2tt + 3>/3). 


Surface consists of two parts: 

(1) The ice cream: r = R\ </> : 0 — >• 27 r; 8 : 0 -+ 7r/6; da = R 2 sin 8 d9 dtp v-da = (i? 2 sin0) (i? 2 sin 0d0 dtp) = 
R 4 sin 2 0 d0 d</>. 


tt/6 27T 

J v-da = i? 4 J sin 2 8 dd J d<f> = (.R 4 ) (27r) 


— - sin 20 
2 4 


tt/6 


= 2ttE 4 ( — - -sin 60° j = 
12 4 


ttR 4 - 


7T — 3 




(2) T/je cone: 9 — | ; <p : 0 -> 2tt; r : 0 -> f?; da = r sin 8 dp dr 6 — ^r dr dp 9; v ■ da — r 3 dr dtp 


v • da = -v/3 J r 3 dr J dtp = \/3 - • 27r = -^7ri? 4 . 

o o 

Therefore / v • da = ff - ^ + %/3^ = (27r + 3\/3) . / 


Problem 1.59 

(a) Corollary 2 says ji(VT) dl = 0. Stokes’ theorem says ^(VT)-dl = /[V x(VT)]-da. So /[V X (VT)]-da = 0 
and since this is true for any surface, the integrand must vanish: V x(VT) = 0, confirming Eq. 1.44. 
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(b) Corollary 2 says f(V X v)-da = 0. Divergence theorem says /(Vxv)-da = / V-(Vxv) dr. So / V-(Vxv) dr 
= 0, and since this is true for any volume, the integrand must vanish: V(Vxv) = 0, confirming Eq. 1.46. 

Problem 1.60 

(a) Divergence theorem: • da. = f(V-v)dr. Let v = c T, where c is a constant vector. Using product 

rule #5 in front cover: V-v = V-(cT) = T(V*c) + c • (VT). But c is constant so V-c — 0. Therefore we have: 
f c • (VT) dr — fTc ■ da. Since c is constant, take it outside the integrals: c • f VT dr = c • f T da. But c 
is any constant vector — in particular, it could be be x, or y, or z — so each component of the integral on left 
equals corresponding component on the right, and hence 

J VT dr = J T da. qed 

(b) Let v -> (v x c) in divergence theorem. Then / V*(v x c)dr = /(vxc)- da. Product rule #6 
V-(vxc) =c-(V xv) — v ■ (Vxc) = c • (V xv). (Note: Vxc = 0, since c is constant.) Meanwhile vector 
identity (1) says da ■ (v x c) = c • (da x v) = — c • (v x da). Thus f c ■ (V xv) dr = — f c • (v x da). Take c 
outside, and again let c be x, y, z then: 

J (V xv) dr — — J v x da. qed 

(c) Let v = TVU in divergence theorem: / V-(TVU) dr = f TVU -da. Product rule #(5) => V-(TVU) = 
TV-(VU) + (VP) • (VT) = TV 2 U + (VP) ■ (VT). Therefore 

J {TV 2 U + (VP) • (VT)) dr = J (TVU) ■ da. qed 

(d) Rewrite (c) with T +-> U : f ( UV' 2 T + (VT) • (VC/)) dr — f (UVT) -da. Subtract this from .(c), noting 
that the (VU) ■ (VT) terms cancel: 


J {TV 2 U - UV 2 T) dr = J ( TVU - UVT) ■ da. qed 

(e) Stoke’s theorem: f (V xv) ■ da = <f v ■ dl. Let v = cT. By Product Rule #(7): V X (cT) = T(V Xc) — 
c x (VT) = — c x (VT) (since c is constant). Therefore, — f(c x (VT)) ■ da = fTc ■ dl. Use vector indentity 
#1 to rewrite the first term (c x (VT)) - da — c - (VT x da). So — f c • (VT x da) = f c ■ T dl. Pull c outside, 
and let c — > x, y, and z to prove: 

J VT x da = — j) T dl. qed 


Problem 1.61 

(a) da = R 2 sin 9 d8 d(f> r . Let the surface be the northern hemisphere. The x and y components clearly integrate 
to zero, and the z component of f is cosP, so 

r r*/ 2 sin 2 g tt /2 

a = J R? sin 9 cos 8 dd d(f> z = 2ttR" z J sin P cos 0 dd = 2-kR 2 z — - — = 

(b) Let T = 1 in Prob. 1.60(a). Then VT = 0, so f da = 0. qed. 

(c) This follows from (b). For suppose ax ^ a 2 ; then if you put them together to make a closed surface, 

<f da = aj — a 2 ^ 0. 

(d) For one such triangle, da = |(r x dl) (since r x dl is the area of the parallelogram, and the direction is 

perpendicular to the surface), so for the entire conical surface, a = | j r x dl. 
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(e) Let T — c • r, and use product rule #4: VT = V(c -r) = c x (Vxr) + (c • V)r. But Vxr = 0, and 

d_ 

I dy 


(c • V)r = {Cx-§- + Cy-§- + c 2 |)(ix + yy = zz) = c x x + c y y + c z z = c. So Prob. 1.60(e) says 


<j>Td\ = j>{c-T)d[ = — J ( VT) x da = — J c x da = — c x J da = — 


c x a = a x c. 


qed 


Problem 1.62 

( 1 ) 


V .v=i— (r’i) =i»(r) = 
r 2 dr v r J r 2 dr 


i 


For a sphere of radius P: 

f v ■ da = J (-^f) • (R 2 sin 9 d8 d<f> r) = R Jsin0d9d(p = 47rf?. 

( ij \ I So divergence 

f dr j (f sin 9d0dcj>) — 47rR. j theorem checks. 

Evidently there is no delta function at the origin. 


1 3 


1 d 


(*•”») = ^f T t’- 2 ’'”) = ?S : (r" +2 ) = ? (» + 2K" + ‘ = |(n + 2)r— 


(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 47r5 3 (r)). 


(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives | zero. | 
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using 
Prob. 1.60(b): If Vx(r”r) = 0, then f(Vxv)dr = 0 = — j>v x da. But v = r n r and da = 
R? sin 6 d9 dtp r are both in the r directions, so v x da = 0. / 




Chapter 2 

Electrostatics 


Problem 2.1 


(a) 


Zero. 


(b) 


p _ 1 <iQ 

47reo r 2 


where r is the distance from center to each numeral. 


F 


Explanation: by superposition, this is equivalent to (a), with an extra — q at 6 
twelve is zero, the net force is that of —q only. 


points toward the missing q. 
o’clock — since the force of all 


(c) 

(d) 


Zero. 




1 

iQ 

4tt£o 

r 2 ’ 


pointing toward the missing q. Same reason as (b). Note, however, that if you explained (b) 


as 


a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired q 
doing the job, then you’ll need a different explanation for (d). 


Problem 2.2 

(a) “Horizontal” components cancel. Net vertical field is: E z = ^~^2;$f cosf?. 
Here -j. 2 = z 2 + (^) 2 ; cos 9 = f , so 


1 2 qz 

47re ° (z 2 + (f ) 2 ) 3/2 


When z d you’re so far away it just looks like a single charge 2 q\ the field 
should reduce to E = z. And it does (just set d — ► 0 in the formula). 


(b) This time the “vertical” components cancel, leaving 


E = pr^ 2 £ sin6,X ’ or 


E = 


qd 


4?re o ( z 2 + (f ) 2 ) 3/2 


X. 




From far away, ( z d), the field goes like E « z, which, as we shall see, is the field of a dipole. (If we 

set d — t 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge 
from far away, the net charge is zero, so E — y 0.) 
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Problem 2.3 



E z = 


L \dx 


4tT€i 


J- r , 

r€o JO 

L 


cosd; ( 'i 2 = z 2 +x 2 ; cos 9 — |) 

k Xz fo r \^„ dx 


4ttco 


E x = 


0 (z 2 +x 2 ) 3 / 2 

*k Xz [? 

i_ r' 

47r< 0 J( 


** \/z 2 +x 2 

■ sin 


1 A 


47Tfo z v , 2 2 + L 2 ' 


L A di c ; n a _ _ 1 \ f i dx 

4irt 0 Jo 17 ~ 47re 0 * J (j 2 +z 2) 3 /2 


- -1— A - 1 

“iTTdo 7?+? 


1 \ I I 

■iTTdO A ' - 


Vz 2 + L 2 


E = 


1 A 


47T£o ^ 


-1 + 


Vz 2 + L 2 


X + 


Vz^+T 2 


For z » L you expect it to look like a point charge q = XL: E -4 It checks, for with z L the x 

term -4 0, and the z term 


_J _h.hr, 
47T<0 ZZ 


Problem 2.4 


From Ex. 2.1, with L -4 | and z -4 \J z 2 + (|) 2 (distance from center of edge to P ), field of one edge is: 

Ei = 1 Aa 

i7T£ ° Jz 2 + k\/ Z 2 + T + T 

There are 4 sides, and we want vertical components only, so multiply by 4cos(? = 4- 





Problem 2.5 



“Horizontal” components cancel, leaving: E = cos#} z. 

Here, ■s- 2 = r 2 + z 2 , cos# = | (both constants), while Jdl = 2nr. So 


1 X(2nr)z 
47re 0 (r 2 + z 2 ) 3/2 


Problem 2.6 

Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total 
charge of a ring is a ■ 2nr ■ dr = X ■ 2nr, so X — adr is the “line charge” of each ring. 


^ 1 {odr)2irrz ^ 1 0 f r 

ring “ 4^ (r 2 + z 2 ) 3 ^ 2 ' disk= 4^ 7o (r 2 +z 2 ) 3/2 


dr. 


1 

■k'disk — T Z'KOZ 

47T£o 


l 


l 


z VWTz 2 . 


Z. 1 
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2«o 


-z. 


For z the second term -4 0, so Ep| ane = 4^27rcrz = 

For z » R, = I 0 + ?r) * 7 ( J “ |^)> so U' :s z _ i + 2 P" = ^-> 

and E = 2 ^/^ ,T = where Q = nR 2 a. / 


47T£o 2z 2 


Problem 2.7 

E is clearly in the z direction. From the diagram, 
dq = crda = aR 2 sin # d6 d<f>, 
n? = R 2 + z 2 — 2 Rz Cos 6, 
cos ip 


z— .ft COS i 

* 


So 


E 2 


= j~r 

4?reo J 

= — — (27ri? 2 o-) f 

47TC0 Jo 

(27T R 2 a ) / 

7TC0 7-1 

-{2ixR 2 a) 


aR 2 sin 0 d# d<p{z — R cos 0) 

(ft 2 + z 2 - 2dizcos#) 3 / 2 ' 

(z — ft cos#) sin# 


(ft 2 +z 2 -2ftzcos#) 3 / 2 
z — ftu 


fd<fi= 27 r. 

d9. Let u = cos # 



47re 0 

1 

47re 0 ’ 


(ft 2 + z 2 - 2ftzu) 3 / 2 


zu — R 


1 1 


z 2 \/ft 2 + z 2 - 2Rzu 


du. Integral can be done by partial fractions — or look it up. 


1 2t rft 2 <r f (z - ft) (-z - R) 


4neo z 2 [ |z — ft| |z + ft| 


For z > R (outside the sphere), E z = 


1 47 tH 2 <t 1 


47TCQ Z 2 


4ttco 


^r, so 


e = ~-4 s - 

47TC0 Z" 1 


For z < R (inside), E z = 0, so | E — 0. 


Problem 2.8 

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge 
were concentrated at the center, while all exterior shells contribute nothing. Therefore: 

in/-\ _ 1 Qint - 

E(r) -J ^75“ r ' 

where Q[ nt is the total charge interior to the point. Outside the sphere, all the charge is interior, so 


F= J_Q, 

47reo r 2 


Inside the sphere, only that fraction of the total which is interior to the point counts: 

-3 


\irr 3 r 3 1 r 3 1 

gint = hrR? Q = W Q ' S ° E= 4 ^R* Q ^* 


i Q 

47T£o ft 3 1 


Problem 2.9 

(a) p - e 0 V- E = (r 2 • kr 3 ) = eo^k(5r 4 ) = 


5eokr 2 . 
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(b) By Gauss’s law: Q e nc = eo § E • da = eo(kR 3 )(4irR 2 ) = 4neokR 5 . 

By direct integration: Q enc = f pdr = f^{^t 0 kr 2 ){4-nr 2 dr) — 20-Keok f Q /l r 4 dr = 4neo kR 5 ./ 


Problem 2.10 

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface 
of this larger cube gets the same flux as every other one, so: 



Problem 2.11 



Gaussian surface: Inside : fE • da = £(47rr 2 ) = ~-Q e nc = 0 =k E = 0. 


•Gaussian surface: Outside: E(4nr 2 ) = — (<j47t.R 2 ) =>• E = r . 


0=k 

E = 0. 

E = 

oR 2 . 

2 r - 
e 0 r z 


Problem 2.12 



Problem 2.13 

Gaussian surface 

















Problem 2.18 

Ftom Prob. 2.12, the field inside the positive sphere is E + ~ 3^ r +’ where r + is the vector from the positive 
center to the point in question. Likewise, the field of the negative sphere is — ^-r_. So the total field is 



Problem 2.20 

x y z 

(1)VXE, = ^ £ & =*[x(0-2y)+^(0-3z).+ z(0-®)]^0, 

xy 2yz 3 zx 

so Ei is an impossible electrostatic field. 


(2)VXE 2 = k ^ ^ £ =A;[x(2 z -2z)+y(0-0) + z(2^-2y)] = 0, 

y 2 2 xy + z 2 2 yz 

so E 2 is a possible electrostatic field. ,, 

Let’s go by the indicated path: 

E • dl = (y 2 dx + {2xy + z 2 )dy + 2 yzdz)k *( 

Step I: y — z = 0; dy = dz = 0. E • dl = ky 2 dx = 0. 

Step II: x = x 0 , y : 0 — > yo, z = 0. dx = dz = 0. j / 

E • dl — k(2xy + z 2 )dy — 2kxoydy. s' 

Ju E • dl = 2kx 0 JJ Q yo y dy = kx 0 y$. 

Step III: x = x 0 , y = Vo, z ■ 0 -> zq; dx = dy — 0. x 


,{x 0 ,yo,z Q ) 

III 
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E • dl = 2 kyz dz = 2kyoz dz. 
j,,, E • d\ = 2y 0 k f z ° z dz = ky 0 z%. 

(r 0 ,yo,zo) 

V(x 0 ,y 0 ,z 0 ) = -/ E • dl = -k{x 0 yl +y 0 z% ), or V(x,y,z) = -k(xy 2 + yz 2 ). 

0 

Check: -VV=k[£(zy 2 +y 2 2 )*+^ ? (xy 2 +yj 2 )y+£(*y 2 +yP ! )*]=*[y 2 *+( 2 zy+P ! ) 5 > + 2 j,zS]=E. / 


Problem 2.21 

{ Outside the sphere (r > R) : E = j^-^-r. 

Inside the sphere (r < R) : E = 4^RJ r *- 

So for r > R: V (t) = — f r ( y-L- -??') df = y~<i ( * ) — , 

w Joo \^47 T€o ‘R J 47T€ 0 ’ V r / ^ 47re 0 r 

and for r < R: V(r) = - df - f R (^&r) df = [fc - ^ ( £ #)] 

_ <7 1 t 


47T60 2i? \ .ft 2 


When r > fl, W = (I) f = so E = -W = ^4,?. ✓ 

When r < f?, VU - (s - £) f = (_£) f = so E = - W = j^&rrV 


Problem 2.22 

E = ~s (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself 
extends to oo. Let’s set it at s = a. Then 


V( S ) = -f s (-L-?A)ds= -J-; 
■ ' Ja l 47r£ ° s ) 4?reo 


(In this form it is clear why a = oo would be no good — likewise the other “natural” point, a = 0.) 

™ (Mf)) « = = -E. / 


Problem 2.23 


no) = -/°E-<iI= -/>)*■ = 


k 


-In 

- • 

«0 



£ fi ? 2 -£(Mf)+°(i-l)) 


Problem 2.24 

Using Eq. 2.22 and the fields from Prob. 2.16: 


V(b) - V(0) = - / 0 6 E • dl = - E • dl — E • dl = f* s ds - ~ds 













29 


(b) V = 5^- fJ L = 4^ ln (* + Vz 2 +x 2 )|^ 


A 1r| L + s/z 2 + L 2 
47TC0 -L + y/z 2 + L 2 


(0 v = ris /„* 5KS = *2'» = |2L(yjp + »»-») 

In each case, by symmetry ^ ^ = 0. .-. E = — ^j-z. 


(a) E_ 4 -° 2g( ^ (, a + (|V) S/a g - 47TC0 (z 2 + ( |) 2 )3/ 2 ^ | ^ 

(b) E — — 4jr(o | (774vp+py ~ (-l+v^+P )2 


z (agrees with Prob. 2.2a). 


-z,+\A 2 +£ 2 -.i-%/* 2 +r- a 

(**+£*)-/,* 


2L\ 1 , , 

z = - — ===== z (agrees with Ex. 2.1). 

47re 0 Z \/z 2 + L 2 K 6 ' 


( C ) E - 2 e 0 {2 1 } z ~ 2 1 


/R 2 +z 2 


z (agrees with Prob. 2.6). 


If the right-hand charge in (a) is —q, then V = 0 , which, naively, suggests E = — VP = 0, in contradiction 
with the answer to Prob. 2.2b. The point is that we only know V on the z axis, and from this we cannot 
hope to compute E x — — ^ or E y = — That was OK in part (a), because we knew from symmetry that 
E x = E y — 0. But now E points in the x direction, so knowing V on the z axis is insufficient to determine E. 


Problem 2.26 . . /oi . 



V<a) = 4 k 0 [ 


= > (V5fc) = 2*. 

4- J 4 xe 0 y/2 2e 0 


(where r — ■j/\/ 2) 




da, where n, = y h 2 4- t 2 — v2 h/i. 


2 tt a 1 / 4 ^ 

47re 0 V2 Jo \J h 2 +> _ y/2Ei 

— = — \J h 2 4 - n? — \pl hi 4 — = ln(2\/ /i 2 + -j . 2 — -\/2?w 4 - 2a — \/2/i) 

2%/2e 0 L V V Jo 


= /i+ ~=\n(2h+2\/2h-V2h) -h- ln(2h-V2h) = — [ln(2/H-V2/i) - ln(2/i-%/2/i)] 

_ah,{2 + V2\_ oh^((2 + V2) 2 \ ah ^ 


- f - In — = — In 
4eo \ 2 — \/2 / 4cq 


= s> + ^- 


Via) - l-’fb! = ~ [l - lull + ./2)j . 
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Problem 2.28 


Orient axes so P is on z axis. 


j „ ( Here p is constant, dr = r 2 sin 9 dr ddd<p, 

4jt£ 0 U t - [ - 2 . = y/ z 1 + r 2 — 2 rz cos 6. 

Jo' j.iA-Lcel <” = A (Vr ! + - 2rzcos9) £ = i (V?> ** + 2r 2 

= i(r + o-|r-4) = { } 



+ z 2 - 2rz) 
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2 T .2|/p* + /p*|=j{lf + ^} = & (^-4). 


~^B?' SO v(z ) - 2eo ^ R 2 3 ) 87T£ 0 fl H 1 ) > ^( r ) _ 


-g (3-11 
&TT€qR V f? 2 


Problem 2.29 

V 2 E = 4 ^ V2 /(f) dr = 4 ^ fp( r ')( v2 k) dT ( since P is a function of r', not r) 

= 4^/p(r')[-47rJ 3 (r-r')]dr = -± P (t)./ 


Problem 2.30. 


(a) Ex. 2.4: E above = ^n; E be i ow = -j^n (n always pointing up); E a bove - E be iow = ^n. / 
Ex. 2.5: At each surface, E = 0 one side and E — — other side, so A E = — . / 

’ £o to 


Prob. 2.11: E c 


eft s e 


r — — f ; Ei n — 0 ; so AE = — r. / 


tar to 



Outside: § E • da = E(2irs)l — ~Qenc = 4-(27r.R)Z => E = ~" 7 S — (at surface) 


Inside: Q e nc = 0, so E = 0. AE = ^s. / 


(c) V out = & = ^ (at surface); V in = ; so E out = V in . / 

^ = -5* = -£ ( at surface ); ^ = o ; so 9 -%r- 9 -t 


-f . / 


Problem 2.31 


( a ) V - 4^ D + ^ + -f } - 4^ (-2 + A=) . 


W/ 4 = qv = f-2 + 4= 

47re 0 o V V2 


(b) Wi = 0, W 2 = 4 (=£); - ^); ^ = (see (a.)) 

w ‘° ,= A ; ! ?{- 1 + 72- 1 “ 2 + A }= 7 ~, 0 2 f (' 2 1 7 2 ) 


w. 

.(4) 


+ 

+ 



(2)* 

*(3) 
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Problem 2.32 

(a) W = \ JpVdr. FYom Prob. 2.21 (or Prob. 2.28): V = £ (fl 2 - £) = (3 - £) 

_ 9P 02 _ gfi 2 £ . 

5e 0 5e 0 f ttP 3 ' 

(b) W = f /£ 2 c/t. Outside (r>R) E = ; Inside (r < R) E = ^~^rr. 

1 g 2 f / nr 1 /v\ fl l = 1 g 2 n 1 \ = 1 3 g 2 

47T60 2 | V \ 5y 0 J 47re 0 2 5P/ 47re 0 5 P ' 



(c) W = ^ ^ VE • da + f v E 2 dr }, where V is large enough to enclose all the charge, but otherwise 

arbitrary. Let’s use a sphere of radius a > R. Here V = 

H '=l{/(ir) (i b^) rHial>ded4 ’* L E * iT + L (i?) <4 ”' 2<ir) } 

e 0 f 9 2 1 9 2 4 tt 1 2 / 1\ 1° 1 

2 \ (47re 0 ) 2 a + (47re 0 ) 2 5P + (47re 0 ) 2 Kq \ r/I^J 


1 Q 2 f 1 t 1 1 [ 1 1 1 3 g 2 . 

47reo 2 \ a 5i? a J 47reo 5 R 

As a 4 00 , the contribution from the surface integral S oes 1° zero, while the volume integral 

(iib£r(H " !)) P icks u p the slack - 


Problem 2.33 


dW = dqV = dq 


~) l - 

ttcq J r 


( 1 q = charge on sphere of radius r). 



4 7*3 

g = -7rr 3 p = 7 — - (5 = total charge on sphere). 
3 R s 

dq = 4irr 2 dr p = ■J Wr - ~ qdr — r 2 dr . 

|7T P 3 /t 3 

= -^^r 4 dr 

47re 0 \JJ 3 / r \fi 3 J 47re 0 R 6 

^ f R r a, = = J_ 

47re 0 R 6 Jo r 4 tt€ 0 R 6 5 47re 0 \ 5 R J 
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Problem 2.34 

(a) W = ^ f E 2 dr. E = (a < r < b), zero elsewhere. 

W=f ( 4 ^) la (£) 2 47rr2dr = i /a 7* = 


1 


87T€o \ a W 


(b)^i = ^, = Ei = ^^f (r>a), E 2 = ^ r (r > 6). So 

2 


Ei • E 2 = (“) (r > b), and hence fE 1 -E 2 dr = - q 2 /“ ;Wr 2 dr = -^ 

^ t ot = ^ 1 +ty 3 + e o/E 1 .E 2 dr= g ^ g 2 (l+g-f) = gfea-l)^ 

Problem 2.35 

(a) 


47TCo6 " 


q -q 


4 tT.R 2 


47ro 2 ’ 6 4 tt 6 2 


(t.) v<°) = - /° e ■ -a = - sL(jk *)* - J?m - j?( **)* - />)*• = ~ (I + 1 - *) . 


(c) gfr -* 0 (the charge “drains off”); V(0) = - f^(0)dr - f a (j—^dr - J R (0)dr = 


'-(l-l) 

47 T£o \R CL' 


Qa 

qb 

9a + Qb 

47ra 2 ' 

47 rb 2 ’ 

° R - 4 *R? ■ 


Problem 2.36 

(a) 

(b) 

(c) 


E 0 


1 qa+ qb 

ineo r 


2 5 


Ttt 1 ?«, Tjt 1 

Ea — , r,^o.i E (, — J oAbi 


47T£o r 2 


where r = vector from center of large sphere. 

where r a (r*,) is the vector from center of cavity a (b). 


4tt€o r? 


(d) | Zero. 


(e) or changes (but not <j Q or cr fc ); E outs ide changes (but not E a or E(,); force on q a and qb still zero. 

Problem 2.37 

Between the plates, E = 0; outside the plates E — aje 0 = Q/cqA. So 


p _ fo „2 _ £0 Q 2 
2 2 e 2 A 2 


Q 2 


2 e 0 A 2 ' 


Problem 2.38 

Inside, E = 0; outside, E = ^r; so 

Eave = 1 4 ^ 7 ?* r; f z = CT(E ave ) 2 ; a = 

Fz = If, da = /( 4 ^) |( ^ % ) cos 9 R 2 sin 6 d9 d<t> 

= ^A£n) 22n Jo/* s[necose de = ^o(-tk ) 2 (i sin 2 <? )lo /2 
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Problem 2.39 

Say the charge on the inner cylinder is Q, for a length L. The field is given by Gauss’s law: 

J E • da. = E ■ 2its ■ L = j^Qenc = => E = 27r ? 0 L a *• Potential difference between the cylinders is 

V(b)-V(a) = - f E-dl= ~ / -ds= In f-V 
J a 2ne 0 Lj a s 2 tt€qL \aj 

As set up here, a is at the higher potential, so V = V (a) — V (b) = L In (£). 

C — ^ so capacitance per unit length is 



Problem 2.40 

(a) W = (force) x (distance) = (pressure) x (area) x (distance) = ~E 2 Ae. 

(b) W = (energy per unit volume) x (decrease in volume) = (eo’x) (^ e )- Same as (a), confirming that the 
energy lost is equal to the work done. 

Problem 2.41 


Prom Prob. 2.4, the field at height z above the center of a square loop (side a) is 



a -> oo (infinite plane): E = ~ [tan ^oo) - f] = ^ (f - f) = / 

z»a (point charge): Let f(x) = tan -1 \/l +'x — f , and expand as a Taylor series: 


f(x) = /( 0) + xf'( 0) + ~x 2 f"( 0) + • • • 
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Here /( 0) = tan 1 (1) — f = f — f = 0; /'( x) = 


1 1 _ 


2(2+x)v/l+i 


, SO /'(0) = so 


fix) = -a; + ( )rr 2 + ( )i 3 + 


Thus 


(since ^ = a: « 1), E « ^ ($^r) = = 4 ^£- 


/ 


Problem 2.42 


_ , 1 8 / ,A\ 1 d {BsmScostp 

P=tcV . E = eQ< --^ 7 + — -1 


£o 


1 1 Bsin# 

-7A+ — — (— sin <p) 

r l r sin 6 r 


£o 


(A - Bsinip). 


Problem 2.43 

Rom Prob. 2.12, the field inside a uniformly charged sphere is: E = j^-^-r. So the force per unit volume 
is f = pE = ( 4 Q r3 ) ( 47r ^ fl3 )r = ^(4^3-) 2r , and the force in the z direction on dr is: 


dF, = f z dr = — ( ^ r cos #(r 2 sin 8 dr d8 dtp). 

e 0 \47r R 6 J 


The total force on the “northern” hemisphere is: 


-/ 


fzdr = 


3 / Q 


eo V 47rB 3 


2 r R 


f r 3 dr f 

Jo Jo 


7t/2 

cos 8 sin 8d8 dtp 


eo V 4ttR 3 


2 / d4 


/ sin 2 # 

*/2\ 


o j 


(2tt) 


3Q 2 


647reoi? 2 


Problem 2.44 


Vr 


pole 


1 f a 1 of, 1 a ■>, crB 

center ~4^J^ da ~^r 0 Rj a ~ 4^0 R { } ~ 2eo 

= JL/ 

47re 0 J 

1 ct(2ttB 2 ) r 72 sin 6» efB ctB < - 

47re 0 B\/2 io \/l - cos 0 2\/2e 0 

hpole ^center ~ 


cr I da = 27rB 2 sm#d#, 

—da , with < . „ „ „ . , 

* [4 2 = R 2 + R 2 — 2B 2 cos 8 = 2B 2 (1 — cos#). 

n/2 
0 


-0) = ° R 


\/2eo 


\/2eo 





Problem 2.45 

First let’s determine the electric field inside and outside the sphere, using Gauss’s law: 


■/ 


eo <p E • da. — e$±'Kr 2 E — Q e 


Jpdr = J(kr)r 2 


r)r 2 sin 0 dr d6 d(p . = 47t/c / r*dr = 


f 


- 3 ,-’ J arfcr 4 (r < R), 


nkR 4 (r > B). 
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SoE = 4r 2 f (r<R); E = ^ f (r>R). 


Method I: 


= f (E,. 2.45) = § jf (g) tor’* + f ^ (|5l) W* 

= *7 (£)’ {r — /“ H " £ {f + * (“) [ 


= 4 *? (A 

2 V^eo 

_ irk 2 R 7 

= 7e 0 


2 r <■« 


7rA: 2 / i? 7 


8e 0 V 7 


Method II: 


For r < R 


W = ^JpVdr (Eq. 2.43). 

, ^(r) = - /' E • dl = - /" (5 




fc / , r 3 i? 3 \ fc 7 3 r 3 \ 

■5;(- fl3+ 3-Tj = ^ r3 -t ■ 


1 

=* L {kr) 


^-^1 4tt r 2 dr=^ T 

4 /J 3eo 7o 


i? 3 r 3 - -r 6 j dr 


27rfc 2 f 3 /J 4 li? 7 ) nk 2 R 7 /6\ 7rA: 2 i? 7 x 

3€ 0 l 4 4 7 J “ 2-3e 0 W " 7e 0 


Problem 2.46 


E = - VP — -A 


dr \ r 


r = -A 


r(— A)e 


— Ar Ar 


f = Ae Ar (l + Ar) — . j 
r z 


p = e 0 V- E = e 0 7l {e -Ar (l + Ar) V- (£) + £ • V (e- Ar (l + Ar))}. But V- (£) - 47rd 3 (r) (Eq. 
e -Ar(i _|_ \ r ^ 3 (r) = <5 3 (r) (Eq. 1.88). Meanwhile, 

V (e _Ar (l + Ar)) = r^; (e~ Ar (l + Ar)) = r { — Ae~ Ar (l + Ar) + e _Ar A} = r(— A 2 re~ Ar ). 

So Ar • V (e -Ar (l 4- Ar)) = -A_e _Ar , and p = e 0 A 47r<5 3 (r) e“ Ar . 


Q = J pdr = £0^4 |47r J <5 3 (r) dr - A 2 j ■- 

But / 0 °° re _Ar dr = p-, so Q = 47re 0 24 = | zero, j 


4w r 2 dr > = cqA ( 4tt — A 2 47t / re Ar dr 


Problem 2.47 


(a) Potential of +A is V + = — - In (^), where s + is distance from A + (Prob. 2.22). 

Potential of —A is VL — + 5 ^ l n (^)> where s_ is distance from A_. 
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Total 


V = 


2ne 0 


In ( — 


Now s + = \/(y - a) 2 + z 2 , and s_ = V(y + a) 2 + z 2 , 


so 


n*,>,0 = ^in($gpg) = 


A In 

’(y + a ) 2 + z 2 ' 


4neo 

(y - a) 2 +z 2 _ 




(b) Equipotentials are given by = e( 47re °' / °/ A ) = k = constant. That is: 

y 2 + 2 ay + a 2 + z 2 = k(y 2 - 2 ay + a 2 + z 2 ) => y 2 (k - 1) + z 2 (k - 1) + a 2 (k - 1) 


2 ay(k + 1) = 


y‘ + z 2 + o 2 — 2 ay ) = 0- The equation for a circle, with center at ( yo , 0) and radius R, is 
(y - yo) 2 + z 2 = R 2 , or y 2 + z 2 + (yg - f? 2 ) - 2yy 0 = 0. 

Evidently the equipotentials are circles, with y 0 = a and 


2 _ _,2 d 2 D2 _ „2 _ .2 _ „2 / fc±l\ _ „2 _ _2 (fc 2 +2fc+l-A 2 +2fc-l) _ 2 4k 

a —Vo “ — yo a ° G a i (fc-1) 2 2 “ a (Jfc-1) 2 > 

R ~ jrzrf ’ or ’ terms °f Vo ; 


or 


, yo = a- 


e 47rcoVo/A _j_ 


p 2n€oVo/^ 


R = 2a- 


g47TCo^o/ A 
g27r€o Vo/A 


= a 


+ e 


— 27T£o Vq/A 


g27T€oVo/A 
2 


g — 27 T£q Vo / A 


acoth 


27re 0 E 0 

A 


= a 


,47reoVo/A _ p ^ e 27r£ 0 V 0 /A _ e -27T£ 0 Vb/A) ginh ( 2;Tf o v o ^ 


a csch 


^ 27t e 0 Vq ^ 




Problem 2.48 

(a) V 2 P = -f (Eq. 2.24), so 


d?V _ _l_ 
dx 2 £q ^ 


(b) qV = \mv 2 


v = 


2 qV 
m 


(c) dq = Apdx ; ^ = apjfr = Apv = I (constant). (Note: p, hence also I, is negative.) 


y,z) 


y 


0, or 









38 


CHAPTER 2. ELECTROSTATICS 


(d) 


d*V 

dx 2 


Co r Co Au 




, where /? = 


/ 

<(M ' 


(Note: I is negative , so /? is positive; q is positive.) 
(e) Multiply by V" = g : 


V'~= (5V~ 1/2 ~ =► [v'dV’=P (v~ l ! 2 dV => V 2 = 2/3 1/ 1 / 2 + constant, 
ax dx J J 2 

But V(0) — V^O) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and 

v' 2 = 4/3V 1 / 2 => — = 2^V x / i =* V~ l/4 dV = 2v^dx; 
ax 

Jv - 1 / 4 dP = 2i//3 Jdx=> \v Z ^ = 2\/)8 x + constant. 

But V (0)' = 0, so this constant is also zero. 


V 3/4 = ^v/£x, so P(x) = 



or P(z) = 



/ 81/ 2 m \ 
V32e^ 2 gJ 


1/3 

x 4 / 3 . 



Problem 2.49 


o 

II 

w 


^ A> 

e^dr. 


(b) Yes. The field of a point charge at the origin is radial and symmetric, so VxE = 0, and hence this is also 
true (by superposition) for any collection of charges. 


(c) 


V 


~f 


E • dl = 


47T£o 


i L 


47T e 0 




?( 1 + x ) 

e~ r ^ x dr~ ^ 


r ! x dr 


47re 0 


r/x dr + 


1 1 
A J r r * 


r ' x dr 
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Now f e r/,A dr = — 




- S s —~dr < — exactly right to kill the last term. Therefore 


r/ A 


\ J r 


V(r) = 


q \ e r ! x 

oo A 

q e r / x 

47reo 1 r 

r!~ 

47reo r 


(d) 


£ 


E • da = 


Vdr = 


irfe 0 

q w l 1 + 

q 

[R e -r/A 

4Xe 0 

Jo r 

A 2 — 
eo 

| — e _fl / A | 


r 2 fyr dr = — 


j7_ 

eo 


£ o do 


re r / A dr = — 


-fl/A 


j-r/A 

KW 


(-x-C 


KM 


M'K/, 


V dr = — jYl + y ) e R ^ x 


(e) Does the result in (d) hold for a nonspherical surface? Suppose we 
make a “dent” in the sphere — pushing a patch (area R 2 sin 9 d9 d<j > ) 
from radius R out to radius S (area S 2 sin 8 d8 dtp). 



qed 


A^E-da = (l + ^)e~ s / x (S 2 sin9 d9d<j>)--^ (l + f ] e~ R / x {R 2 sin 6 d9 d<t>) 


47re 0 


1 + M e~ s ! x — 1 + — | e 


-R / A 


sin 9 d9 d<j>. 




1 q 
X 2 4 tt£o 
q 

4rreo 

q 

47 re 0 


-r 2 sin# , dr dd d(j> = 


/ 

sin 8 dd d<p (e~ r / x ^1 + 


p-r/X -I n rS 

2 "-° ^ _ _-J'_ s in#d#d<£ / re ~ r / x dr 

A 2 47re 0 


1 + 0 e - 5 /A - A + | ) e- fi /A 


sin 0 d9 dcj>. 


So the change in jz fV dr exactly compensates for the change in fE ■ da, and we get -Xq f or the total using 
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive 
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside, 

the total is £-Q e nc . Charges outside do not contribute (in the argument above we found that for this 
volume /E • da + yj fV dr = 0 — and, again, the sum is not changed by distortions of the surface, as long as q 
remains outside). So the new “Gauss’s Law” holds for any charge configuration. 


(f) In differential form, “Gauss’s law” reads: 


V-E+ ~V = -p, 
A 2 e 0 


or, putting it all in terms of E: 


V*E — [ E • dl = —p. Since E = — W, this also yields “Poisson’s equation”: — V 2 V + = —p. 

X 2 J eo A 2 eo 
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The same charge density would be compatible [as far as Gauss’s law is concerned) with E = ayy, for 
instance, or E — (|)r, etc. The point is that Gauss’s law (and VxE = 0) by themselves do not determine 
the field — like any differential equations, they must be supplemented by appropriate boundary conditions. 
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“ E must go to zero far from 
the source charges”) — or we appeal to symmetry to resolve the ambiguity (“the field must be the same — in 
magnitude — on both sides of an infinite plane of surface charge”). But in this case there are no natural 
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the 
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give 
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law 
^E = f p^dr'j — the integral is hopelessly indefinite, in this case.) 

Problem 2.51 


Compare Newton’s law of universal gravitation to Coulomb’s law: 


F = 


mi m2 . 

— G — s — r: 


F = 


1 <? 1<?2 > 
4tt€o r 2 


Evidently — > G and q — > m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore 


w _ ± g M1 

- 5 R ■ 


Now, G = 6.67 x 10 11 N m 2 /kg 2 , and for the sun M = 1.99 x 10 3 ° kg, R = 6.96 x 10 s m, so the sun’s 
gravitational energy is W — 2.28 x 10 41 J. At the current rate, this energy would be dissipated in a time 



2.28 x 10 41 
3.86 x 10 26 


= 5.90 x 10 14 s 


1.87 x 10 7 years. 
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^J^roblem 2.52 

First eliminate z, using the formula for the ellipsoid: 
cr(x,y) = -Q . — 


47ra6 y^^/a 4 ) + c 2 (j, 2 /6 4 ) + l^“(x 2 /a 2 ) - (j/ 2 /& 2 ) ' 

Now (for parts (a) and (b)) set c — > 0, “squashing” the ellipsoid down to an ellipse in the x y plane: 

Q 1 


a{x,y) = 

(I multiplied by 2 to count both surfaces.) 


2? ^1 - (x/a) 2 - (y/bj* ' 


(a) For the circular disk, set a = b = R and let r = \Jx 2 + y 2 . <r(r) = 


_Q l 

2ttR y/R? - r 2 ' 


(b) For the ribbon, let Q/b = A, and then take the limit b -4 oo: a(x) = . 

2?r y a 2 — x 2 

(c) Let 6 = c, r = \/y 2 + z 2 , making an ellipsoid of revolution: 

r 2 _ . , _ Q 1 

a 2 + c 2 Wltn<7 yfeya* + ' r y S 

The charge on a ring of width dx is 

dq = <r27rr ds, where ds = a/ dx 2 + dr 2 = dxi/ 1 + (dr/dx) 2 . 

„ 2xdx 2r dr dr c 2 x , , f c 4 x 2 , c 2 / . r— r 

Now — r— + ■■ = 0 — = — 7-, so ds = dxA/1 + — — = dx — v/x 2 /o 4 + r 2 / c 4 . Thus 

a 2 c 2 dx a l r V a 4 r 2 r 



A(x) — — 2nr - — y/x 2 /a 4 + r 2 /c 4 = (Constant!) 

K ‘ dx 4; rac 2 ^2/a 4 + r 2 /c 4 r V 7 7 2a 1 ^ 






1 

1 

1 

1 , 

-a 

(b) 

a 

X(x) 



-a 

a 


i 





Chapter 3 

Special Techniques 


Problem 3.1 

The argument is exactly the same as in Sect. 3.1.4, except that since z < R, \/z 2 + R 2 — 2 zR = (R — z), 
instead of (z - R). Hence Kve = [( z + R) - {R - ■?)] = j 


47reo 2 zR 

inside the sphere, the average potential due to interior charges is 
charges is Center, so V ave = ^center + / 


1 Q 
47re 0 R 


1 Qen 
47T£o R 


If there is more than one charge 
: , and the average due to exterior 


Problem 3.2 

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is qV . 
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure, 
must in fact be a saddle point, and the box “leaks” through the center of each face. 

Problem 3.3 

Laplace’s equation in spherical coordinates, for V dependent only on r, reads: 


V 2 !/ 


J__d / 

r 2 dr \ 


,dV 

dr 


,dV 


dV 


= 0 => r z — — = c (constant) => = -=■ => 

dr 


Example: potential of a uniformly charged sphere. 

1 d f dV 


In cylindrical coordinates: Vt = ( s— - 1 = 0 


Example: potential of a long wire. 


s ds V ds 


dr 


dV dV 

s * =c * * 


V = — + k. 
r 


V = cln s + k. 


— f v (E 3 ) 2 dT. But on 
— Ex is specified). So 


Problem 3.4 

Same as proof of second uniqueness theorem, up to the equation § s V 3 E 3 - da — 
each surface, either V 3 = 0 (if V is specified on the surface), or else E 3± = 0 (if ^ = 
f v {E 3 ) 2 = 0, and hence E 2 = Ej. qed 

Problem 3.5 

Putting U = T = V 3 into Green’s identity: 

/ \V 3 V 2 P 3 + VP 3 • W 3 1 dr = & V 3 VV 3 -da. But V 2 P 3 = V 2 Pi - V 2 P 2 = -— + —= 0, and W 3 = -E 3 . 
Jv Js e 0 e 0 

So / El dr = - ® P 2 E 3 • da, and the rest is the same as before. 

Jv Js 


42 
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.Problem 3.6 

Place image charges +2 q at z — —d and —q&tz = —3d Total force on +q is 


F = 


AlTCQ 


-2q 2 q t —q 

[(2dp + (id) 2 + (6dy 


Z = 


47re 0 e/ 2 




L 2. 

47re 0 \ 72c! 2 / 


Problem 3.7 

(a) From Fig. 3.13: ^ = \/r 2 + a 2 - 2racos$; V = \/r 2 + 6 2 — 2rbcos0. Therefore: 


<7 

V 




a Vr 2 + 6 2 — 2rbcos0 
<7 


D 2 

(Eq. 3.15), while 6 = — (Eq. 3.16). 

a 


(I) \/ r2 + $■- 2 r^cos 0 yj(sg ) 2 + JP - 2racos<9 


Therefore: 


V (r, ) = - 2 — (- + / I = 


47T£o 


<7 1 

f 1 1 1 

l • 

47 T£q 1 

[ 'Jr 2 + a 2 — 2racos6 \/R 2 + ( ra/R ) 2 — 2racos0 j 


Clearly, when r = 1?, F — > 0. 

(b) <7 = _e of^ (Eq. 2.49). In this case, ^ at the point r — R. Therefore, 


ct( 0) = -e 0 


47T£ 0 


— -(r 2 + a 2 — 2 racos$) 3//2 (2r — 2 acos 0 ) 


+ j- (R 2 + (ra/R) 2 - 2racos6) ( -^2r - 2acos8 


, -3/2 ( 

R 2 ‘ 


')} 


r=R 


= — | — (R 2 + a 2 — 2/iacos#) 3 / 2 (H — acosfl) + (R 2 + a 2 — 2Racos6) 3 ^ 2 — acos0^ | 


(R 2 + a 2 - 2i?a cos 0) 3 ^ 2 
47T 


— a cos 0 — — 4- o cos# 
it 


47tJR 


(fl 2 - a 2 )(R 2 + a 2 - 2iiacos#) 3 / 2 . 


^induced — 


a da = -^—(R 2 - a 2 ) [ (R 2 + a 2 — 2RacosO) 3 /, 2 R 2 sin0 
AnR J 


d6 d<j) 


AnR 


(R 2 - a 2 )2nR 2 


+ a 2 — 2Racos0) 1(/2 
fia 




1 


V^ 2 + a 2 + 2Ra VR 2 + a 2 - 2i?a J 


But a> R (else <7 would be inside), so v -R 2 + fl2 — 2/?a — a — R. 
1 1 


I/* 2 -* 2 ) 


[ (a + ii) ( a-R ) 


= ± [(a -R)-(a + R)] = ±(-2R) 


- q -*=q>. 

a 
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(c) The force on q , due to the sphere, is the same as the force of the image charge q' , to wit: 

F = i qq' = __L (*A 1 = i 

47T€o (a — b) 2 47re 0 V a J (a — R 2 /a) 2 into (a 2 — R 2 ) 2 ' 


To bring q in from infinity to a, then, we do work 


j a q 2 R f 1 1 1° 

J (a 2 - R 2 ) 2 47^ l 2 (a 2 - R 2 ) ~ ~ 


1 q 2 R 
iireo 2(a 2 — R 2 ) 


Problem 3.8 

Place a second image charge, q " , at the center of the sphere; 
this will not alter the fact that the sphere is an equipotential, 

1 q" 

but merely increase that potential from zero to Vo = — ; 

4-neo R 


q" = 47reoVo-R at center of sphere. 
For a neutral sphere, q' + q" — 0. 


F = i Jq" , 

47T6q \a 2 (a — b) 2 


47reo \ a 2 (a — b) 2 J 


qq' b(2a — b) q(—Rq/a)(R 2 /a)(2a — R 2 /a) 
47reo a 2 (a — b) 2 4 ttco a 2 (a — R 2 /a) 2 

g 2 f R\ 3 (2a 2 — R 2 ) 

47reo V a J {a 2 - R 2 ) 2 

(Drop the minus sign, because the problem asks for the force of attraction.) 

Problem 3.9 


(a) Image problem: A above, —A below. Potential was found in Prob. 2.47: 
\ z 2A \ 

,V V ^ z) = 4^ l,,(s - /s+) = ln(s -/ 5 +> 


A In 

f y 2 + (z + d) 2 ) 


47TC0 

[y 2 + ( Z -d) 2 J 



' dV dV dV 

(b) cr = — eoTT - - Here -r— = -7—, evaluated at z = 0. 
an on az 

° ^ = ~ e °4neo {y 2 + (z + d) 2 ^ Z + ^ ~ y 2 + (z - d) 2 ^ 2 ~ d \ 


2A 

( d 

-d \ 

Ad 

47T 

^y 2 + cP 

y 2 + d? J 

7 r(y 2 + d 2 ) 


Check: Total charge induced on a strip of width l parallel to the y axis: 


<7ind — 


co 

f 1 . /Ad [1 , / 2 /\l|°° IXd n r / 7r\i 

/ ©JL'-vk-H)] 


= —XL Therefore Aj n d = —A, as it should be. 
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roblem 3.10 

The image configuration is as shown. 


V(x,y) = 


+ 


47reo [ yjjx - a) 2 + (y - b ) 2 + z 2 y/(x + a) 2 + (y + b ) 2 + z 2 

1 1 1 


-J(x + a) 2 + (y - b) 2 + z 1 yj{x - a) 2 + (y + b) 2 + z 2 J 


-g.~ 


For this to work, [0 must be and integer divisor of 180°. | Thus 180°, 90°, 60°, 45°, etc., are OK, but no 

line 


others. It works for 45°, say, with the charges as shown. 

(Note the strategy: to make the x axis an equipotential (V = 0), 
you place the image charge (1) in the reflection point. To make the 
45° line an equipotential, you place charge (2) at the image point. 
But that screws up the x axis, so you must now insert image (3) to 
balance (2). Moreover, to make the 45° line V == 0 you also need (4), 
to balance (1). But now, to restore the x axis to V = 0 you need (5) 
to balance (4), and so on. 

The reason this doesn’t work for arbitrary angles is that you are even- 
tually forced to place an image charge within the original region of 
interest, and that’s not allowed — all images must go outside the re- 
gion, or you’re no longer dealing with the same problem at all.) 



why it works for 6 = 45° 



why it doesn't work for 6 = 135° 


f °roblem 3.11 

From Prob. 2.47 (with y 0 — t d): 


and 


V - A In 

'(z + a) 2 + y 2 


47TC0 

(x — a) 2 + y 2 



where a 2 = y 0 2 - R 2 => o = \f(P - R 2 


f acoth(27re 0 Vo/A) = d 1 * d , , . . . 

i acschlW./A) = B } =» < d,v,dm S) R = cosh ) ' ° r 


( 2neoVo\ 


27reoVo 


cosh l (d/R) 


Problem 3.12 


2 f 

V(x,y) = ^C n e nnx / a sm(mry/a) (Eq. 3.30), where C n = - / V 0 {y) sin(mry/a) dy (Eq. 3.34). 
"=i a { 

In this case V 0 (y) — j + ^ 0 ’ ^° r ^ f 0 V < ^ 1 - Therefore, 
l -Vo, for a/2 < y < a J 


C n = —Vo < 
a 


a-12 a , 

J sm(mry/a) dy — j sin(n7r y/a)dy « = — — j — 

0 a/2 J ° l 


cos(nny/a) 


(mr/a) 


a/2 


cos(mry/a) 


(mr/a) 


a/2 


2 Vb 
mr 


j — cos (jy'J + cos(0) -I- cos(«7r) - cos ~ ~~ {l + (-1^ - 2 cos ^ — j J . 










(4 
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The term in curly brackets is: 


r n = 1 

: 1 — 1 — 2cos(7r/2) = 0, ) 

n = 2 

1 + 1-2cos(tt) =4, 1 

n = 3 

1 — 1 — 2 cos(37r/2) = 0, 

n = 4 

1 + 1 — 2 cos(27t) = 0, 


Therefore 


So 


C n 


SVo/nir , n = 2,6, 10, 14, etc. (in general, + 2, for j = 0, 1, 2, ...), 

0, otherwise. 


V(z,y) = 


8Vb 


E ■ 

n= 2,6,10,... 


— nirx/a 


s'm(m:y/a) | _ 8 Vo ^ e Ui+ 2 )* x / a sin[(4j + 2)izyja] 

■* (4 j + 2) 


i=o 


Problem 3.13 


V(x,y) = — V -e nnx / a sin(nny/a) (Eq. 3.36); cr = -e 0 ~ (Eq. 2.49). 

7 r f— ' n an 


n=l,3,5,... 


So 


^(y) 


-Co S- { — E ~ e n7rl/a sin ( n 7 r y/ a ) } = -eo — “ (“ — -)e nirl/a sin(nny/a) 

ox { 7r z — ' n J x==0 7r n a 


x=0 


4eoVo 


sin(n7rj//a). 


n—1,3,5,... 


Or, using the closed form 3.37: 

. 2 Vo _i ( sin(7n//a) \ 2 Vo 1 

V(x,y) = tan 1 ( — , tt ) =V o = — eo t-jt — 7—, 1 0 , 

7T V sin h(7ra:/a)/ 7r 1 + Jl£ Vsinh 2 (7rx/a)/ a 

sinh^Trx/a) v ' ’ 


-si„(» v /a)\ IoMh(TC/o) 


1=0 


2eoVo sm(iry/a)cosh(Trx/a) 


2eoVo 1 

a sin 2 (7ry/a) + sinh 2 (7rx/a) 

x=0 

a sin(7ry/a)' 


Summation of series Eq. 3.36 

V(x,y) = where J = V — e~ nirx / a sm(mry/a). 

TT ^ 71 

Now sinu> = Im (e”"), so 


n=l,3,5,... 


I = XmY ' - e - n * x / a e inny/a _ 1 2“, 


where Z~e ty U a . Now 


du 


E* = f; 7 E- T ^(«+ i )= r{fy4 
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^ where Re 1 6 = Therefore 

I — Tm | ^(ln R + i #)j = ~9. But J~^r 

J _l_ g-7 rx/a ^irry/a _ e ~iny/a^ _ e ~2rtx/a 
|l - e — 7r(a:— iy)/a ! 2 


1 e ~* (x-iy)/a ^ + e -*(x-iy)/a ~j ^ _ e -rr(x+iy)/aj 

1 — e -n(x-iy)/a _ g-7T (x-iy)/aj _ e ~n(x+iy)/a'j 

1 + 2ie- 7rx / a sin{ny/a) - e ~ 27rx / a 

1 — e ~rr(x-iy)/a 2 


so 


tan 6 


nx / a sin(iry/a) _ 2sin(7 ry/a) 

^ g—27 rx/a g7 rx/a £— irx/a 


sin(7r y/a) 
sinh(7T2;/a) ’ 


Therefore 


I = - tan 


sin(7r?//a) 

sinh(7ra:/o) 


and 


V (a;, a/) = — — ^ tan 1 

7T 


sin(7 ry/a) 
sinh(7 rx/a) 



As in Ex. 3.4, separation of variables yields 

V ( i , ?/) — (Ae fca: + Be ~ kx ) ((7 sin ky + D cos £y) . 

Here (i)=^ D = 0, (iii) => B — -A, (ii)=> ka is an integer multiple of 7r: 

V(x,y) = AC (e nirx /° — e _Tl7rx / Q j sin(mry/a) — (2AC)sinh(mrx/a)sin(mry/a). 

But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i), 
(ii), (id) is 

oo 

V(x,y) = E C n sinh(n.7rx fa) sm(mry/a). 

n= 1 

It remains to determine the coefficients C n so as to fit boundary condition (iv): 


C n sinh(n7r6/a) sin(n.7ry/a) = Vq (y). Fourier’s trick => C n sinh(mrb/a) = — J Vo(y) sin(niry/a) dy. 

o 

Therefore 


C n = 


asinh(mrb/ 


~t / V Q (y)sm(mry/a)dy. 

a) J 
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Problem 3.16 

r 


w = 


5 


= §1 [< i! - ») 2 + 2 * (*’ - >) H = l£ k * 2 - 1 ) ( x 2 - 1 + 4 ^)] 

1 d 


= ITx [(x2 ~ X ) ^ “ !)] = j [2* (5* 2 - 1) + (x 2 - 1) 10z] 
= ^ (5z 3 -x + 5x 3 -5z) = i (lOx 3 - 6z) = 

We need to show that P 3 (cos0 ) satisfies 


5 * 

3 

-x 

— —x. 

2 

2 


1 d ( . ^PN 

S^( s,n9 ^J = -' ( ' + 1 > F ' with, = 3 - 

where P 3 (cos 0) = | cos 0 (5 cos 2 0 - 3) . 


dP 3 

de 


\ [- sin 9 ( 5 cos2 9 ~ 3) + cos 0(10 cos 0(- sin 0)] = -1 sin 0 (5 cos 2 0 - 3 + 10 cos 2 0) 
3 

— - sin0 (5 cos 2 0 - l) . 



3 d 3 

~2 ~ d £ [ sin2 9 ( 5 cos2 9 - !)] = ~2 [2 sin 0 cos 0(5 cos 2 0- l) + sin 2 0 (-lOcos0sin0)j 
— 3sin0cos0 [5cos 2 0 - 1 - 5sin 2 0] . 


n 


1 d 
sin 0 d9 



= — 3cos0 [5 cos 2 -1 -5 (1 - cos 2 0)] = -3cos0 (lOcos 2 0 - 6) 
= -3 - 4 • ^ cos0 (5 cos 2 0 - 3) = —1(1 + 1)P 3 . qed 


1 1 

J Pi (x)P 3 (x)dx = J (z)i (5x 3 -3x) dx = ^ (x 5 - x 3 )|^ = |(1 - 1 + 1 - 1) = 0. / 


Problem 3.17 

OO 

(a) Inside: V(r,0) = J2 A i r ‘P( cos0) (Eq. 3.66) where 
1=0 


A 


( 21 + 1 ) 
2 R‘ 


/ Vo(0)P/(cos0) sin0d0 (Eq. 3.69). 
0 


In this case Vq( 0) = Vo comes outside the integral, so 


■4/ = - — ° J Pi ( cos 9 ) sin 9 d9. 

0 


* 
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But Pq(cosO) = 1, so the integral can be written 

TC 

J Po (cos 6) Pi (cos 9) sin 6 d9 = 


0, if l 
2, if l 


io} 


(Eq. 3.68). 


Therefore 


Plugging this into the general form: 


A, = 


, if i 5^ 0 1 

'o, if 1 = 0 J 


V(r,0) =A o r°P o (cos0) = V 0 . 


The potential is constant throughout the sphere. 


~ JD 

Outside: V(r,0) = ^ -^-j-Pi(cos8) (Eq. 3.72), where 


1=0 


B x = 


(21 + 1 ) 


7T 

R l+l j V 0 (9) P t (cos 9) sin 9 d6 (Eq. 3.73). 


Therefore 

(b) 


V(r,0) = V o - 

r 


= j F,(» S 8) sin tit = { °n Vlh \ i 0 } . 

0 

(i.e. equals Vo at r = R, then falls off like -). 


oo 

^2 Air 1 P t (cos9), for r < R (Eq. 3.78) 


V(r,9) = { 


_ J 1=0 


J2 TfT^cosfl), for r > R (Eq. 3.79) 


■ 


k 1=0 


where 

and 


Bi = R 2l+l A[ (Eq. 3.81) 

7T 

A t = 2e k 1 - 1 / a o(0)Pi(cos9)sm9de (Eq. 3.84) 

0 

7T 

= S^' J ”/ p ' (cos( ' )sin9 ‘ ! '' = { L 0 / e „, Inio}- 



' Ro 0 

> 



for r < R 



^0 



V(r,9) = 

R 2 o 0 1 

for r > R 

► . 


l Co T 

> 



Therefore 
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Note: in terms of the total charge Q = 4t: R?a 0 , 


V(r,9) = 


1 Q 

4i re 0 R 

1 Q 

4neo r 


, for r < R 


, for r > R 


Problem 3.18 


Vo(0) = fccos(3#) = k [4 cos 3 9 — 3 cos#] = k [aP 3 (cos#) + pP\ (cos#)] . 

(I know that any 3 rd order polynomial can be expressed as a linear combination of the first four Legendre 
polynomials; in this case, since the polynomial is odd, I only need Pi and P 3 .) 


4 cos 3 $ — 3 cos 9 = a 


so 


Therefore 


Now 


r 


/rhere 


- (5 cos 3 0 — 3 cos 6) 


5 Q, / 3 

+ ft cos 6 - — cos 3 6 + ( P - -a ] cos 6, 


A 5a 8 „ „ 3 . 3 8 . 12 . 12 0 3 

4= T =>a = 5 ; - 3=: ' , ''2“ = ‘ s ^2'5 =/, "y => ' J= y- 3 = “5- 


V 0 (6) = - [ 8 P 3 (cos 6) - 3Pi (cos #)] . 
0 


Air 1 Pi (cos 9), for r<R (Eq. 3.66) 


V (r, #) = < 


- ) 1=0 


TD 

Y Pi (cos#), for r > R (Eq. 3.71) 




/=o 


A, = 


( 2 l + 1 ) 

2 R‘ 


7T 

J V 0 (9) P, (cos#) sin 9 d9 (Eq. 3.69) 


(21 + 1 ) k 
2 R l 5 


7T 7T 1 

8 J P 3 (cos #)P (cos #) sin### — 3 J Pi(cos #)P/( cos #) sin### 


{ 8 ^ti) 5,3 ~ 3 (^tt)^} = th [8fc_35ii] 

8k/5R 3 , if l = 3 \ , . 

— 3k/5R, if l = 1 / (zer ° otherwise )‘ 


Therefore 


Ob. Ob. 

V(r,9) = -—rP^cosd) + ^3 r 3 P 3 (cos#) = 


8 (§) P3 ( cos ^ ~ 3 (]}) p i( c os#) 


or 


7 {8 } [5 cos 3 # - 3 cos#] — 3 cos#} V(r, 9) = cos # (4 [5 cos 2 # - 3] ^ 3 } 

5 ^ Vix/ 2 Vix/ J 5 it Vix/ J 
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(for r < R). Meanwhile, Bi = A/P 2,+1 (Eq. 3.81 — this follows from the continuity of V at R). Therefore 

Bi = { -S 5 / 5, if ! = ? } (zer ° ° thcrwise )- 


So 


T ,, -3 kR 2 1 . 8 kR 4 1 . 

V(r,9) = — - — ^Pi(cos0) + — — ^P 3 (cos0) = 


5 r 4 



or 



(for r > P). Finally, using Eq. 3.83: 

OO 

<r(0) = e o ^(2/ + lM,P'- 1 P((cos0)=€o[3A 1 Pi+7A 3 P 2 P 3 ] 


J=0 


— € 0 


3 k 


3 ( — zrz ) Pi + 7 ( ] P 2 P 3 


®) 


e 0 fc 

5P 


[— 9 Pi (cos 0) + 56P 3 (cos0)] 


e 0 fc 

5P 


56 


—9 cos 9 + — (5 cos 3 9 ~ 3 cos 9) 


= cos0[-9 + 28-5 cos 2 0-28-3] 

oR 


( ^r cos 9 [140 cos 2 9 - 93] . 

Oil 


Problem 3.19 


°°^ 2 / 4-1 f 

UseEq.3.83: cr(8) = e 0 y^(21+l)AiP i ~ 1 Pi(cos0). But Eq. 3.69 says: Ai — ~^r~ / Vo (0) Pi (cos 9) sin 9 d9. 

i=o { 

Putting them together: 

°o J 

£7(0) = Y(2l + l) 2 CtPi (cos 0), with Q= V 0 (9) P,(cos 0) sin 0 d9. qed 

2 R f— ' J 


1=0 


Problem 3.20 

Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the 
potential of a uniformly charged spherical shell: 


V(r,9) = -E 0 




cos 9 + 


1 Q 

Attcq r 
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Problem 3.21 

OO o (X) D OO p* 

(a) V(r,0) = 22^TT P ‘( cose ) ( r > R ■)> 30 ^( r >°) = L^7TT P '( 1 ) = X! ^TT 


1=0 


t=o 


1=0 


a 

2to 


y/r 2 +R 2 -r . 


Since r > R in this region, \/r 2 + R 2 — r\J 1 + ( R/r ) 2 = r 


l + i(i?/r) 2 -i(fl/r) 4 + ... 


, SO 


oo 


E 


B, 

r I+l 


' 1 R 2 

lfl 4 


cr 

/ R 2 

ft 4 \ 

1 + 2 r 2 

+ 

K 

loo 

1 

. - 1 

2 eo 

\ 2r 

8r 3 + ’ " J 


Comparing like powers of r, I see that B 0 = 


aR 2 
4 cq 


, — 0, f?2 — — 


crfl 4 
16e 0 ’ 


. . . Therefore 



(for r > R). 


OO 

(b) V(r,6) = ^ A[ r l P[ (cos 9) (r < R). In the northern hemispere, 0 < 9 < 7r/2, 
:=o 


V (r, 0) = ^ Air 1 = - — r 2 + R 2 — r 

i=o e ° 

Since r < R in this region, s/r 2 + R 2 = R\/l + ( r/R ) 2 = R 

OO 

Y>r'=~ 

^ 2e 0 


l+^(r/fi) 2 -i(r//i) 4 + .. 


. Therefore 


1=0 


1 r 2 1 r 4 


R + 2 R 8 R 3 + ‘ " r 


Comparing like powers: A 0 = -£-R, A x = A 2 - ■ ■ , 

Zcq Zcq Zeoti 


so 


V{r,6) = 


2eo 

aR 

2cq 


R - rP\ (cos 0) + — - P 2 (cos 0) + . . . 
2H 


1 -(I) c o S «+i(I) ! (3c°s 2 e- 1 ) + .. 


(for r < R, northern hemisphere). 


In the southern hemisphere we’ll have to go for 6 = 7r, using Pi{— 1) = (— 1) ( . 

OO 

V(r, 7r) = TX-l)^ = [\/V 2 + R 2 - rj . 


(=0 
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(I put an overbar on Ai to distinguish it from the northern Ai). The only difference is the sign of .4 i; 
Ai = +(cr/2eo), ^4 q = Aoi ^-i — -^ 2 - So: 


V(r,6) = R + rP^cosO) + — -r 2 P 2 (cos0) + .. 

Z6q 

= ^[ 1 + (s) cosS+ i(i) 2(3cosJ ^ 1) + 


(for r < R, southern hemisphere). 


Problem 3.22 


X Ai r l Pi (cos 9), ( r < R) (Eq. 3.78), 


V(r,e) = { ; s>° 


X ^rfi(cos^), (r > i?) (Eq. 3.79), 


f i=o 


where B t = y4,i? 2i+1 (Eq. 3.81) and 


71 

.A* ~ - — [ ao (9) Pi (cos 9) sin 6 d8 (Eq. 3.84) 

o 

{ 7r/2 7T 

J Pi (cos 0) sin 9 dd - J Pi (cos 0) sin 0 dO 

0 71 

= I j p i( x ) dx ~ J Pi(x)dx 


> (let x = cos 0) 


Now Pi{—x) = (— l)'P;(x), since Pi(x) is even, for even l, and odd, for odd l. Therefore 


U U 1 

/ p^ dx = J Pi(-x)d(-x) = (-!)' J Pi{x)dx, 


and hence 


1 


( o, 


op f 

e 0 R 1 - 1 J 


if l is even 


Pi(x)dx, if l is odd 
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So Ao = M — ^4 = -^6 = o, and all we need are Ai , ^ 3 , and A 5 . 


Therefore 


J Pi(x)dx = Jxdx=Y 

0 0 0 

/ ftW<fc = | / (5^ - 3») cfc = i ( S 1T - 3 ^“) [ 0 = 1(5 “ I) = “I 
0 0 

1 1 6 4 1 

J Ps(x)dx = g J (63x 5 — 70rr 3 + 15a;) dx = i ^63^ — 70—+15^-^ 


2 V4 2 


1 / 21 35 15\ 1 . „ . 1 

8 ( 12 2~ 2 ) _ 16 3 ~ ^ ~ 16' 


(TO /1\ , <^o f A °o ( 1 \ 

Al _ eo ( 2 / ’ As ~ eof? 2 V 8/ ’ 5 e 0 /? 4 (,16/ 


Bi = —R 3 ( J) I S 3 = - R 5 (- 5 ) ; Bs - ~R 7 ; etc. 

Co V 2 / to \ 8 / e 0 \16/ 


~T A(cos<?) - ^ ^(co 3 ^) + g (^) P 5 (cos0) + - , (■ r<R ), 

r P^cosd)--^) P 3 (cosd) + -[-) P 5 (cos <?) + ..., (r>R). 


Problem 3.23 


\d_ / 1 a 2 v 

s 3s V 3s J P s 2 dp 2 


Look for solutions of the form V(s, <p) = S(s)$(cp): 


1 d f dS\ 1 n 

s $ ds \ ds) + s 2S dip 2 ~ ' 


Multiply by s 2 and divide by V = 5$: 


s d / dS\ 1 d 2 ^ 

S $ d^ VdlJ + ¥d^ ~ ' 


Since the first term involves s only, and the second <p only, each is a constant: 

s d ( dS\ _ 1 d 2 ^ _ . , *~t n n 

s*( s *) =Cl ' 55^ = c, ‘ wlthCl + C! = 0 - 
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Now C 2 must be negative (else we get exponentials for $, which do not return to their original value — as 
geometrically they must — when tp is increased by 2ir). 

C 2 — —k 2 . Then = -k 2 $ => $ = Acosktp + Bsinktp. 
d<p z 


Moreover, since <£(</> + 2n) = <J>(^>), k must be an integer: k = 0, 1, 2, 3, . . . (negative integers are just repeats, 
but k = 0 must be included, since $ = A (a constant) is OK). 


d 


s 


ds 



= k 2 S can be solved by 5 = s n , provided n is chosen right: 


s— ( sns n M = ns— ( s n ) = n 2 ss n 1 = n 2 s n — k 2 S => n = ±k. 
ds ds 

Evidently the general solution is S(s) = Cs k + Ds~ k , unless k = 0, in which case we have only one solution 
to a second- order equation— namely, S = constant. So we must treat k = 0 separately. One solution is a 
constant — but what’s the other? Go back to the differential equation for S, and put in k = 0: 


d 


s 


ds 



= 0 => s 


dH 

ds 


- constant = C => 


dS 

ds 


= -=>dS = 
s 



=> S = C In s + D (another constant). 


So the second solution in this case is Ins. [How about <£? That too reduces to a single solution, $ = A, in the 
case k = 0. What’s the second solution here? Well, putting k = 0 into the $ equation: 


d 2 ^ 

d<f > 2 


= 0 =>• — = constant =£?=>$ 
dtp 


= Btp + A. 


But a term of the form Btp is unacceptable, since it does not return to its initial value when tp is augmented 
by 2rr .] Conclusion: The general solution with cylindrical symmetry is 


OO 

K(s, tp) — a 0 + b 0 Ins + ^ [s*(ot cos ktp + b k sin ktp) + s~ k (c k cos ktp + d k sin k<p )] . 
*=1 



V(s,tP) 


^—EqS + 


EpR 2 ^ 


cos tp, 


V(s,tp) = -E 0 s 

[(?)’-*] 

cos tp. 
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1 T = —Co 


5V 

3s 


i=H 


R 2 

= -«o-Eo ( — 5- - 1 ) cos <t> 


5 =h 


2£ 0 £o cos 4 >. 


Problem 3.25 

OO 

Inside: V (s, 0 ) = a o + ^ ( a * cos ^ ^ sin • ( In this re g ion In s and s~ k are no good — they blow 

k = 1 

up at s = 0.) 

°° 1 

Outside: V(s,<p) = Oq + ^ -j ( Ck cos fc<^> 4- d k sin kcf>) . (Here In s and s k are no good at s -4 00). 


k = 1 


(7 = -Co 


£>H out dH in 


3s (9s 


(Eq. 2.36). 


)=R 


00 (■ k 

a sin 5 (j> - -c 0 ^ < - ^ + -y (cfc cos k(f> + d k sin k<j>) -- kR k ~ 1 ( a k cos k<f> + b k sin kip) 
k= 1 '• 


Thus 


Evidently a k - c fc = 0; b k = d k = 0 except fc = 5; a = 5e 0 + H 4 6 5 j • Also, V is continuous at s = R: 

ao + R^bs sin5 tj> = ao + ^rds sin 5^. So ao = a 0 (might as well choose both zero); i? 5 6 5 = R~ 5 d 5 . or d 5 = H 10 h 5 . 

Combining these results: a = 5e 0 (R 4 h + R i b b ) = 10£ofl 4 5 5 ; b 5 = — - ; d 5 = Therefore 

lUeo/t, IOcq 


v(s,4>) = 


osin5</> f s 5 /# , for s < R, 


10e o 1 -o / s& > f° r s > R. 


^"~\oblem 3.26 

Monopole term: 

But the r integral is 

Dipole term: 

But the 9 integral is 


r 2 sin 9 dr d9 d(f>. 


/ 


Q = j" pdr — kR j [ ~ (H — 2r) sin f 
R 

J{R-2r)dr= (Rr - r 2 ) |" = f? 2 - R 2 = 0. So Q = 0. 
0 

r cos dr = fcfl J ( r cos 0) 


-=■( il - 2r) sin 0 
r z 


r l sin 0 dr d0 


/si 


sin 2 9 cos 9 d8 = 


sin 3 0 


= 3(0-0) = 0. 


So the dipole contribution is likewise zero. 
Quadrupole term: 


J r 2 cos 2 9 - ^ pdr = ^kR j J r 2 (3 cos 2 9 - l) 


~n{R - 2 r) sin 9 


r i sin 9 dr d6. 
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r integral: 


9 integral: 


f r 2 (R - 2 r) dr = { ^-R - T — 
Jo 


R _ R A fi 4 R 4 

a “ T _ T ~ ~~ 6 ' 


I (3 cos 2 9 — l) sin 2 9 d9 = 2 £ sin 2 9d9 — 3 sin 4 # d9 

0 3(1— sin 3 0) — 1=2— 3sin 2 0 0 0 


4> integral: 


The whole integral is: 


= 3 (iH(f)=4 

J dcp = 2n. 

o 

M4) (-f ) < 2i ° = 


9 A _ 7T 

8 / ~ 8 ' 


kir 2 R h 
48 ' 


For point P on the z axis (r -4 z in Eq. 3.95) the approximate potential is 

(Quadrupole.) 


V(z) 


1 ki r 2 i? 5 


4tt€o 48z 3 


Problem 3.27 

p = (3 qa — qa) z + (—2 qa — 2 q(—a)) y = 2qa z. Therefore 


V S 


1 p r 

4tt£o r 2 


and p • r = 2ga z - r = 2 qa cos 9, so 


V — 


1 2qacos6 
47T£o r 2 


(Dipole.) 


Problem 3.28 

(a) By symmetry, p is clearly in the z direction: p = p z; p - f zp dr => J zo da. 


p = J (R cos 9)(k cos 9)R 3 sin 9 d9 d<f> = 2i:R 3 k J cos 2 9sin9d9 = 2nR 3 k 

o 


cos 3 9 


2 3 . . .. 47T R 3 k 

= -7r/? 3 fc[l — (—1)] = — ; 


P = 


47rP 3 fc . 


z. 


(b) 


V — 


1 4nR 3 kcos9 
47T£q 3 r 2 


kR 3 cos 0 
3 eo r 2 


(Dipole.) 
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This is also the exact potential. Conclusion: all multiple moments of this distribution (except the dipole) are 
exactly zero. 


Problem 3.29 

Using Eq. 3.94 with r' = dj 2: 


1 1 ^ / d \ n „ , 

r = ;:£(&) *■(«*«); 

■*" n = 0 x y 


for we let 8 180° + 6 , so cos# ->• — cos#: 


i i °° / J \ n 

1 1 v — > / a \ _ . 

= - > I I Pn(— COS 0). 

r ^ \2r ) v ’ 

n~0 x y 


But P n ( — x) - (~l) n P n (x), SO 




T/ 1/1 1 

F = 9 


47r€o \^+ *_/ 47re 0 r 


1 1 


n=0 


H ( £ ) [*n(cos0) - P„(- COS0)] = 


2g 


47re 0 r 


E 

n=l , 3 , 5 ,... 


±\ n 

2r 


P„( cosd). 


Therefore 


= iT (I ) Pi( “ s9) = 


t/ 2 <7 i d qd cos 9 

Vdip = —Pi (cos 0) = 5-, while 

4rr€ 0 r 2r d^eor 2 

3 2q d 3 1 


Fquad — 0. 


47reo 8r 4 2 


(5 cos 3 6 — 3 cosfl) = 


qd 3 1 

47reo 8r 4 


(5 cos 3 d — 3 cosd) . 


Problem 3.30 


(a) (i) Q - 

2 q, 

00 p = | 

3<7az, 

] (iii)F- 

r 





(b) (i) Q = 

~2q? 

| 00 P = 

qa z, 

(iii) V = 


[2 + E*] = 

1 

2<7 3ga cos 9 


L r n 

4tT € 0 

r r 2 



1 

2 q qa cos 9 


47T60 

r "b r 2 





^ 1 


1 

\2q 3gasin#sind>l 

2g, 

00 P = 

3<7ay, 

| (iii) P = 

47T£o 

[ r r 2 


(from Eq. 1.64, y-r = sin0sind>). 


Problem 3.31 

(a) This point is at r = a, 0 = f , <j> = 0, so E = — P — - 0 = — - P ■■— (— z); F = gE = 


47reoa 3 47reoa 3 


P<7 


47reoa 3 


(b) Here r = a, 0 = 0, so E = 


P 2 p 

— j(2r) = -z. 


47reoa 3 ' ' 47reoa 3 
qp 




(c) VJ= q [F(0, 0, a) - V (a, 0,0)] = cos(0) - cos Q)] 


1 _ 

pq 

J “ 

47re 0 a 2 " 


Problem 3.32 

Q = -5, SO Uni 


1 -9 ... 1 9a cos 9 

p = qa z, so V^p = 1 s — • Therefore 


47tcq r 


47reo r 2 


FM) = 


47T6q V r 


1 a cos 8 
H o — 


E M)“ 


47TCO 


— r + -~ ^2 cos dirk sin 0 0 j 


J 
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Problem 3.33 

p = (p • r) r + (p ■ 6) 0 = pcosflr —psin60 (Fig. 3.36). So 3(p f) f - p = 3pcos0r — pcosflr + psin00 = 
2pcos0r + psin0 8. So Eq. 3.104 = Eq. 3.103. / 


Problem 3.34 

1 (p dP X dP X 

At height x above the plane, the force on q is given by Eq. 3.12: F — -- — -r = m- 7-5-; -rj = - A/x 2 , 


LU O' UL/UTV VliV piUHV/j UilV. V/t* ^ Id > VU l/J «JVJ< XJ . , A — . „ II* . a j - n 4 M. I ^ y 

47T€o 

g 2 dx dv A dx d / 1 ,\ d / A \ 1 2 A 

167re 0 m y J J dt dt x 2 dt dt \2 J dt\x) 2 x 

r = 0 when x = d, so constant = —Aid, and hence v 2 = 2A (— — | ^ = v^Ai/i — - — 

\x d J dt V x d 


167reo m 


/2A d-x 

d V x ‘ 




This integral can also be integrated directly. Let x = u 2 ; dx = 2u du. 


^ = 2 J = 2 B v/3ri5+ 5™" (^)}L = - ,sin " (i) = -4 


Therefore 


/ d 7rd tt 2 cP d 2ir 3 (Peom 

< = V2iy = VT“2? 16 ” om= V - P - ' 


Problem 3.35 


+ - + - 



The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net 
force of the negative image charges is: 


1 2 I 1 1 1 

47re 0 ^ [ [2(a - x)] 2 [2a + 2(a - x)] 2 [4a + 2(a - x)] 

1 I 

(2x) 2 (2a 4- 2x) 2 (4a + 2x) 2 / 


i <? 2 r 

1 1 1 

47T60 4 ( 

(a — x) 2 (2a - x) 2 (3a — x) 2 


fl 


J_ 1 1 

x 2 (a + x) 2 (2a + x) 2 



1 la 2 

When a -* oo (i.e. a 3> x) only the -=• term survives: F = — — / (same as for only one plane 

x 1 47reo (2x) 2 

Eq. 3.12). When x = a/2, 

1 g 2 f [ 1 1 1 If 1 1 ill 

- 4tt £ 0 4 \ [(a/2) 2 + (3a/2) 2 + (5a/2) 2 + ‘ ‘ ‘ J [(a/2) 2 + (3a/2) 2 + (5a/2) 2 + ‘ ' ‘ J “ 
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Problem 3.36 

r Following Prob. 2.47, we place image line charges -A at y = b and +A at y — —b (here y is the horizontal 



a - b 


Vo 


a + b 


so 




+ b 


- R 2 => b 



V 



= _A_ , n ( S M\ 

47TC0 \«4 S 2/ 


A U(y + *) 2 + z 2 }[(y-b ) 2 + z 2 n 

47TC0 1 [(y - a) 2 + z 2 ){( y + b ) 2 + z 2 ] J ’ 


or, using y = s cos 0, 


A Ini 

f (s 2 + a 2 + 2os cos </>)[(as/B) 2 + B 2 — 2ascosdi] ) 

1- 

47re 0 ^ 

[ (a 2 + a 2 — 2as cos </>)[(as/B) 2 + B 2 + 2ascos</>] J 


z = ss'uuf), 


Problem 3.37 


r 


Since the configuration is azimuthally symmetric, V (r, 6) = El A‘T l + P((cos0). 

D 

v a) r > b: Ai = 0 for all l, since V -> 0 at oo. Therefore V(r,6) = ^ Pi (cos 8). 

a<r<b: V(r,0) — ^Cir 1 + Pi(cosd). r<a: V(r,8) — V 0 . 

We need to determine Bi,Ci,Di, and Vo. To do this, invoke boundary conditions as follows: (i) V is 

continuous at a, (ii) V is continuous at b , (iii) A ( — — J = a(9) at b. 

\ or J €q 

(ii) => £ A- P t (cos9 ) = ]T (ctf + Pi(cos6)\ A- = C t b l + A- => \ B t = b 2l+1 C t + D^] (1) 

0) =* E ( c ‘ a ' + Jrr) p '( cos0 ) = ^ ( „ 0 . % 


Cia‘ + —, T = °, if ^0, 

C 0 n° + — r = Vo, if 1 = 0; 


D, = —a 2l+1 Ci, IjL 0, 
Do = nko — oCo- 


( 2 ) 


Putting (2) into (1) gives Bi = b 2l+1 Ci — a 2(+1 Cj, 1^0, Bo = bCo + nVo - aCo- Therefore 

(!') 


Bi = (b 2l+1 - a 2i+1 ) Cl, Z ^ 0, 
Bo ~ [b a) Co + aVo- 


(iii) =» 5]B,[-(Z + l)]~fl(co S 6») -]T (c,^" 1 +A 


) Pi (cos 6) = — Pi (cos 0). So 

O l + / / €q 


(Z + 1 ) 

&J+2 


B, - { CW6'" 1 + Di 


~(Z + 1 ) 

b l+2 


= 0, if Z #1; 






62 


CHAPTER 3. SPECIAL TECHNIQUES 


-(/ + 1 )Bi - lC t b 2l+1 + (Z + 1 )Di — 0; (Z + 1 )(Bi - D,) = -lb 2l+1 C t . 

Bi(+2)p- + (c, + D\ = — , for / = 1; C\ + (Bi — D\) = k. 

Therefore 

(Z + 1 )(B, - D{) + lb 2l+1 Ci = 0, for l 1, 

C, + p (B, - D.) = F ® 

Plug (2) and (T) into (3): 

For l 0 or 1: 

(Z + l)[(6 2,+1 - a 2l+1 ) Ci + a 2l+1 Ct]+lb 2l+1 Ci = 0; (Z+1)6 2<+1 C,+Z& 2 ' +1 C, = 0; (2Z + 1)C, = 0 =► (7, = 0. 

Therefore (T) and (2) =$■ Bi = Ci = Di = 0 for Z > 1. 

For l — 1: Ci + ^ [(b 3 - a 3 ) C x + a 3 Ci] = k; Ci + 2 Ci = Jb => | Ci = fc/3e 0 ; | B x = -a 3 Ci =► 
B x = -a 3 fc/ 3e 0 ; B x = (Z> 3 - a 3 ) Ci =► B x = (b 3 - a 3 ) fc/3e 0 - 

For Z = 0: Bo — Bo — 0 =r> Bo — Bo =F ( b — n)Co TuVo — oho — oCq , so 6Co — 0 Bo — 0; Bo = nVo — Bq. 

Conclusion: V(r,9) = + - — — - — — cos 6, r > b. V(r,9) = (r — cos 9, a < r < b. 

r 3r z e 0 r 3eo \ r * l j 


oVq k 


a 2 3eo 


(b)cTi( 0 ) = -e 0 = -co 5 - + — ( 1 + 2 — ) cos 0 = -e 0 — • — • H cos# = -kcos9 + U 0 


V 0 , k 


= [ Oi da — 4 na 2 — 47ro€ 0 Fo = Qtot- At large r: V 

J a —> 


\ a e o J j a_ 

aV , o ? 1 Q 1 47ro€oho aUo 

r 47reo r 47 T€q r r 


Problem 3.38 

Use multipole expansion (Eq. 3.95): pdr — » Adz = — dz, and r' — > 2 : 

2o 


1 _^L 1 r (~) 

U(r) = y — — / z n P n (cos9) — dz. 

4ttc 0 r n + ! J V ; 2a 


The integral is 


/■ g “ g 2a n+1 

-P n (cos<?) / z n dz — —-P n (cos9) = — B„(cos0)- — for n even, zero for n odd 

i J 2a 7 Z 4~ 1 _ 2a ti 1 


Therefore 


71 = 0 , 2 , 4 ,... 


V = — V' — — (-) P n (cos9) . qed 
47reo r ■£-' [n +1 \r/ 


Problem 3.39 

Use separation of variables in cylindrical coordinates (Prob. 3.23): 


V (s, 4>) = a 0 + Z > 0 In s + [s*(o* cos kip + 6 * sin kp) + s * (c* cos kip + cZ* sin kip)] . 
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s<R: l/(s, p) = Y1 T=i sk ( a k coskp + b k sin kp) (In sands k blow up at s = 0); 

s>R: V(s, <f>) = 52 s~ k (c k cos kp + d k sin kp) (In s and s k blow up as s — ► oo). 

(We may as well pick constants so V -> 0 as s -> oo, and hence ao = 0.) Continuity at s — R. => 

^i?*(ofc cos kp + b k sin kp) = ^ R~ k (c k cos kp + d k sin kp), so c k = R 2k a k , d k = R 2k b k ■ Eq. 2.36 says: 

dV dV 1 T v f 

— — — - = a. Iheretore 

US US 60 

^ 77TZT ( c * cos + dk sin k(p) — V' kR k ~ 1 (a* cos kcj) + bk sin k<fi) — <7, 

z — / R*^ 1 z ' eo 

or: 

£ (oi C0S k4> + Sin ^ = { -IX J < \ < 27r) } • 

Fourier’s trick: multiply by (cos lip) dtp and integrate from 0 to 27r, using 


sin kp cos 


LR 

Ip dp = 0 ; J 


cos kp cos Ip dp 


JO, k^l \ 

\ 7T, k = l J ' 


(To f , , ,, f ,, ,, (Jo f sinZdi T sinld> 21 1 

2/J 1 7rd( = — / cos Ipdp— / cos Ipdp = — < — - — — > = 0; a; = 0. 

e o J J «o 1 ^ o l * 

.0 JT J ' 

r o k*i \ 

Multiply by (sin Ip) dp and integrate, using J sin kp sin Ip dp = <. ^ k ~ l J ' 

2lR‘- l TTk = J J sin Ip dp— j sin Ip dp = ^ = ^-(2 - 2cos/tt) 

£o i J eo I i o 1 „ \ le o 


0, if l is even 

4(j 0 //eo, If ^ >s odd 


0, if / is even 

2o 0 /ncol 2 R l ~ l , if 1 is odd 


Conclusion: 


Problem 3.40 


V(s,P) = 


^ 1 . , . / ( s/R) k (s < R) \ 

*1 (*/->* (*>*)T 


Use Eq. 3.95, in the form V (r) = — — y^ / n ; I n ~ [ z n X(z ) dz. 

47re 0 r n-M J 


a 

, f (' KZ \ 

, ,2 a . 

/7T2\ 

2 ak r . /7r 

\ . / 7T \ 

4 ak 


az — k — sin 


— sin - 

- ) - sin ( - — ) 

— 

J V 2a/ 

7T 

V 2a/ 

-a 7T L V2 

/ V 2 . 

7 r 



U(r,$) = (Monopole.) 

47reo \ 7 r J r 
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(b) 


Io = 0. 

h 


A(z) 


a 

(c) 

Io = 


h = 


\(z) 

—a j 

\ a , - 


Vi 


k J z sm(irz/a) dz = k | j sin j - — cos 

— a 

k I (— ) [sin(7r) — sin(— 7r)] — — 

( VW 7 r 

" 1 

(Dipole.) 


, , a 2 f A u 2a ~ 

cos(7 r) cos(— 7r) > = fc ; 

7T I 7T 


V{T ' S)s A( ? A)^ a,se - 


a 

I 2 = k J z 1 cos j dz = fc | 


2zcos(7T2/a) ( Trz/a) 2 —2 . firz 


(7r /a) 2 ^ (n/a) 3 

4 a 3 fc 


sin 


/7T2 

V a 


(Quadrupole.) 


Problem 3.41 

(a) The average field due to a point charge q at r is 

E = 

I -'ave — 



SO 


(|7re 0 i? 3 ) / EdT ' 

Eave (~ne 0 R 3 ) 47re 0 / ^ 


where E 


1 <? 
47T£o 




(Here r is the source point, dr is the field point, so •» goes from r to dr.) The field at r due to uniform 

1 f i 

charge p over the sphere is E s = / p-z dr. This time dr is the source point and r is the field point, 

47re 0 J * 

so <1 goes from dr to r, and hence carries the opposite sign. So with p = —q/ (|7ri? 3 ) , the two expressions 
agree: E ave = E p . 

(b) From Prob. 2.12: 

E = _1 - f P 

p 3eo 47 T£o R 3 4neoR 3 

(c) If there are many charges inside the sphere, E ave is the sum of the individual averages, and p to t is the 


sum of the individual dipole moments. So E ave = — - 


r* qed 


47 T€oJ ? 3 

(d) The same argument, only with q placed at r outside the sphere, gives 

E avR = E 0 = — — — — „ ^ f (field at r due to uniformly charged sphere) = — S r . 


P 47T£o r 2 


47T£o T 2 
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But this is precisely the field produced by q (at r) at the center of the sphere. So the average field (over 
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces 
at the center. And by superposition, this holds for any collection of exterior charges. 


Problem 3.42 

(a) 

Edip — 


47T£on 3 

p 


(2 cos 8 r + sin 8 6) 

[2 cos # (sin# cos 0x + sin#sin<£y + cos#z) 


47reor 3 

+ sin#(cos# coscf)X + cos#sin<£y — sin#z)j 


3 sin 8 cos 6 cos <$> x + 3 sin 8 cos # sin </> y 4- (2 cos 2 6 — sin 2 #) z 


47T£or 3 


E a 


2tt 


w- 


=3 cos 2 0 — 1 


(l^ 3 ) 


Ed jp dr 


= J "T [3sin0cos#(cos0x 4- sin<£y) + (3cos 2 6 - l) z] r 2 sinO dr d6 d<fi. 


2tt 


B ot / cos 4>d<f> = / sin <t>d<j> = 0, so the x and y terms drop out, and J d(p = 2ir, so 


r 


R 7 r 

E -=(Pp) (^) 2 ’/f* /(3cos J *-l)sin«dfl . 


(- COS 3 0 -j-COS 0 )|J = 1 -l-f- 1 — 1=0 


Evidently E ave = 0, which contradicts the result of Prob. 3.41. [Note, however, that the r integral 


Jo r 


blows up, since In r -> — oo as r -4 0. If, as suggested, we truncate the r integral at r — e, then it is finite, and 
the 8 integral gives E ave = O.j 

(b) We want E within the £-sphere to be a delta function: E = A<5 3 (r), with A selected so that the average 
field is consistent with the general theorem in Prob. 3.41: 


E 


“=(! Jm)J Aii{r]dT= '‘ 


P P 

. . ~ = — => A = , and hence 

(firfl 3 ) 3(o 


E = -£-/<'>■ 


Problem 3.43 


/ I o+zs 

(Wi) - ( VV 2 )dr . But V • (Vj W 2 ) = (W,) • (VV 2 ) + V X (V 2 V 2 ), so 

I = j V • (ViWa)*- - J V\(V 2 P 2 ) = j Vi(W 2 ) • da + i J V 1 P 2 dr. 

But the surface integral is over a huge sphere “at infinity”, where V x and V 2 -4 0. So I = — f V x p 2 dr. By 

* e o J 

the same argument, with 1 and 2 reversed, I = — J V 2 p x dr. So J V x p 2 dr — J V 2 p x dr. qed 
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(b) 


Situation {1) : Q a = f a pidr = Q; Q b = f b pi dr = 0; Vn = V ab . i 

Situation (2) : Q a = J a P 2 dr = 0; Q b = J b p 2 dr = Q; V 2a = V ba . J 

{ / Vi p 2 dr = Vi a f a p 2 dr + V lb f b p 2 dr = V ab Q. 

f V 2 p i dr = V 2a f a pi dr + V 2b f b pi dr = V ba Q. 


Green’s reciprocity theorem says QV ab = QVi a , so V ab = V ba . qed 

Problem 3.44 


(a) Situation (1): actual. Situation (2): right plate at Vo, left plate at V — 0, no charge at x. 

^=0 v=o 

0 ~j X * -rfH 1 f Vip 2 dr = V ll Q h + V Xl Q X2 + V ri Qr 2 . 

But V/, = V ri — 0 and Q X2 = 0, so f Vi p 2 dr = 0. 

J V 2 pi dr = V h Q h + V X2 Q X1 + V r2 Q ri . 

But V h = 0 Q Xl - q, Vi- 2 = V 0 , Q ri = Q 2 , and V X2 = V 0 (x/d). So 0 = V 0 {x/d)q + V 0 Q 2 , and hence 

Q 2 — —qxfd. 

Situation (1): actual. Situation (2): left plate at Vo, right plate at V = 0, no charge at x. 

J Vip 2 dr = 0 = J V 2 pi dr = V[ 2 Qi t + V X2 Q Xl + V T2 Q ri = VqQi + qV X2 + 0. 

But Vj ,2 = Vb (l - ^), so 

Qi = -q( 1 - x/d). 

(b) Situation (1): actual. Situation (2): inner sphere at Vo, outer sphere at zero, no charge at r. 

J Vip 2 dr = V ai Q a2 + V T1 Q r2 + V bl Q b2 . 


But Vi,, = Vj, = 0, Q T2 = 0. So f Vip 2 dr = 0. 

J V 2 pi dr = V a2 Q ai + Vi. 2 Q ri + V b2 Q bl = Q a V o + qV T2 + 0. 

But Vij is the potential at r in configuration 2: V(r) = A + B/r , with V(a) = Vo =>■ A + B/a 
aA + B = aVo, and V{b ) — 0 => A + B/b = 0, or bA + B = 0. Subtract: ( b — a) A — —aVo 
-aV 0 /(b - a); B (I - ±) = P 0 = B^ => B = abV 0 /(b - a). So V(r) = ^ (* - l). Therefore 

Q * Vo+q (^) (J -1 ) =0; 


Qa 


qa f b _ 

(b - a) \r 


= Vo, or 

=V A = 
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f — 'Now let Situation (2) be: inner sphere at zero, outer at ho, no charge at r. 

J V\p 2 dr = 0 ~ J V 2 P 1 dr = V a2 Q ai + V T 2 Q Tl + Vt, z Qb 1 = 0 + qV T2 + Qt,V o- 

This time i splay styleV(r) — A + f with V(a) = 0 => A + B/a = 0; V(b) = ho => A + B/b = ho, so 


v(r) = ©© ('-;)• Therefore ' «©© (*-;)+ = »•’ «* = - TiTri (‘ - “)• 


Problem 3.45 


(a) J H rjfj-gy = ]- f < 3 *i r i J2 i i r 'i - ( r ') 2 Y 1 

^ i,j=l ^ ( «=1 j= 1 id J 

3 3 

But ^ r;r' = r • r' = r' cos#' = ^ fyr'-; ^ iifjSij = ^T^r,- = r • f = 1. So 


i=l 


©juad — 


1 1 r 1 


j - 1 




> o [ n (r' 2 cos 2 6' — r' 2 ) pdr' = — - — ^ [ r' 2 P 2 (cos 8') p dr' (the n = 2 term in Eq. 3.95). 
47T£o r 6 J 2 \ / 47T£o r J J 

(b) Because x 2 = y 2 = (a/2) 2 for all four charges, Q xx = Q yy = [3(a/2) 2 — (%/2a/2) 2 ] (9 — q - q + q) = 0. 

Because z = 0 for all four charges, Q zz — — {y/2a/2) 2 (q — q — q + q) = 0 and Q xz = Q yz = Q zx = Q zy = 0. 

This leaves only 


0 - =<?»■= 3 [© © •+ © (-§) <-<> - (- 1 ) © <-•> + (-! ) (- 1 ) • 


3 a 2 q. 


(<0 


Q { j = J [3(ri — di)(rj — dj) — (t — d) 2 Sij] pdr (I'll drop the primes, for simplicity.) 

= J \3rirj - r 2 6ij] pdr - 3di J rjpdr - 3dj J npdr + Zdidj J p dr + 2d • J rpdrbij 

- d 2 8ij J p dr — Qij - '2{d 1 p J + djPi) + 'idpljQ + 25yd • p - d 2 8ijQ. 


So if p = 0 and Q = 0 then Q - = Qij . qed 
(d) Eq. 3.95 with n = 3: 


Voct = — — -7 [ (r') 3 P 3 (cos 6') p dr'; P 3 (cos#) = i (5 cos 3 8 - 3 cos#) . 

47tco r 4 J 2 



Define the “octopole moment” as 


Qijk = J {p r 'i r ' j r'k ~ {r'Yir'idjk + r'jS ik + r' k 6 i:j ) p(r') dr'. 
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Problem 3.46 



J_ _ JL 

3 - 5-4 


26 


cost? (here we want 6 r, because 6 = R 2 /a, Eq. 3.16) 


= -^cos 9. 
a r z 


R 


But q' — q (Eq. 3.15), so 

a 


V(r,ff)9S 


47T£o 


2r R 2 R 2 . 

< 7 — cost/ < 7 — 5 - cost/ 

a - 2 a a r 2 


1 (V)(i._*W 

\a 2 / \ r 2 / 


47 T 60 \« 2 


Set Eq = - 7 ——-? (field in the vicinity of the sphere produced by ±q): 


47re 0 a 2 


V(r, 6) — -Eq [r - ) cos 6 


(agrees with Eq. 3.76). 


Problem 3.47 

The boundary conditions are 

(i) V — 0 when y ~ 0, 

(ii) V = V 0 when y = a, ^ 

(iii) V = 0 when x — b, 

(iv) V = 0 when x = — 6 . 

Go back to Eq. 3.26 and examine the case k = 0: d?X/dx 2 = cPY/dy 2 = 0, so X(x) = Ax + B, Y{y) = Cy + D. 
But this configuration is symmetric in x, so A = 0, and hence the k = 0 solution is V(x,y) = Cy + D. Pick 
D = 0, C = Vo/a, and subtract off this part: 

V{x,y) = Vo y - + V{x,y). 
a 

The remainder ( V(x,y )) satisfies boundary conditions similar to Ex. 3.4: 

(i) V = 0 when y = 0, 

(ii) V = 0 when y = a, 

(iii) V = -Vo(y/a) when x = 6 , 

(iv) V — —Vq ( y/a) when x = — 6 . 
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(The point of peeling off Vo (y/a) was to recover (ii) , on which the constraint k — rnr/ a depends.) 
The solution (following Ex. 3.4) is 


CO 

V{x,y) = ^ C n cosh(nnx/a) sm(mry/a), 

n= 1 


and it remains to fit condition (iii): 

V(b,y) = y: C n cosh(n7r6/q) sin(mry/a) = -V 0 (y/a). 

Invoke Fourier’s trick: 

ra ra 

y C n cosh(mrb/a) / sm(mry/a)sin(n l Try/a)dy = / y smin'iry fa) dy, 

J o a Jo 

d \z r a 

-C n cosh(n7r6/o) = / y sin(mry/a) dy. 

2 fl J o 

2 Vq 


C n = 


a 2 cosh(n7rfr / a) 

2 Vq 


f— ) sin(mry/a) - ( — ) costmry/a) 
\mr 1 \mr 1 


a 2 cosh(n7r6/a) \ 717r 7 


( T) cos(nl) = 2V_ « (-*)“ 


rnr cosh(n7r&/a) 


T(z,y) = 


To 


y | 2 ^^ (— l) n cosh(n7ra:/a) 
n cosh(n7r6/a) 


- + -E 

a 7r ' 


- sin(n7ry/a) 


n=l 


^ Problem 3.48 

(a) Using Prob. 3.14b (with b — a): 


4Vo sinh(n7ra:/a) sm(nny/a) 
V(x,y) = > - 

7 T *— — * 


n odd 


n sinh(n7r) 




x=0 


4Vo > /n7r\ cosh(n7ra:/a) sin(n7ry/a) 
0 7r V a / n sinh(n7r) 

n odd 


x—0 


46 0 Vq ^ sin(n7ry/a) 
a sinh(n7r) 

n odd 


A = 


[ a{y)dy = -^^- ]T — ^ — r f sin{mry/a)dy. 

J 0 a n ^ d sinh(n7r) ,/ 0 

But [ sm(nrry/a)dy = — — cos(n7ry/a)|“ = — [1 — cos(n7r)] = —(since n is odd). 

J o rnr u rnr rnr 


8cq Vo 't— » 1 

t C—t nsinh(ri7r) 


n odd 


«0 Vq 


In 2. 


[I have not found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434, 
which agrees precisely with In 2/8.] 


r 
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r 


Using Prob. 3.47 (with b = a/2): 


V{x,y) = V 0 


a{x) = -€q 


5U 


coho 

a/2 


v=0 


— — 


?/ 2 (— l) n cosh(n7rx/a) sin(mry/a) 

a it ncosh(n7r/2) 

1 2 (— l) n cosh(n7ra:/a) cos(n7ry/a) 


- + - Y] (—) 

a 7r ' V a / 


n cosh(n7r/2) 


y=o 


1 2 ^ ( — l) n cosh(n7r:c/a) 


1 Z V — ^ 

— I — / 
a a ■ ' 


cosh(ri7r/2) 


cqVq 


1 + 2 £ 


(— l) n cosh(n7ra:/a) 


cosh(n7r/2) 


r a l * 

= / a 

•I — a/2 


{x)dx = ^0 

-a/2 a 

a/2 


^ 7_j\n r a /2 

a + 2 > — — / cosh(n7rx/a) dx 

^ COsh(n7r/2) /_ a/2 


r a > i a 

But / cosh(n7ra:/a) dx = — sinh(ri7rx/a 
J-a/2 n7r 


a/2 


-a/2 


= — sinh(n7r/2). 


Co ho 


4a ^ (— l) n tanh(n7r/2) 

a H ) 

7 T ' 77. 


— — CqVo 


^ 4 (— l) n tanh(n7r/2) 

7T •'- — ' 77. 


co ho 


In 2. 


[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees 
with the expected value (In 2 - 7t)/4.] 

(b) FYom Prob. 3.23: 

V(s, <f>) - a 0 + 6 0 lns + £ ^a fc s fc + bkjj/'j [c* cos (k<f>) + d k sin(fc^)]. 

In the interior (s < R) b 0 and b k must be zero (Ins and 1/s blow up at the origin). Symmetry => d k = 0. So 

OO 

V(s,<fi) = ao + '^a k s k cos (kcp). 



k = 1 


At the surface: 


fc= o 


_f Vo, i 
1 0, c 


if — 7r/4 < </> < 7r/4, 
otherwise. 


Fourier’s trick: multiply by cos {k'4>) and integrate from — n to n: 

r 7r/4 


Ya k R k ^ cos{k<j)) cos(fc» dxp = V 0 f cos {k'<j>)d<p=\ V ° sin(*'0)/fc'| = (%/*') sm(k'nf4), if k' ± 0, 

k= o hn7r/2, if k' = 0. 


fc =0 

But 


tt/4 

7T / 

Voir/2, if fc' = 0. 
0, if A; ^ A;' 


/ IT | v, ii .v 7- .v 

cos(k<p ) cos(k'<fi ) d</> = < 27r, if A: = A:' = 0, 

I 7T, if k — k' ^ 0. 




So 27T a 0 = Vqtt/2 =>■ a 0 = Vq/ 4; 7ra A /i fc = (2 V 0 /k) sin(fc7r/4) =>■ a k = ( 2V 0 /nkR k ) sin(fc7r/4) (fc ^ 0); hence 


V{s,<j>) = Vq 


1 2 sin(fc7r/4) / s \ k 

4 + ;E-t —(b) «»«> 


*=i 


Using Eq. 2.49, and noting that in this case n = — s: 




c(0) = eo ^| s _ fi = 1 cos(fc</>)| _ = ^sin(/c7r/4) cos (k<j>) 

S s- 7T A=1 ' s_/l 7T £ =1 


2eoEo 


We want the net (line) charge on the segment opposite to Vq (— n < <f> < —3n/4 and 3n/4 < (f> < it): 




A 


f a{(j>)R d<f> = 2R f a{4>)d<j) = 
J J 3tt/4 


4eoK) • n /a\ 
y y sin(fc7r/4) 

77 t=i 


sin (h<f>) 

7T 

fc 

37r/4 


- £ ° ° y~]sin(fc7r/4) f cos (kef)) dtp 
n k=l W 

_ 4eoVo y, sin(fc7r/4) sin(3fc7r/4) 

7T fc 

fc=i 


fc 

sin(fc7r/4) 

sin(3fc7r/4) 

product 

1 

1/V2 

1/V2 

1/2 

2 

1 

-1 

-1 

3 

1/yfi 

1/V2 

1/2 

4 

0 

0 

0 

5 

-1/V2 

-1/V2 

1/2 

6 

-1 

1 

-1 

7 

-l/y/2 

-1/V2 

1/2 

8 

0 

0 

0 


4£qVq 

7 T 



E r 

2 , 6 , 10 ,... . 


4fo Ao 

7T 



E 

1,3,5,... 


1 

fc 


= 0. 


Ouch! What went wrong? The problem is that the series £)(l/fc) is divergent, so tlie “subtraction” oo - oo 
is suspect. One way to avoid this is to go back to U(s,$), calculate eo (dV/ds) at s ^ R, and save the limit 
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R until the end: 
o(cp,s) = 


3V 2e 0 V 0 ^ 

= X 

OS 7T ' 

k= 1 

2eo^o 
■wR 


sin(fc?r/4) 1 


■ cos(kcp) 


k R k 

Y x k ~ 1 sin(kir/A) cos (fc0) (where x = s/ii — > 1 at the end). 


fc=i 


A(x) = o(<f),s)Rd(f> = — 


4eoVo 


03 1 

E- 


x fc 1 sin(fc7r/4) sin(3A:7r/4) 


fc=i 


4eo Vq 
7T 

2eol'o 

KX 


1 / x 3 X s \ 1 ( X 2 X 6 X 10 

&ri + T + '")"Hi + i + ^ + ' 


X 3 X 5 

* + ¥ + T + " 


i X 6 X 10 

+ T + ir + " 


But (see math tables) :ln 
2eoVg 


' 1 + x 


7TX 


1 71 + x 

2 ln 


-il„ 


1 - X, 

1 + X 2 


X 3 X 5 

= 2|i+ t + t + 


1 — -X 2 


£ qVq 

KX 


In 


£ oVo 
In 

r(i + x) 2 i 

: A = lim A(x) = 

“ £o 1/0 In 2. 

■KX 

1 + X 2 

i-+i 

7 r 


1 + x \ / 1 + x' 


1 — x ) V 1 — x 



Now consider the pendulum: F = —mg z — T ?, where T — mg cos <p = mv 2 /l and (by conservation of 
energy) mglcoscp = (1/2 )mv 2 => v 2 = 2glcos<p (assuming it started from rest at (f> = 90°, as stipulated). But 
costfi — — cos6, so T = mg(— cos#) + 2gl cos d) — —Smgcosd, and hence 


F = —mg{cos8r - sin 86) + Zmg cos 8 f = mg(2cos8r + sin 8 0). 


This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on q in the 
field of a dipole, with mg o qp/4Tre 0 l 3 . Evidently q also executes semicircular motion, as though it were on a 
tether of fixed length l. 


Chapter 4 

Electrostatic Fields in Matter 


Problem 4.1 


E = V/x = 500/KT 3 = 5 x 10 s . Table 4.1: a/ 47re 0 = 0.66 x 10“ 30 , so a = 4 tt(8.85 x 10~ 12 )(0.66 x 10~ 30 ) = 
7.34 x 10 -41 . p = aE = ed =}- d = a E/e = (7.34 x 10- 41 )(5 x 10 s )/(1.6 x 10~ 19 ) = 2.29 x 10~ 16 m. 

To ionize, say d = R. Then R = alS/e = aV/ex => V = 


d/R = (2.29 x 10~ 16 )/(0.5 x lO" 10 ) - 
Rex/a = (0.5 x 10~ lo )(1.6 x 10- 19 )(10- 3 )/(7.34 x 10~ 41 ) = 


4.6 x 10“ 6 . 


10 8 V. 


Problem 4.2 

First find the field, at radius r, using Gauss’ law: / E-da = enc» ° r E ~ 




«... = /' , *=S/ e '” /aF2,fi ' = 5H e " ! ' / ' , ( F2+<,F+ T). 


e 2r/o fr 2 + ar + 

a 2 ' 

= 9 

1 — e _2r /“ fl + 2- + 2^-jV 

V 2 ) 

" "2". 


V a a 2 / 


[Note: Q en c (r -4 oo) = </.] So the field of the electron cloud is E e = [l — e 2r /° ^1 + 2^ + 2£r^j ■ The 

proton will be shifted from r = 0 to the point d where E e = E (the external field): 


E = 


1 7 

47re 0 d 2 






Expanding in powers of (d/a): 

e -2d/a = j 

d ^d 2 


+ = + itd ' 3 
a V a 


1 - e~ 2d / a 


K+’S) - 


i-i^-4+4+4+4-4-4+ii+ 


-5U' + 


4 /dV , . , 

- I - I + higher order terms. 
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E = 


1 q f 4 d 3 


4neo cP \3o 3 / 47reo 3a 3 


1 4 , » 1- 

rM = or. -i.v P- 


37rcoa 3 


a = 37reoa 3 


[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts 
^~a = |a 3 — | (0.5 x 10 -10 ) 3 = 0.09 x 10 _3 °m 3 , compared with an experimental value (Table 4.1) of 
0.66 x 10~ 30 m 3 . Ironically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.] 

Problem 4.3 

p(r) = At. Electric field (by Gauss’s Law): fE-da = E (4nr 2 J = Qe nc — Ar 4nr 2 dr , or E = 

1 47 tA r 4 Ar 2 


c 0 Co 

This “internal” field balances the external field E when nucleus is “off-center” an amount 


47rr 2 eo 4 4co _____ 

d: ad 2 /4 cq = E => d = \/4co E/A. So the induced dipole moment is p = ed = 2ey/ eg/ AyfE. Evidently 


p is proportional to E 1 / 2 . 


For Eq. 4.1 to hold in the weak- field limit, E must be proportional to r, for small r, which means that p 
must go to a constant (not zero) at the origin: p(0) 0 (nor infinite). 


Problem 4.4 

r 


-e 


Field of q: ^ r. Induced dipole moment of atom: p = a E = 

_2_L f ’ 

47 reor 2 


Field of this dipole, at location of q (9 — 7r, in Eq. 3.103): E = — j ■ — I (to the right). 

47reo r 3 \47reor 


Force on q due to this field: 


F = 2a 


4ne 0 / r 


1 


(attractive). v 

' tr Ajetfeo gA frr.jiP ) 


Problem 4.5 


Pi 


Field of pi at p 2 ( 9 = tt/2 in Eq. 3.103): Ei = - 0 (points down). 

47T£0' 


Torque on p 2 : N 2 = p 2 x Ei = p 2 Ei sin 90° = P 2 E 1 = 


P1P2 

47reor 3 


(points into the page). 


Field of p 2 at p! (9 = n in Eq. 3.103): E 2 = 
Torque on pi: Ni = pi x E 2 = 


P2 


(— 2r) (points to the right). 


2pip 2 


47T£or 3 


47T£ 0 r 3 
(points into the page). 


Problem 4.6 

(a) 


Q 

Use image dipole as shown in Fig. (a). Redraw, placing p* at the origin, Fig. (b). 


Pi 


/7///j/fs/r/?/S{r777777;/mr7 

\z 

+ 


E, = 


P 


4ire 0 {2z) 3 
N = pxEj = 


(2cos#r + sin 99); p = pcos#r + psin##. 


P 


(b) 


47r£o(2z) 3 



4 tt£o( 2 z ) 3 
p 2 sin 9 cos 9 
4neo(2z) 3 


(cos 9 t + sin 90) x (2 cos 9 r + sin 9 0 
cos 9 sin 9 <fi + 2 sin# cos9(— </>)j 
(—</>) (out of the page). 


>] 








75 


But sin 0 cos 8 = (l/2)sin26?, so 


N = 


p 2 sin 28 
4tt€o(16z 3 ) 


(out of the page). 


For 0 < 8 < 7r/2, N tends to rotate p counterclockwise; for 7r/2 < 9 < tt, N rotates p clockwise. Thus the 


stable orientation is perpendicular to the surface — either f or 4~ 


Problem 4.7 

Say the field is uniform and points in the y direction. First slide p 
in from infinity along the x axis — this takes no work, since F is _L dl. 
(If E is not uniform, slide p in along a trajectory J_ the field.) Now 
rotate (counterclockwise) into final position. The torque exerted by 

^ EisN = pxE = pEs'mOz. The torque we exert is N = pEsmd 

x clockwise , and d8 is counterclockwise , so the net work done by us is 

negative: 

U = /j^ 2 pE sin 8d8 = pE (- cos 8) |^ 2 = -pE (cos 8 - cos |) = —pEcos 9 = -p-E. qed 

Problem 4.8 

U = — pi*E 2 , but E 2 = 4 ^ys- [3(p 2 -f)f - p 2 ]. So U = [pi-p 2 - 3(pi-r) (p 2 -f)]. qed 




Problem 4.9 


1 <7 


xx + yy + zz 


(a) F = (p ■ V)E (Eq. 4.5); E = - — r = — 

47T£o r 2 47reo ( x 2 + y 2 + z 2 ) 3 / 2 

d d 

: +P ^ +1 

1 


K = 


x 


d \ q 

Px dx Py dy Pz dz ) 4neo ( x 2 + y 2 + z 2 ) 3 / 2 


eo ( 


3 

— -x- 


2x 


47TCO r 1 [(x 2 + p 2 + z 2 ) 3 / 2 2 (x 2 + 1 / 2 + z 2 ) 5 / 2 


+ p y 


2 V 


+ Pz 


3 

— x 


2z 


[ 2 (x 2 + y 2 + z 2 ) 5 / 2 


47re 0 


-f - ^(PiZ+PyP+Pz*) 


[ 2 (x 2 + y 2 + z 2 ) 5 / 2 J 

q 

4n(. 0 


£ _ 3r ( p • r) 
r 3 -5 


F = 


i q 

47reo r 3 


[P - 3(p • f ) f] . 


11 11 

(b) E = {3[p • (— r)l (— r) — p} = [3 (p • r ) f — p] . (This is from Eq. 3.104; the minus signs 

47reo r J 4neo r 3 

are because r points toward p, in this problem.) 


F = qE = 


1 q 

4neo r 3 


[3(P ' f) f - p] . 


[Note that the forces are equal and opposite, as you would expect from Newton’s third law.] 


Problem 4.10 


(a) cr b = P-n = kR; 


Pb 


VP = 


1 


'^ (r2fcr) = ~^ 3kr2 = LzM: 


(b) For r < R, E = j^pr r (Prob. 2.12), so E = | — (fc/e 0 ) r, 


For r > R, same as if all charge at center; but Q tot — (kR){4TrR 2 ) + (— Zk)(^nR 3 ) = 0, so E = 0. 
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Problem 4.11 

Pb — 0; ab — P*n = ±P (plus sign at one end — the one P points toward ; minus sign at the other — the one 
P points away from). 


(i) L» a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and 
charge Pxa 2 . See Fig. (a), 


(ii) i<a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringing 
field” at the edges. See Fig. (b). 


(iii) L « a. See Fig. (c). 





P 


(c) 


Problem 4.12 


V = - 4 ~~ f — P- 1 f £zdrj. But the term in curly brackets is precisely the field of a uniformly 

charged sphere, divided by p. The integral was done explicitly in Prob. 2.7 and 2.8: 


47T€ 0 J I 1 P 


{ 1 (4/3)irR 3 p „ 

4 x 60 r 2 

(r > R), ' 


\ R3 
jp.r 

3c 0 r 2 

= 

R 3 P cos 6 
3eo n 2 ' 

(r > R), 

i 

| 1 (4/3)7 rR 3 p 

r 

' 

> So V (r, 8) = < 






(r < R). 


P — • 

Pr cos 0 


(r < R). 

y 

V 47re 0 R 3 


3e 0 

3e 0 ’ 



Problem 4.13 


Think of it as two cylinders of opposite uniform charge density ±p. Inside, the field at a distance s from 
the axis of a uniformly charge cylinder is given by Gauss’s law: E2rtsl — ~pns 2 £ => E = (p/2eo)s. For 
two such cylinders, one plus and one minus, the net field (inside) is E = E + + E_ = (p/2e 0 ) (s + — s_). But 
s + — s_ = — d, so E — -pd/(2e 0 ), where d is the vector from the negative axis to positive axis. In this case 

the total dipole moment of a chunk of length i is P (xa 2 £) = (p7ra 2 £) d. So pd = P, and E = -P/(2e 0 ), for 
s < a. 
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Outside, Gauss’s law gives E2ns£ — d-pira 2 t => E = for one cylinder. For the combination, E = 

E + + E - = where 


S± 


S± 


S_f_ s_ 
5 + 5 _ 


ST 2 ; 


T = ST 


2 d 2 
sG-TS'd 


-l 


1 Z' , (s-d) 

— I S ± S-— — T 


s + s 


(s-d) 


i) 


-1 


M 5 ^) ( it! ^ 


(keeping only 1st order terms in d) . 


s(s • d) 


sT 


d . 


1 ± 


s ♦ d 


E(s) = ^-\(2(P-s)s-P], 

2cq s z 


for s > a. 


Problem 4.14 


Total charge on the dielectric is Qtot — § s &b da + f v pt, dr = P • da — f v V -P dr. But the divergence 
theorem says j> s P • da = J v V • P dr, so Q enc = 0- cjed 


Problem 4.15 


, , 1 d ( 2 k\ k ( +P-r = k/b 

(a) P4 = -V.P = -- 2 -(r 7 )=-- 2 - cti, = P*n = | _ p . f = _ fc/a 


(at r = 6), 
(at r = a). 


Gauss’s law => E = r. For r < a, Q e nc = 0, so E = 0. For r > b, Q enc = 0 (Prob. 4.14), so E = 0. 


For a < r < b, Qenc = (-^) (47ra 2 ) + J ^ {fir) 4nr 2 dr = — 47r ka — 4nk(r — a) = —47 rfcr; so E = -(k/eor) f . 
(b) <f D-da = Qj^ dc = 0 => D = 0 everywhere. D = e 0 E + P = 0 => E — (— l/eo)P, so 


E = 0 (for r < a and r > b);\ E — —(k/eor) f (for a < r < b). 


Problem 4.16 

(a) Same as E 0 minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14) 

D = £qE = foEo + jP — Dq — P + jP , so | 


is -P/3e 0 . So 


1 


E = E 0 + — P. 
3eo 


D = D 0 — |P 


(b) Same as E 0 minus the field of ± charges at the two ends of the “needle” — but these are small, and far 
away, so j 


E — Eq . D — £qP — £qPq — Do — P, SO j D — Do — P 


(c) Same as Eo minus the field of a parallel-plate capacitor with upper plate at or = P. The latter is 
-(l/e 0 )P, so I 


E = E 0 + Tp. 


D — cqE — cqEo + P , so I D — Do* 
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Problem 4.17 



(uniform) 




continuous, since V*D = 0) 



Problem 4.18 


(a) Apply fDda — Q / enc to the gaussian surface shown. DA = a A => 
metal plate.) This is true in both slabs; D points down. 



(Note: D = 0 inside the 


& 




(b) D = eE E = cr/ei in slab 1, E — a/e 2 in slab 2. But e = e 0 e r , so ei = 2e 0 ; £2 = §£o- E\ = a/2e 0 , 


E 2 — 2 o /3eo. 


(c) P = eoXeF, so P = e 0 Xed/(e 0 e r ) = (Xe/erK Xe = £r - 1 => P = (1 - -Pi = = a /3- 


(d) V = Eia + E^a = (aa/6e 0 )(3 + 4) = | 7cra/6e 0 . 

(e) p b = 0 ; 


07 = +Pj at bottom of slab ( 1 ) = u/ 2 , 
Ob = -Pi at top of slab (1) - — cr/2; 


a;, = +P 2 at bottom of slab (2) = a/3, 
(T(, = —P 2 at top of slab (2) = —a/3. 


... t , ( total surface charge above: a — (a/2) = a/2, 1 

( ) n s a | total surface charge below: (a/2) — (a/3) + (a/3) — a — —a/2, J 

• , ( total surface charge above: a - (a/2) + (er/2) - (a/3) = 2a /3, 1 „ 

n S a total surface charge below: (a/3) - a = -2a/3, J 2 


=> Ei 

a 

. / 

2 eo 


=> e 2 

2 a 

/ 


3eo 



C 

© 

© 

c 


] +<r 

--a/2 

- +a/2 

- —a/3 

- +a/3 
3 -a 


Problem 4.19 


With no dielectric, Co — Aeo/d (Eq. 2.54). 

In configuration (a), with +a on upper plate, —a on lower, D = a between the plates. 
E = a/e 0 (in air) and E = a/e (in dielectric). So V = + 7 5 = (l + *?) ■ 



C a _ 2 e r 
Cq 1 + e r 


In configuration (b), with potential difference V: E = V/d, so a = cqE = cq V/d (in air). 
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P — taXeE = eoXeV/d (in dielectric), so a b = —e 0 XeV/d (at top surface of dielectric), 
fftot = e o V/d = cr/ + a b = Of - £ 0 XeV/d, so <7/ = cqV(1 + Xe)/d = e 0 e r V/d (on top plate a bove dielectric). 
„ Q 1 (A 

=^C b - y - y [<7- +a f 


2 

? QtL 




A 

2P 


V 


V 


C ° + ecr^Cr 


Ae o 

T - 


1 + £r 


Cf, 

Co 


1 + €r 


[Which is greater? ^ 
If the x axis points down: 


c„ _ l+e„ 
c 0 2 


_2t x 

1+fr 


(1-Mr) ~4€ r 1 -H2g T .-H4€ r — 4e r (1 — e r ) 


2(l+«r) 


2(l+ t .) 


2(l+€r) 


> 0. So C b > Ca] 



E 

D 

p 

at (top surface) 

a f (top plate) 

(a) air 

2, r V ■£ 

2e r <fo V 7 ~ 

0 

0 

It,. V 

(C+T) d x 

oT+iy d x 

(«r + l) d 

(a) dielectric 

2 V - 

2 f , £ 0 V - 

2(e r -l) eo V - 

2(£„-l) ent 

— 

(tr + 1) d X 

(er+1) d X 

&) d X 

(tr+1) d 

(b) air 


€ 0 V Y 

d x 

0 

0 

(left) 

(b) dielectric 

-? x 

tr d A 

K-l)fi 

"(Cr-1)^ 

(right) 


Problem 4.20 

fD-da = Qf cac => DAnr 2 = p^irr 3 =$> D = | pr =>• E = (pr/3e)r, for r < R\ DAnr 2 = p^nR 3 = 
pR 3 /3r 2 =!> E = (pR 3 /3eor 2 ) r, for r > R. 


V = - f E-dl 

J OO 


/%* = £* + £* = £*( 1 + 2.) 
3e 0 Hoo 3e 3e 0 3e 2 3e 0 \ 2e r / 


Problem 4.21 

Let Q be the charge on a length £ of the inner conductor. 


D • da = D2irsi = Q => D — 


Q 


V 

c 

i 


2i xst 

■ -WWMfflWMil 


£ = 


^ (a < s < b), E = (b<r < c). 


2ne 0 si 


2n resi 


Q_ 

Vi 


27T£o 


ln(6/a) + (l/e r ) In (c/6) ' 


Problem 4.22 

Same method as Ex. 4.7: solve Laplace’s equation for Vj „(s,0) (s < a) and V out (s,ct>) (s > a), subject to 
the boundary conditions 


(i) Pn 

= Pout 

at s — a, 

(“) 

- 

e ° ds 

at s = a, 

(in) Pout 

— > — E 0 S COS (f> 

for s»a. 


FYom Prob. 3.23 (invoking boundary condition (iii) ) : 

OO oc 

V\n{s,<t>) = E s fc (afc cos k<j) + 6^ sin &</>), V^ ut (s, </>) = cos <t> + 5 *(c& cos /:</> + sin A; 0). 



fc=i 


fc=i 
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(I eliminated the constant terms by setting V = 0 on the y z plane.) Condition (i) says 


y a k (a, t cos fc0 + bk sin k<f>) = -E 0 s cos 0 + y a k (c k cos k<j> + dk sin k<j>). 


while (ii) says 


e r y /ca fc 1 (a k cos k<j> + b k sin *0) = -E 0 cos 0 - y kci k 1 (c* cos k<p + d k sin kip). 
Evidently b k = d k = 0 for all k, a k = c k = 0 unless k = 1, whereas for k = 1, 


Solving for aj, 


aai = — Eoa + a 1 ci, e r ai = — Eq — a 2 c i- 


£ 0 T , / #0 , £ 0 

Ql = - 77T 7oT’ soV) n (s,0=-— — scos0 = - ? — -i, 

(l + Xe/2) (l + Xe/2) (l + Xe/2) 


5 V' E 

and hence E; n (s, 0) = — — ^ — x = - — — — t-. As in the spherical case (Ex. 4.7), the field inside is uniform. 

ox (l+Xe/2) 


Problem 4.23 

Po = eoXeEo; Ei = ---P 0 = -^E 0 ; Pi = coXeEi = -^E 0 ; E 2 = -^-Pi = ^E 0 ; .... 

3e 0 3 3 3e 0 9 


Evidently E n = (-y-) E 0 , 


CO 

E = Eo + Ei + E 2 + • • • = ^y j Eo- 

_n= 0 


The geometric series can be summed explicitly: 


OO 1 

2>" = rE, 

' 1 — x 


so ® — 7TT TH > 

(l + Xe/3) 


which agrees with Eq. 4.49. [Curiously, this method formally requires that Xe < 3 (else the infinite series 
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.] 

Problem 4.24 

Potentials: 

( Pout (r,6) = -E 0 rcos6 + E ^rP((cosi9), (r > 6); 

S Pined (r,6) = E ( A ir l + prqfi-) Pi (cos 0), (a < r < b); 

[ V in (r,0) = 0, ( r<a ). 

Boundary Conditions: 

( (i) Pout = Pmed, (r- by, 

< (ii) = co^., (r = 6); 

[ (iii) Pmed =0, (r = a). 




81 


(i) =► ~E 0 bcose + ^2^P l (cos6) = ^2^A l b l + ^P l (cosey, 

(ii) =► e r ^2 lA t b l ~ l + P[{cosd) = ~E 0 cos# - ]^(i + l)^P((cos(9); 

(iii) => iba* + —T 7 T = 0 => B [ = -a 2l+1 A[. 

a ii_A 

For / 7 ^ 1 : 

(i) A. = (a, 6' - =» fl, = A (6*« -«»«); 

(ii) € r Mif* 1 1 +(i + l) ^j_ 2 = — U + i ) j^rr; =9 Bi = — e r A ( ^ , ) 6 2,+l + a 11 ' 1 => Ai = Bi = 0. 

Fori =1: 


(i) — F 0 6 +-± = A 1 b- => 2?i - F 0 6 3 = ili 2 (# 3 - a 3 ) ; 

(ii) e r + 2^™) = -F 0 - 2^- =► -2Bj - F^6 3 = e^x (6 3 + 2a 3 ) . 

So -*[*(*- *)+*(* + *•)], 

K,,a(>-, 9) = 2 [ 1 -(o/6) s ] + t r [ 1 + 2(o/6) 3 ] ( r “ r» ) 8 ’ 

E(M) = VV ""” 1 = I W^Fl bf] +t[l + 2(a/t)»] { 0 + W) «”»* - 0 - ?) » in98 } ■ 


E(r,9) = -W m . d = | g ■ _ (a/t)3| + tr[1 + ggg | ( (1 + jr) «”» - ('l - gj *"«») . 


Problem 4.25 

There are four charges involved: (i) q, (ii) polarization charge surrounding q, (iii) surface charge (at) on 
the top surface of the lower dielectric, (iv) surface charge ( a ' b ) on the lower surface of the upper dielectric. 
In view of Eq. 4.39, the bound charge (ii) is q p = — 9(Xe/(l + Xe)i so the total (point) charge at (0,0, d) is 
9t = q.+ q P = 9/(1 + x' e ) = q/t'r- As in Ex - 4 - 8 - 


(a) a t = CoXe 



-l 

qd/e'r 

at 

_ nL 

toXe 

47TCO ( T 

•2+d 2 )^ 

2eo 

2eo 


1 

qd/e' r 

at 

_ fL 

^OXe 

47TC0 ( T 

. 2+d 2)l 

2eo 

2«o 


~ n 7T~ ( here a <> ~ P *“ = +P z = e ° XeEz)\ 


(here a 6 = -P z = ~f 0 x' c E z ). 


Solve for at, a' b : first divide by Xe and x' e (respectively) and subtract: 

ft _ _ J_ qd/e'r ^ a , _ ; £6 + J_ qdK 

X'e Xe 27T( r 2 +d 2)§ 6 6 [Xe 2tT ( r 2 + ) I ' 





Problem 4.26 
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r- 


r 


Problem 4.27 

Using Eq. 4.55:. W = ^ f E 2 dr. From Ex. 4.2 and Eq. 3.103, 
_1 Pz, (r < R) j 

so 


E = 


, : P 2, 

3en 
RAP 


2>cqt z 


(r < R) 
(2cosdr + sin 0 0), (r > R) 


W, 


r<R — 


«(rXi nI e = »LPW. 

2 \3e 0 J 3 27 e 0 


W, 


r>R = 


£o 

2 


( 1^ ) J — {4 cos 2 8 + sin 2 0) r 2 sin 8 dr dd dif> 


/'( 


(R 3 py 

18 eo 

7 r(E 3 P) 2 / 4 \ 4nR 3 P 
9e 0 V3E3y _ 27e 0 


27r j (1 + 3cos 2 (?) sin#dd 

3 c>2 


fco j 

Jfi r4 


dr 


r(P 3 P) 2 

9eo 


(_cosd-cos 3 0)|; (-^ 


IT, 


tot ~ 


2n R 3 P 2 
9 cq 


This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble 
the system,” because it leaves out the mechanical energy involved in polarizing the molecules. 

Using Eq. 4.58: W = i/D-E dr. For r < R, D = e 0 E, so this contribution is the same as before. 
For r < R, D = e 0 E + P = — ^P + P = |P = — 2coE, so |D-E = —2^-E 2 , and this contribution is 

-2) (ff P e<f 3 ) = - , exactly cancelling the exterior term. Conclusion: 


now 


W tot - o. 


This is not 

surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem 
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as 
the “work necessary to assemble the configuration” — the latter would depend entirely on how you assemble it. 

Problem 4.28 

First find the capacitance, as a function of h: 

Air part: E = ^ => V = ^ In (b/a), 

Oil part: D = & =* E = =» V = g In (b/a), 


^ ^ . X' € X X 

— = — ; A = — A = e r A. 

Co e to 


Q — X'h + X(£ — h) = c r Xh — Xh + X£ = A[(e r — 1 )h + £\ = X(x e h + Oi where l is the total height. 

C = g = „ = 2rC X ’ h + l) 


V 2Aln {b/a) 


In (b/a) 


The net upward force is given by Eq. 4.64: F = ■ \ 

h - . 


The gravitational force down is F — mg = pn(b 2 — a 2 )gh. J 

p(b 2 - a 2 )gln(b/a) 



r 
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Problem 4.29 

(a) Eq. 4.5 => F 2 = (p 2 • V)Ei =P 2 ^ (Ei); 

Eq. 3.103 =» Ei = t~ r 6 = -~~i. Therefore 



47TC0T' 3 ” 47T£o y 3 

P 1 P 2 


z , 


Pi, 

If 2 . 

4 *x ^ 

r \ 1 

Ei 


f 2 = - 


47TC 0 


d_ f\_ 

[dy \y 3 


z = 


3piP2 „ 


47T£o2/ 4 


z, or 


F - 3piP2 ? 
2 47re 0 r 4 


(upward). 


To calculate Fi, put p 2 at the origin, pointing in the z direction; then pi 
is at -rz, and it points in the -y direction. So Fi = (pi • V) E 2 = 

—pi ■ 2 ; we need E 2 as a function of x, p, and z. 

x=jj=0, z=—r 


From Eq. 3.104: E 2 = 


dy 

1 J_ 

47T£o r 3 


3(p 2 r)r 


, where r = xx + yy + zz, p 2 = — p 2 y, and hence 


P2 • r = -P2V- 



e 2 

P2 

4rre 0 

5E 2 

P 2 


dy 

4rr£ 0 

3E 2 


Pi 

dy 

l(o,o) 

47TCO 


P 2 r~3p(xx + yy + zz) + (x 2 + p 2 + z 2 )^ 1 


P2 

-3x1/ x + (x 2 - 2 y 2 + z 2 ) y - 3pz z 

47re 0 

(x 2 + p 2 + z 2 ) 5 / 2 


(x 2 + y 2 + z 2 ) 5 / 2 
3xpx + (x 2 - 2p 2 +z 2 )y - 3pzz] + ^(-3xx - 4py - 3zz)| ; 


z; Fi = -pi 


Pi 3 r . 


4veo r 5 


z = 


3piP2 

47re 0 r 4 


■ z. 


These results are consistent with Newton’s third law: Fj =: — F 2 . 

(b) From page 165, N 2 = (p 2 x Ei) + (r x F 2 ). The first term was calculated in Prob. 4.5; the second we 
get from (a), using r = ry: 


p 2 x Ei = . PlP % (-x); r x F 2 = (ry) x ( z'] = so 


47rcor 3 


\ 4ne 0 r 


4ne 0 r 3 


txt 2piP2 - 

N 2 = 7 *• 

47reo r J 


This is equal and opposite to the torque on pj due to p 2) with respect to the center of pi (see Prob. 4.5). 

Problem 4.30 

Net force is 


to the right (see diagram). Note that the field lines must bulge to the right, as shown, because 


E is perpendicular to the surface of each conductor. 





Problem 4.31 


P = kr = k(xx + yy + 2 z) => pi, = — V*P = —k( 1 + 1 + 1) = I —3k. 


Total volume bound charge: Q vo \ = —Ska, 3 . 


crfc = P-n. At top surface, n = z, z = a/2; so at = ka/2. Clearly, crj, = ka/2 


on all six surfaces. 


Total surface bound charge: <3 sur f = 6{ka/2)a 2 — 3A;a 3 . Total bound charge is zero. / 


Problem 4.32 


D-da = Q/ enc => D = 


47rr 2 


Pb 


= -VP = - 


QXe 


4tt(1 + Xe] 


V— = 


= -D = 
e 

i 9 

f 

P = C 0 XeE = 

9Xe f 

4ttc 0 (1 + Xe) r 2 ’ 

47t( 1 + Xe) r 2 ’ 

1 - Xe 

^3/ \ 

(Eq. 1.99); 05 = P-r = 

dXe 

1 , . ° 
1 +Xe 

4tt( 1 + Xe)i? 2 ’ 


Qsurf = CT(,(47T.R 2 ) - 


1 + Xe 


The compensating negative charge is at the Center: 

J p ‘ dT ‘-TT7j il{l)dT = -‘‘T 


Xe 

+ Xe 


Problem 4.33 

pH is continuous (Eq. 4.29); D± is continuous (Eq. 4.26, with a j = 0). So E Xl = E X2 , D yi = D V2 =» 
ei E Vl = c 2 £ !/2 , and hence 

tan fl 2 _ E X2 /E y 2 _ E yi _ e 2 , 
tandi E x JE yi E y2 e 1 ' qG 

If 1 is air and 2 is dielectric, tan # 2 / tan#! = e 2 /co > 1, and the field lines bend away from the normal. This is 
the opposite of light rays, so a convex “lens” would defocus the field lines. 

Problem 4.34 

In view of Eq. 4.39, the net dipole moment at the center is p' = p — = 1+ * p = 4_p. We want the 

potential produced by p' (at the center) and cr b (at R). Use separation of variables: 


B 

Outside: V(r,8 ) = ^ f+1 Pi (cos 9) 

i=o r 
1 p cos 8 


Inside: V(r,8) = 


47T€o c r r 2 


(Eq. 3.72) 
+ A t r l P t (cos 8) (Eqs. 3.66,3.102) 


> • 


(=0 


( 


V continuous at R => < 


R ‘+ 1 AlR ’ 

Bi 1 p 


or B[ = R 2i+1 A l (l ? 1 ) 
+ MR, or Bx = J ^-+A 1 R 3 


>■ 


dv 

dr 


R+ 


dV 

dr 


R- 


l R 2 ineo e r R 2 

- D' + >) o (cos 9) + J B - £ 1 A , «■-> P,(C« «) = - 


i„ . 1 , _ au 

p • r = (eoXcE-r) = Xe ^ 5 - 

eo Co dr 


co 

1 2DCOS0 v-r , , . 

= *•' + X>* '«<“>■*> 
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'(1 + 1 ) 


Bi 

R l + 2 


- lAiR 1 - 1 = xJAiR 1 - 1 (l £ 1); or - (2/ + 1 )A l R l ~ 1 = xJAiR 1 - 1 A, = 0 (£ ± 1). 


For l = 1: -2^- + - Ai = Xe 


4ne 0 e r 
=> Ai = 


R 3 4tt€o e r R 3 


AiR 3 + 


+ Ai ) — B\ + - 


AJi 3 


1 2 p 

47T£o £ r R 3 V 1 47re 0 er 
1 XeP , ^.lR 3 . ^lR 3 


AiR 3 


1 XeP , 2liR 3 

+ Xe ^ i 


2 47reo £ r 

1 2(e r -l)p 

47re 0 R 3 e r (3 + Xe) 47re 0 R 3 £ r (e r + 2) ’ 


47T£ 0 £ r 
2 XeP 


+ Xe' 


(3 + Xe) = 


B 1 = 


P 


47T£ 0 e r 


1 + 


47T£ 0 e r 

1 XeP 
47T£o £ r 

P 3e r 


2(er - 1) 

(f r + 2) J 47T£o£ r e r + 2 


V(r,0) 


f p cos 9 
\47T£ 0 r 2 


£ r + 2 


(r > R). 


Meanwhile, for r < R, P(r,0) = — P — ^ + -i— 

47 re 0 £ r H 47T£ 0 i? 3 £ r (e r + 2) 


p cos# 
47T£or 2 £ r 


1 + 2 


£r - 1 \ r 


£ r + 2 J R 3 


,.3 1 


(r < R). 


Problem 4.35 


Given two solutions, Pi (and Ei = - VPi , Di = eEi) and P 2 (E 2 = - VP 2 , D 2 = eE 2 ), define P 3 = P 2 — Pi 
(E 3 = E 2 — Ei , D3 = D 2 — Di ). 

f v V.(P 3 D 3 ) dr = f s P 3 D 3 • da = 0, (P 3 = 0 on S), so /(VP 3 ) -D 3 dr + f P 3 (V-D 3 ) dr = 0. 

But P*D 3 = P'D 2 — P*Di ~ pf — pf — 0, and Ppj = — P Pi — E 2 + Ei = — E 3 , so J' E 3 • D 3 dT — 0. 

But D 3 = D 2 — Di = eE 2 — cEi = cE 3 , so f e(E 3 ) 2 dr — 0. But t > 0, so E 3 = 0, so P 2 — V\ = constant. But 
at surface, P 2 = Pi , so P 2 = Pi everywhere, qed 

Problem 4.36 


(a) Proposed potential: 


, R 


R 


R 

V(r) = V 0 -. 

r 

If so, then 

E = -PP = P 0 -r, 

in which case 

P = eoXePo^f, 


in the region 2 < 0. (P 




€QXePo 
R ' 


(Note: n points out 


of dielectric => n = — r.) This 07, is on the surface at r — R. The flat surface 2 = 0 carries no bound charge, 
since n = z _L r. Nor is there any volume bound charge (Eq. 4.39). If P is to have the required spherical 
symmetry, the net charge must be uniform: 

o- t ot47rR 2 = Qtot = 47T£ 0 RP 0 (since P 0 = Qtot/4ne 0 R), so cr to t = £qPo /R. Therefore 


_ J (eoP)/R), on northern hemisphere ) 

~ \ <£ 0 Po/R)(1 + Xe), on southern hemisphere J ' 

(b) By construction, a tot = Ub + a / = eoPo/R is uniform (on the northern hemisphere 07, = 0, a; — e 0 Po/R; 
on the southern hemisphere a t> = — £gXeP j/R, so a/ = ePo/R). The potential of a uniformly charged sphere is 

T/ Qtot crtot(47rR 2 ) £ 0 P 0 R 2 T/ R , 

Fo = 7- = — z = “5 = Vo — , ✓ 

47T£or 47reor K cor r 

(c) Since everything is consistent, and the boundary conditions (P = P 0 at r = R, P -> 0 at 00) are met, 
Prob. 4.35 guarantees that this is the solution. 
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(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to n, 
so we’d get bound charge on this surface, spoiling the symmetry. 

Problem 4.37 

E ex t = — — s. Since the sphere is tiny, this is essentially constant, and hence P = ri°^ e ; E ext (Ex. 4.7). 


27reoS 


1 + Xe/3 



Problem 4.38 

The density of atoms is JV = ( 473)^3 ■ The macroscopic field E is E se if + E e | Se , where E se if is the average 
field over the sphere due to the atom itself. 

P — oEelse P ~ 1^7t^E e ] se . 

[Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in 
fact equal, as we found in Prob. 3.41d.] Now 


(Eq. 3.105), so 


r 


Eseif — 


E — . E e i s e + E e Ise — [ 1 


4?reo R 3 


1_P_ 

47re 0 R 3 


- 9 . .) 

4tt6oR 3 ) 


N(X \ IT 

Eeise — {1 Q ] E e i se . 

o€ 0 


So 


and hence 


Solving for a: 


P = 


Na 


(1 - Na/ 3e 0 ) 

Na/e 0 


E = CoXeE, 


Xe = 


(1 - Na/ 3e 0 )' 

Na Na Na / v e \ 

Xe - “Xe = =>■ ( 1 + ) = Xe, 

€n £n ' o' 


or 


a = 


eo Xe 


3eo £o 
3e 0 Xe 


NX 1 + Xe/3) N (3 + Xe 


. But Xe = C r - 1 , SO a = ^ ( 7 ^) ■ qed 


Problem 4.39 

For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 10 23 )/ (22.4 x 10 -3 ) — 2.7 x 10 25 . Na/tQ 
) -30 )/?/eo — 3.4 x lO -4 /?, where 0 is the number listed in Table 4.1. 


(2.7 x 

10 25 )(47re o 

H: 

0 = 

0.667, 

He: 

0 = 

0.205, 

Ne: 

0 = 

0.396, 

Ar: 

0 = 

1.64, 


Na/e o = (3.4 x 10- 4 )(0.67) = 2.3 x 10- 4 , 
Na/to = (3.4 x 10 _4 )(0.21) = 7.1 x 10" 5 , 
Na/e o = (3.4 x 10' 4 )(0.40) = 1.4 x 10“ 4 , 
Na/eo = (3.4 x 10- 4 )(1.64) = 5.6 x lO -4 , 


Xe = 2.5 x 10“ 4 
Xe = 6.5 x 10~ 5 
Xe = 1.3 X 10“ 4 
Xe = 5.2 X 10- 4 


agreement is quite good. 
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f-pE ue~ u / kl du _ (fcr) 2 e~ U /* T {-(u/kT) - l]\ p _ E pE 


J~pE 

S1 E E e-“/* T du 


T-% 


= kT 


j e -pE/kT _ e pE/kT j + [( pE/kT)e-? E / kT + ( pE/kT)e pE ' kT ] 
Q—pE/kT gpE/kT 


g pE/kT , e -pE/kTl / £ 

= kT - pE epE / kT _ g—pE/kT ~ kT - pE coth ( — 


P = N( p); p = (pcos0)E = (P • E)(E/E) = -<u)(E /E); P = Np = iVp jcoth (g) - — | . 

Let y = P/Np , a; = pE/kT. Then t/ = cothx — l/x. As x — j- 0, y = ^i + f — j | -* 

0, so the graph starts at the origin, with an initial slope of 1/3. As x — > oo, y — > coth(oo) = 1, so the graph 
goes asymptotically to y = 1 (see Figure). 



pe/kT 

(b) For small x, y m | x , so w fpp, or P w = £o XeE => P is proportional to E , and Xe = 

For water at 20° = 293K, p = 6.1 x lO^Cm; N = ~ * S 


2>cokT' 


N = (6.0 x 10 23 ) x (£) x (10 6 ) = 0.33 x 10 29 ; Xe = = [HD Table 4.2 gives an 

experimental value of 79, so it’s pretty far off. 

For water vapor at 100° = 373 K, treated as an ideal gas, = (22.4 x 10 -3 ) x (|||) = 2.85 x 10~ 2 m 3 . 


, r 6.0 X 10 23 „ „ „ U.ii A AU MU. A A 1U I | _ „ o I 

N = 2 85 x 1 0-2 = 2 -H x 10 i Xe = -oT 7 oo C - ,n -,ow, o-o = | 5.7 X 10 3 . | 


(2.11 x 10 25 )(6.1 x 10 - 30 ) 2 
(3) (8.85 x 10 _12 )(1.38 x 10~ 23 )(373) 


Table 4.2 gives 5.9 x 10 3 , so this time the agreement is quite good. 






Chapter 5 


Magnet ost at ics 


Problem 5.1 

Since v x B points upward, and that is also the direction of the force, q must be 
terms of a and d, use the Pythagorean theorem: 


positive. To find R, in 


(R - d) 2 + a 2 = R 2 => R 2 -2Rd + d 2 + a 2 = R 2 R . 
The cyclotron formula then gives 


a 2 + cP 
2d ' 


p = qBR = 


qB 


(a 2 4- d 2 ) 
2d ' 


R 


\R 

a 


Problem 5.2 

The general solution is (Eq. 5.6): 


E 


y(t) — C i cos (ivt) + C 2 sin(wt) + — t + C3; z(t) = C 2 cos (ut) — C\ sin(wt) + C 4 . 

B 

(a) y(0) = z(0) = 0; y( 0) = E/B\ i(0) = 0. Use these to determine C\, C 2 , C3, and C 4 . 
y( 0) = 0 Ci + C3 — 0; y(0) = wC 2 + Ej B — E / B => C 2 — 0; 2(0) = 0 => C 2 + C 4 = 0 =$■ C 4 = 0; 

2(0) = 0 =>■ C\ = 0, and hence also C3 = 0. So y(t) — Et/B; z(t) = 0. Does this make sense? The magnetic 


force is q(v x B) = —q(E/B)Bz == — qE, which exactly cancels the electric force; since there is no net force, 
the particle moves in a straight line at constant speed. / 

(b) Assuming it starts from the origin, so C3 = — Cl, C 4 = -C 2 , we have i(0) = 0 => C\ = 0 => C3 = 0; 
E E E E EE 

2/(0) = 2B ^ ° 2UJ + B = 2B ^ ° 2 = ~2wB = ~ Ca ' = + 


2 ujB 


B 


4t) = + 2^' 01 


E E 

y (t) = [2w* - sin(wt)] ; z(t) = — [1 - cos(wt)] . 


Let 0 = E/2u>B. 


Then y(t) = 0 [2 ut - sin(wt)] ; z(t) = 0 [1 — cos(wi)] ; ( y - 20u>t ) = —0 sin(u;t) , (z - 0) = -0 cos (ut) => 

(y — 2 0wt) 2 + (2 - 0) 2 = 0 2 . This is a circle of radius 0 whose center moves to the right at constant speed: 
yo = 20ut] zq — 0. » 

(c) i(0) = y(0) = g =>• -C\w = g => Cj = — C3 = — C 2 u + — = — => C 2 = C 4 = 0. 
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Problem 5.3 

(a) From Eq. 5.2, F = q [ E + (v x B)] = 0 =>• E = vB 


(b) From Eq. 5.3, mv = qBR 


m BR B 2 R' 


Problem 5.4 

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward 
the left) cancels the force on the right side (toward, the right); the force on the top is IaB = Iak{aj2) = 
Ika 2 /2, (pointing upward), and the force on the bottom is IaB = -Ika 2 / 2 (also upward). So the net force is 


Probl em 5.5 

(a) K — — — , because the length-perpendicular-to-flow is the circumference. 

27 ro 


(b) J = j =» I = J J da = aj~ 


[ 11 
sdsd4> = 27ra ds = 27ro:a => a = - — ; J = - — 
J 2ira 2-ira 


Problem 5.6 


(a) v = wr, so K = <ru>r. (b) v — tarsmOcp =>• J=pwrsin0<^, where p = Q/(4/3)irR 3 . 


Problem 5.7 

J prdr = J (^J^j r< ^ T = ~ J ' d)rdr (by the continuity equation). Now product rule #5 
says V • (a:J) = x(V • J) + J • (Vx). But Vx = x, so V • (xJ) = x(V • J) + J x . Thus / v (V • J)xdr = 

/ V • (xJ) dr — / J x dr. The first term is f s xJ • da (by the divergence theorem), and since J is entirely 

Jv Jv 

inside V, it is zero on the surface S. Therefore / v (V • J)xdr = — f v J x dr, or, combining this with the y and 
z components, / v (V • J)r dr — — f v J dr. Or, referring back to the first line, ^ = J J dr. qed 


Problem 5.8 

(a) Use Eq. 5.35, with z — R ,62 = —9i — 45°, and four sides: B = 

(b) z = R, 02 = —0i = — , and n sides: B = sin(7r jn). 

n 2 ttR 


%/2/io I 
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(c) For small 9, sin# sa 9. So as n -> oo, B 


nfipl (tv 
2nR 


(;)- 


9-0 1 

2R 


(same as Eq. 5.38, with z — 0). 


Problem 5.9 

(a) The straight segments produce no field at P. The two quarter-circles give B — 


9oI (1 1 

8 la b 


(b) The two half-lines are the same as one infinite line: the half-circle contributes 


(out). 


So B = 


tsL( i + ^) 

4R \ tv) 


(into the page). 


Problem 5.10 

(a) The forces on the two sides cancel. At the bottom, B = => F = I 1 la = - - (up). At the 


Mo/ 
2i vs 


top, B = 


Mo/ 


2tv(s + a) 


=» F = 


{M)Pa 
2tv(s -I- a) 


(down). The net force is 


Mo/ 2 a 2 


27rs(s + a) 

(up/. 


- ( r - ^° /2a 1 
\2tvs) 2tvs 


She 


Jl b> £■ 


dF = I(dl x B) = I(dx x + dyy + dz z 




Mo/ 2 

27TJ/ 


McT 

2777/ Z ’ 


(— dxy + dyx). But the x component cancels the 


uqP r( s /'/3 + a / 2 ) i 

corresponding term from the right side, and Fj, = / - dx. Here y — \/3x, so 

2tv J s/ ~ 


s /\/ 3 



Problem 5.11 

Use Eq. 5.38 for a ring of width dz , with I — > nl dz: 
9onI 


B = 


so dz = — 


• /— 

j W I- 


3/2 


sin 2 6 


+ z 2 ) 

d9, and 


dz. But z = a cot #, 


1 


sin 3 0 


So 


(a 2 + z 2 ) 3/2 



B = 


Mo™/ f a 2 sin 9 fMynl f . 

/ 3 . 2 A -adO) = — / sin # d# = 

J sin # 2 / 


M0^/ /n|®2 

^- COS0 l 9l = 


Mo Til 


(COS # 2 _ COS#i). 


For an infinite solenoid, #2 = 0, #1 = 7r, so (cos #2 — cos#i) = 1 — (—1) = 2, and Z? = mo nl. / 
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CHAPTER 5. MAGNETOSTATICS 


Problem 5.12 

Magnetic attraction per unit length (Eqs. 5.37 and 5.13): f m = 

1 A 


MoAV 
2tt d 


Electric field of one wire (Eq. 2.9): E = . Electric repulsion per unit length on the other wire: 

f'rr*-- q 


2tt£ 0 s 

1 A 2 1 

f e = -. They balance when pov 2 = — , or 

27reo d to 


v — 


1 


v --- 


\JfOPO 


Putting in the numbers, 


v/(8.85 x 10- 12 )(4 tt x IQ- 7 ) 


3.00 x 10 8 m/s. This is precisely the speed of light(!), so in fact you could 


V V / \ — — / 

never get the wires going fast enough; the electric force always dominates. 

Problem 5.13 


r 


0, for s < a; I 

(a) ® B • dl = B 2txs = pohnc => 

B = < 

l £f s *' f ° rS>a - J 


(b) 


rCL rd 

J ~ ks; I — J da = / ks(2ns) ds = 
Jo Jo 


2irka 3 3 1 

— - — => k = 


27ra 3 


= I— , for s < a; I enc = I, for s > a. So 



■ Ienc — J da = / ks(2irs) ds = 
Jo Jo 


Problem 5.14 

By the right-hand-rule, the field points in the — y direction for z > 0, and in the +y direction for z < 0. 
At z = 0, B = 0. Use the amperian loop shown: 


/ 


B • d\ = Bl = noEnc = /io IzJ =J* | B = —fioJzy (—a < z < a). If z > a,I enc = p a laJ, 

z 1 


so 


B = 


-/i 0 Jay, for z > 
+/ioJay, for z > 





y 

“1 




- amperian loop 

■y 


Problem 5.15 


vf 


The field inside a solenoid is po nl, and outside it is zero. The outer solenoid’s field points to the left (— z) 


whereas the inner one points to the^^t (+z). So: (i) B = fipljni — n 2 ) z, (ii) B=— fi 0 In-zz, (iii) B = 0. 


Problem 5.16 

From Ex. 5.8, the top plate produces a field poK/2 (aiming out of the page, for points above it, and into 
the page, for points below). The bottom plate produces a field poK/2 (aiming into the page, for points above 
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates 
they add up to poK, pointing in. 


(a) B = /iocm (in) betweem the plates, [ B — 0 1 elsewhere. 

(b) The Lorentz force law says F=|(KxB) da, so the force per unit area is f = K x B. Here K = av, 
to the right, and B (the field of the lower plate) is p 0 av/2, into the page. So f m = p 0 a 2 v 2 / 2 (up). 
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(c) The electric field of the lower plate is < 7 / 2to', the electric force per unit area on the upper plate is 
f e — a 2 1 2eo (down). They balance if p, 0 v 2 = l/e 0 , or » = l/i/ e oAo = c (the speed of light), as in Prob. 5.12. 


Problem 5.17 

We might as well orient the axes so the field point r lies on the y axis: r = (0, y, 0). Consider a source point 
at ( x',y',z ') on loop #1: 

4 . = —x' x + (y — y') y — z' z; dX = dx’ x + dy' y; 


d\' x « = 


x y z 

dx' dy' 0 

(y -y') 


= (-z 1 dy 1 ) x + {z 1 dx 1 ) y + {(y - y‘) dx' + x' dy'} z. 


dBi 


Po I d\' x * 
47T -2- 3 


p 0 7 (~z' dy')x + (z' dx')y + [(y - y')rfa:' + x'dy'jz 

4?r [(^') 2 + ( 2 / - y ') 2 + ( z ') 2 1 3/2 


Now consider the symmetrically placed source element on 
loop #2, at (x 1 , y', — z’). Since z' changes sign, while every- 
thing else is the same, the x and y components from dBi and 
dB 2 cancel, leaving only a z component. qed 
With this, Ampere’s law yields immediately: 


0 f HoTlI Z, 

inside the solenoid; 

\o, 

outside 


(the same as for a circular solenoid — Ex. 5.9). 

For the toroid, N/2-ks — n (the number of turns per unit 
length), so Eq. 5.58 yields B = inside, and zero outside, 
-consistent with the solenoid. [Note: N/2ns = n applies only 
the toroid is large in circumference, so that s is essentially 
constant over the cross-section.] 



Problem 5.18 


It doesn’t matter. According to Theorem 2, in Sect. 1.6.2, f J ■ da is independent of surface, for any given 


boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.31). 


Problem 5.19 

charge 

(a) p = 


charge atoms moles grams 


volume atom mole gram volume 


= (e)(AT) 


(d), where 


e = charge of electron 

N — Avogadro's number 

M = atomic mass of copper 

d = density of copper 


= 1.6 x 10 -19 C, 

= 6.0 x 10 23 mole, 
= 64gm/mole, 

= 9.0gm/cm 3 . 


p={ 1.6 x 10 -19 )(6.0 x 10 23 ) 
(b) J = — — pv => v = 

ITS* 


/TO 
\ 64 
I 

7TS 2 p 


1.4 x 10 4 C/cm 3 . 


r(2.5 x 10- 3 )(1.4 x 10 4 ) 


9.1 x 10 3 cm/s, or about 33 cm/hr. This 


is astonishingly small — literally slower than a snail’s pace. 

Ao (hh\ = (4tt x IQ- 7 ) 

27 r \ d J 2ix 


(c) From Eq. 5.37, / m = 


2 x 10 7 N/cm. 
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(d) E 


27re 0 d ’ Ie 


1 / A] A; 


27T€o V d 


1 1 
U 2 27T£o 


hh 

d 


Mo 

27T 


/[ / 2 

d 


r/m, where 


/ c 2 

c = 1/yeoMo = 3.00 x 10 s m/s. Here — = — = 

Jm 7, 


/e = (1.1 x 10 25 )(2 x Hr 7 ) = 2 x 10 18 N/cm. 


3.0 x 10 10 

9.1 x 10" 3 


1.1 x 10 25 . 


Problem 5.20 

Ampere’s law says V x B = MoJ- Together with the continuity equation (5.29) this gives V • (V x B) = 
g 0 V J = —fiodp/dt, which is inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other 
Maxwell equations are OK: V x E = 0 =S> V • (V x E) = 0 (/), and as for the two divergence equations, there 
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence). 

Problem 5.21 

At this stage I’d expect no changes in Gauss’s law or Ampere’s law. The divergence of B would take the 
form V B = q 0 p m , where p m is the density of magnetic charge, and a 0 is some constant (analogous to e 0 

and po). The curl of E becomes V x E = /?oJm , where J m is the magnetic current density (representing the 
flow of magnetic charge), and /? 0 is another constant. Presumably magnetic charge is conserved, so p m and J m 
satisfy a continuity equation: V • J m = — dp m /dt . 

As for the Lorentz force law, one might guess something of the form q m [B + (v x E)] (where q m is the 
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we 
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is 

c 2 = 1/eoMo: 


F = q e [E + (v x B)] + q m 


B - I( V xE) 


In this form the magnetic analog to Coulomb’s 


law reads F 


tto Qm i Qrri2 


so to determine ao we would first introduce (arbitrarily) a unit of magnetic charge, 

*±71 i ~ 

then measure the force between unit charges at a given separation. [For further details, and an explanation of 
the minus sign in the force law, see Prob. 7.35.] 

Problem 5.22 

Mo f I z . Uni _ f z 2 dz 


di . Mo/ „ 

, , —dz = — z 

47T / 4 47T 


7 


V 2 2 + s 2 


Mo/ - 

z 

47 r 


In [z + \/ z 2 + s 2 j 


*2 


Ao/ ln 

22 + \/( Z 2) 2 + S 2 

z 

A 111 

47T 

Zi + y/(zi) 2 + S 2 _ 



B = 


V7 A dA A W>/ 


1 


1 


Mo/s 

47T 

Mo Is 


Z2 - \Z(Z2) 2 + ■ 


22 + \f{z 2 ) 2 + s 2 i/( 22 ) 2 + S 2 Zi + y^l) 2 + S 2 y/{zi) 2 + S 2 
1 


4> 


Z\ - \/{z ,) 2 + s 2 


1 


(z 2 ) 2 - {(z 2 ) 2 + S 2 ] N /(z 2 ) 2 +s 2 z\ - [(zj ) 2 + S 2 ] y /( Zl ) 2 + S 2 


4> 


4n \ s 
or, since sin#! = 


2 2 

V(z 2 ) 2 + s 2 

2l 


1 - 


2 1 


x/( z i) 2 + S‘ 


and sin #o = 


+ 1 


22 


4 > = 


Mo/ 

4ns 


2 2 


\J ( 22 ) 2 + s 2 \/(zi ) 2 + s 2 


4>, 


Mo/ 

47TS 


(sin #2 — sin#!) <p 


\/( 2,) 2 + S 2 

(as in Eq. 5.35). 


vW+s 2 ’ 
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Problem 5.23 

Id k 

Aj, = A; => B = V x A = - — (sk)z = - z\ J 

s os s 


— (V x B) = — 
Ho Ho 


d_ fk 
ds 1 s 


<j> = 


Ho s 


<p. 


Problem 5.24 

V • A = — -V • (r x B) = — - [B • (V x r) — r - (V x B)] = 0, since V x B = 0 (B is uniform) and 

Z Z 

V x r = 0 (Prob. 1.62). V x A = -1 V x (r x B) = -- [(B • V)r - (r • V)B + r(V • B) - B(V ■ r)]. But 

dx dv dz 

(r • V)B = 0 and V • B — 0 (since B is uniform), and V r = — — f- — — h — =1 + 1 + 1 = 3. Finally, 

ox oy oz 

/ . A Q Q \ w 

(B-V)r = ( /?* — + Byg- + j {xx+yy + zz) = B x x + B y y + B z z, = B. SoVxA = --(B-3B) = B. 

qed 

Problem 5.25 

' (a) A points in the same direction as I, and is a function only of s (the distance from the wire). In cylindrical 
coordinates, then, A = A(s) z, so B = V x A = 4> — 4> (the field of an infinite wire). Therefore 


A ( r ) = ln(s/a) z 


dA Hoi 

— = — - — , and 
ds 2 its 

look fishy). V • A 


(b) Here Ampere’s law gives <b B • dl = B 2irs = HoRnc = HoJ ?rs“ = Ho 


ds ' r 27 rs 

(the constant a is arbitrary; you could use 1, but then the units 


^ =0. / V x A = & = rT~ — B. / 

oz os 27 rs 


_ Mo Is 1 dA 
2tt R 2 ds 


-ns = 


Hols 2 


Ho£j_ . _ Hoi / 2 ,. 2 ^ - 

27t R 2 47ri? 2 


nR 2 "" R 2 ' 

( s 2 — b 2 ) z. Here b is again arbitrary, except that since A 


must be continuous at R , — In (R/a) = — (R 2 — 6 2 ), which means that we must pick a and b such that 

f 2n 47r Rj_ 


2 In (R/b) — 1 — ( b/R ) 2 . I’ll use a = b= R. Then 


(s 2 — R 2 ) z, for s < R\ 


A = 


AkR 2 

Hoi 


2tt 


In (s/R) z, for s > R. 


Problem 5.26 

K=Kx^B=± 


HoK 


y (plus for 2 < 0, minus for z > 0). 


A is parallel to K, and depends only on z, so A = A(z) x. 
x y z 

B = V x A = | d/dx d/dy d/dz 
A(z) 0 0 


dA . uoK . 

a7 y = ± T‘ y ' 




will do the job — or this plus any constant. 



Problem 5.27 

(a) V • A = 


Ho 
47 r 


- 1 dr 

4 


'. V • ^ = -(V • J) + J- V (1) . But the first term is zero, because J(r') 


is a function of the source coordinates, not the field coordinates. And since >i — r — r', V ( - ) = —V' ( - 


So 


r 
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V-( — 'j = — J V' f-V But V'- ^ ^ = -(V , -J)+J-V / f - ) , and V'-J = 0 in magnetostatics (Eq. 5.31). So 


dr' = — — <l — ■ da 1 , 


V - ( — | = — V f • ( — | , and hence, by the divergence theorem, V • A = — ^ / V' ■ ( — . 

V*/ W 4tt J \*J 4t tJ * 

where the integral is now over the surface surrounding all the currents. But J = 0 on this surface, so V- A = 0. / 


( b )VxA = g/ v *(T) dr’ = ^j 


-(V xJJ-JxVl 1 

-7- \ -7 


dr . But V x J = 0 (since J is not 


a function of r), and V ( - = — - (Eq. 1.101), so V x A 


Mo f j X <4 
47T 


/ 


dr' = B. / 


(c) V 2 A = J S7 2 ^ dr' . But V 2 ^ = JV 2 (once again, J is a constant, as far as differenti- 
ation with respect to r is concerned), and V 2 = — 4 tt tf 3 ^) (Eq. 1.102). 

So V 2 A = ^ f J(r') (— 47r^ 3 (-t)l dr' = -MoJ(r). / 

47T J 

Problem 5.28 

Ho I = j) B • dl = — J VC/ • dl = — [t/(b) — C/(a)] (by the gradient theorem), so U( b) yf C/( a), qed 

would do the job, in the sense that 


For an infinite straight wire, B = 0. 

27 rs 


U = 


Mo/0 

27T 


-VC/ = ^-V(0) = 0 = B. But when 0 advances by 2 tt, this function does not return to its initial 

27r 27 t s a<p 

value; it works (say) for 0 < 0 < 27r, but at 27 t it “jumps” back to zero. 


Problem 5.29 

Use Eq. 5.67, with R—tf and <r — > pdf: 


A = 


B = 


Mo u>p sin 8 - 


if 

Jo 


-4 j- , Mo . nil - J- 

r dr H — r sin 8<p x dr 


( Po u) P\ . a 
( — )s.„9 


VxA = 

Hoojp 


Mo^M 


1 


0 


d 


r sin 8 dd 


Ho >fP 
2 ' 

lx 2 r 2 

sin 0 r sin 0 ( — — 

3. 5 


■r sin i 


R 


) 0- 

3 5 ' 


- _ IiL 

?• 3r 


2 „ / R 2 ' 

r 2 sin 0 ( — 


R 2 

3 


R 2 


2N 


cos0f _(__ 


sin 9 0 


. But p = 


Q 


(4/3)7 ri? 3 


so 


Ho^Q 

47rfl 


^l^lcosOr-ll 


Bp) s ' neS 


Problem 5.30 

(a) f dW > 


dx 

fWy 

dx 


- F y =t- W z (x,y,z) = - ff F y {x' ,y,z)dx' + Ci(y,z). 
= F z => W v {x,y,z) = + ff F z (x',y,z)dx' +C 2 {y,z). 


These satisfy (ii) and (iii), for any C\ and C 2 \ it remains to choose these functions so as to satisfy (i): 
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f 9F y (x ! y, z) I dCi f i»i"/ , / „ , \ r> , wj-j i/J u , ui z 

-y. — aT* - ''* + 87 ~ Jo — a; — * " — = B“ — + tP + — = 0. so 


dx' 


?fk + + ^£k 

dx dy dz 
dx' ~ F x (x, y, z) - F x (0,y,z), so 


f •&%*** * f - s -£ = now [ 

dC\ OC 2 /*!/ 

3 — = F x (Q,y,z). We may as well pick C 2 = 0, Ci(y,z) = / F x (0,y' ,z) dy\ and we’re done, with 

dy oz Jq 


= 0] Wy = [ F z (x',y,z)dx'; W z = f F x {Q,y ' , z) dy' - f F y {x',y,z)dx'. 
Jo Jo Jo 

dF v (x',y,z) , f x dF z (x',y,z ) , 




e ( 0 > i/, 2 )- [ d ^ x 'j y - r dx ' 

/o dy Jo 


But V ■ F = 0, so the x term is 
so V x W = F. / 


dz 


F *(0 


,y,z) + [ 

Jo 


9F x (x',y,z) 

dx' 


x + [0 + F„(x,?/,z)]y 4 - [F z (x,y,z) - 0] z. 

= Fx(0,y,z) + F x (x,y,z) - F x (0,y,z), 


V- W = 


dw* aw^ aw* 

“f - “f" 


dx dy dz 
ji 


=0 + / 


9 F z(x',y,z) ^ | f y dF x (0,y',z) f x dF y (x ',y,z ) J _ l 


dy 

in general. 

7 X x 2 r y f 2 

(c) = / x'cb' = — ; = / p' dy' — 

Jo * Jo Jo 


L 


dz 


dy' 


I 


dz 


■ dx 1 ^ 0, 


. ' » 

zax = — — zx. 


W= T 9+ ( 1 2~ ZX ) 

V x W = 

X 

d/dx 

y z 

d/dy d/dz 

l \ l ) 


0 

z 2 /2 (j/ 2 /2 - zx) 


= 2 /x + zy + xz = F. / 


Problem 5.31 

(a) At the surface of the solenoid, B above = 0, B be iow = Po rc/z = PoK z; n = s; so K x n = -Kz. 
Evidently Eq. 5.74 holds. / 

(b) In Eq. 5.67, both expressions reduce to (ix Q R 2 u)o/Z)sm64> at the surface, so Eq. 5.75 is satisfied. 


dA 

dr 


fioFcuxj ( 2 sin 0 


R+ 


0 


2iiqRu)g n ~ dA 

— 3 — s,n9,# ’ : a7 


fioRua 


sin 00. So the left side of 


Eq. 5.76 is — p O -fiWsin0 0. Meanwhile K = crv = a(cu x r) = owl? sin 0 0, so the right side of Eq. 5.76 is 
- fio<ju)R sin 0 0, and the equation is satisfied. 

Problem 5.32 

dA dA 

Because A ab o V e — A be i ow at every point on the surface, it follows that — — and — — are the same above 

dx dy 

and below; any discontinuity is confined to the normal derivative. 

Babove - B below = * + ~ 9 ' But Eq ' 574 SayS thiS eqUalS 


fi 0 K(-y). So 


dA v . dA v . , , dA x . dA x . . 

y t tbove V below „ „ ,4 > l '#bov« * t beIo 


dz dz ’ an< ^ dz dz 

ponent of A parallel to K suffers a discontinuity —poK, or, more compactly: 


= — po K. Thus the normal derivative of the com- 


dA ; 


above dA be \ ow 


dn 


dn 


= -PoK. 


Problem 5.33 

(Same idea as Prob. 3.33.) Write m = (m • r)r + (m • 6)d = mcos0r — m sin00 (Fig. 5.54). Then 
3(m • r) r — m = 3m cos 0 r - m cos 0 r + m sin 0 0 — 2m cos 0 f + m sin 0 0, and Eq. 5.87 <=> Eq. 5.86. qed 


r 
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Problem 5.34 


(b) B 


/a = 

IitR 2 z. 


Mo InR 2 
47t r 3 ! 

^2 cos 9 r + sin 9 

1 . 


(c) On the z axis, 0 = 0, r = z, r = z (for z > 0), so 


Mo /# 2 - 
2z 3 Z 


(for 2 < 0, 6 — 7 r, r = — z, so the field 


is the same, with |z| 3 in place of z 3 ). The exact answer (Eq. 5.38) reduces (for z > fl) to S « /xo/i? 2 /2]z| 3 , 
so they agree. 

Problem 5.35 


For a ring, m = / nr 2 . Here / -> av dr = aujrdr, so m = f/* nr 2 awr dr = ncruR 4 /\. 


Problem 5.36 

The total charge on the shaded ring is dq = cr(27ri?sin 9)Rdd. 
The time for one revolution is dt = 2 it/ll>. So the current 
dq ^ 

in the ring is I — — — awR sin 6d0. The area of the ring 
dt 

is 7r(/?sin0) 2 , so the magnetic moment of the ring is dm = 
(awR? sin 9 d9)nR 2 sin 2 9, and the total dipole moment of the 
shell is 

m = cruinR 4 J* sin 3 9 d9 = (4/3)crwnR 4 , or 


47T 

t 


m = — a u)R 4 z. 


The dipole term in the multipole expansion for A is there- 

r a Mo 47 t njSin# - /j. 0 aujR 4 sin 9 - .... 

fore A dip = - — —auiR — =- <p = 5 - <p, which is 

47t 3 r 1 3 

also the exact potential (Eq. 5.67); evidently a spinning sphere 
produces a perfect dipole field, with no higher multipole con- 
tributions. 



Problem 5.37 

The field of one side is given by Eq. 5.35, with s 
y/z 2 + (w/2) 2 and sin 0 2 = — sin#i — ^ 


B = 


Mo-f 


4tt y/z 2 + (w 2 /4)y/z 2 + (w 2 /2) 


y/ ' Z 2 + W 2 /2 
. To pick off the vertical 
(w/2) 


component, multiply by sin <f> = - ■ 7 ; for all four 

y/z 2 + (w/2) 2 



B = / 

2n z s 



Problem 5.38 

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up 
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on 
a mobile charge q balances the magnetic attraction: F = ^[E + (v x B)] = 0=>E = — (vxB). Say the current 
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is in the z direction: J = p_v z (where p- and v are both negative). 


B • dl = B2tts = Mo Jns 2 => B = — 0; 


/ 


E • da = E 2nsl = — ( p + + p_ )ns 2 1 => E = - — (p + + p_ ) t 
Co 2 cq 


^r(/>+ +P-)ss = - [(vz) x ( M ° P 2 VS = y/3_n 2 ss => p+ + p_ = p^(e 0 p 0 v 2 ) = p_ 


Evidently p+ = — ^1 — — J = or p_ = — "f 2 p+. In this naive model, the mobile negative charges fill a 

smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v«c, the effect 
is extremely small. 


Problem 5.39 

(a) If positive charges flow to the right, they are deflected 
charge. 


down, 


and the bottom plate acquires a positive 


(b) qvB = qE => E = vB => V = Et = vBt, with the bottom at higher potential. 




(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative 
charge. The potential difference is still the same, but this time the top plate is at the higher potential. 

Problem 5.40 

From Eq. 5.17, F = I f (dl x B). But B is constant, in this case, so it comes outside the integral: F = 
I (f dl) x B, and f d 1 = w, the vector displacement from the point at which the wire first enters the field to 
the point where it leaves. Since w and B are perpendicular, F — IBw, and F is perpendicular to w. 

Problem 5.41 

The angular momentum acquired by the particle as it moves out from the center to the edge is 

L = J ^ dt — J N dt = j { r x F) dt = J r x q(v x B) dt = q J r x (dl x B) = q J ( r • B) dl — J B(r • dl) 


But r is perpendicular to B, so r • B = 0, and r • dl = r • dr = |d(r • r) = | d(r 2 ) = r dr = (l/2n)(2nr dr). 


So L = 


2tt 


[ B 27r rdr = — — f B da. It follows 

Jo 2tt J 


that 




where = J B da is the total flux. 


In particular, if $ = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is 
going along a radial line. qed 

Problem 5.42 

From Eq. 5.24, F = J(K x B ave ) da. Here K = cry, v = loR sin 9(j>, da = R 2 sin 6 d9 d<p, and 
Bave = | (B in + B out ). From Eq. 5.68, 


r 
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B|: 

Bou 

B av 
K x B av 


2 2 

-HocrRinz = - fiocr Ru (cos dr — sin#0). From Eq. 5.67, 
o o 


V x A — V x 

HoR 4 V<7 


f noR 4 ucr sin 9 -\ HqR a ug 


V 3 


<t> = 


1 8 f sin 2 9 


r sin 9 89 


1 8 ( sin# 
r dr 


3 r 3 

Mo Rider 


(2 cos#r + sin# 6) — — ^—(2 cos#f + sin 96) (since r = R). 


(4cos#f — sin#0). 


= (cruR sin#) 


/ no Rucr\ 

V 6 J 


(4 cos # r — sin 90) = — (aedR) 2 (4 cos # 0 + sin # r ) sin #. 
6 


Picking out the z component of 0 (namely, - sin#) and of ? (namely, cos#), we have 
(K x B av e ) z — ~ ^(cnj.R) 2 sin 2 #cos#, so 


F z — ~^-(auR) 2 R 2 f sin 3 # cos9d9d<p = — ^—(cfijjR 2 ) 2 2tt 

Z J z 


( si " 4 ^ 

7T/2 

, or 

F 

V 4 / 

0 



4 


?2x2 - 


Problem 5.43 

(a) F - ma = q e (v x B) = ^“^(v x r); 


47r r 2 


MO QeQm * \ 

a = — ( v x r). 


47r mr 


Id 
2~dt 

Mo QeQm d / r 


(b) Because a 1 v, a • v = 0. But a v = ^ ^-(v • v) = ~ — (^ 2 ) = v~~. So =0. qed 

z dt z dt dt dt 


47T 


(;)- 

{^[■■ J v-(r-v)r]-^ + i|(vTrF)} = 


(c) — =m(vxv) + m(rxa)- ^ ^ 

MO QeQm 


1 d_ 

\dt 

kOQeQm 


dv 


dv 


0+ 4nr 3 
M0<7e Qm 


[r x (v x r] 


M0#e Qin 


4n 


v (r • v) „ v 

- - ~ r + 5- 

r r r 2r 


47 r 
r 2(r • v) 


v r dr \ 

r r 2 dt J 


= 0 . / 


(d) (i) Q ■ 4> — Q(z ■ <p) = m(r x v) • <p — - (f • </>). But z • = r - <p = 0, so (r x v) • ef> = 0. But 


dl 


47T 


r = rr, and v = — — rr + r0O + r sin#0 cp (where dots denote differentiation with respect to time), so 
dt 


r x v = 


r 9 <p 

r 0 0 

r r9 r sin 9(f> 


= (-r 2 sin#0) 0 + (r 2 #) cp. 


Therefore (r x v) • (p = r 2 # = 0, so # is constant. qed 

(ii) Q • f = Q(z ■ r) = m(r x v) • r — — 3 ~ L — (r ■ r). But z • r = cos#, and (r x v) 1 r =>■ (r x v) • r = 0, so 

47T 

Ocos9 — — — 1 °fe - - — or Q = — — (Mm since # is constant, so too is Q- qed 

47T 47TC0S# 

(iii) Q • 0 = Q(z • 0) = m(r x v) • 0 — — (r • 0). But z d — — sin#, r • 0 = 0, and (r x v) • 0 = — r 2 sin#<^ 

47T 

/.,\ Q ^ iU i Q MO QeQm 

(from (i)), so — Q sm# = — mr sin#rf> => (p = z = -77, with fc = — = — -. 

mr r 1 m 47rmcos# 


(e) n 2 = f 2 -f r 2 # 2 + r 2 sin 2 #(/> 2 , but # = 0 and p = 


k 

r 2’ 


so r 2 = u 2 — r 2 sin 2 #— = v~ 
r 4 


k 2 sin 2 # 
r 2 
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2 >2 
4> 


r“ v 2 — (k sin 9/r) 2 2 

,2 (k 2 /r 4 ) = r 


(,) / 


dr 


/vr\ z , 0 „ dr I /vr\ z 

(x) - sm 9 : # = r v(¥) - s ' 


sin 2 0. 


■y/ivr/k) 


2 — sin 2 6 


/ l / X)V \ uv 

d(j) => 4> - <j >0 = sec -1 ) ; sec[(0 - 0 o )s in 6>] = , or 

sinfl \/csin0/ fcsinfl 


r(0) = 


cos[(</> - (j) o) sin0] ’ 


u A f^OqeQm tan 0 

where A = . 

A.'ktrv 


r 


Problem 5.44 


Put the field point on the x axis, so r = (s, 0, 0). Then 

(K * ^ da; da = Rdcfidz ; K = K <p = 


B = j 2 - 

47T 


K x -r = A 


A(-sin0x + coscpy);* = (s - R cos0)x - Asin0y - z z. 

x y z 

— sin 0 cos 0 0 

(s — Acos0) (-R sin0) (— z) 

K [(— z cos 0) x + (— z sin 0) y + (A — s cos 0) z] ; 

n} = z 2 +A 2 +s 2 — 2Rs cos0. The x and y components integrate 

to zero (z integrand is odd, as in Prob. 5.17). 

(A — s cos 0) 



B z = KR 

47T 


/ 


(z 2 + A 2 + s 2 — 2As cos 0) 3 / 2 


dz 


¥Er/ («->“»«{/_ 

where d 2 = A 2 + s 2 — 2 As cos 0. Now 

fi 0 KR r 271 (A - s cos0) 

2?r Jo 

Mo A" 

47T 


d0 dz 

-1 


(z 2 + d' 2 ) 3 / 2 J 

/. 


d0, 


dz 


2z 


(z 2 + d 2 ) 3 / 2 d 2 \Jz 2 + d 2 


2 

d 2 ' 


(A 


(TV- +s’--2Rs cos <« * (Ji - * “» « = Jr [<*“ - »’> + (R- + ~ cos «] 


r 2rt 

-* 2 )/ 


d(j> 


r2n 

Jo 


d0 


o a + 5 cos 0 


- >/" 


(A 2 + s 2 — 2As cos 0) 
d0 4 


rzn 

/ d(j) 
do 


a + 5 cos 0 \/a 2 - & 2 


tan 


\/a 2 — 6 2 tan(0/2) 


\/ a 1 — b 2 


tan" 


\/a 2 — b 2 tan(7r /2) 
a + 6 


a + 6 
4 

Va 2 - 6 2 


(§) = 


27T 


v/a 2 - b 2 


. Here a = A 2 + s 2 , 


6 = — 2As, so a 2 - b 2 = A 4 + 2A 2 s 2 + s 4 - 4A 2 s 2 = A 4 - 2A 2 s 2 + s 4 = (A 2 - s 2 ) 2 ; \/a 2 - & 2 = |A 2 - d 2 |. 


B, = 


Mo A 


(A 2 -s 2 ) 


47r [ |A 2 — s 2 


2?r + 27 t 


poA f R 2 -s 2 


| A 2 - s 2 


+ 1 • 


inside the solenoid, s < R, so B z = {1+1) = p 0 A. Owfsidethe solenoid, s > A*, so B z = ^~-{—l + l) = 0. 


HereA' = n/, so B = /xondz(inside), and O(outside) (as we found more easily using Ampere’s law, in Ex. 5.9). 
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Problem 5.45 

Let the source point be r' — Rcosc/it — Rs\n<f>y, and 
the field point be r = R cos 8x + RslnOy- then -t = 
R [(cos 9 — cos 4>) x + (sin 9 + sin cj > ) y] and dl = R sin <^> d</> x + 
R cos (j) d(f> y = R d</>(sin <j> x + cos</>y). 


dl x fi 


R 2 d(j> 


x 

sin (f> 

(cos 6 - cos <f > ) 


y z 

cos <f> 0 

(sin 8 + sin <j > ) 0 


R 2 (sin 4> sin 9 + sin 2 <p - cos 9 cos $ + cos 2 </>) dj> z 

R?{ 1 + sindsin</> — cos8cos<fi) d<f > z = R 2 [1 — cos (9 + </>)] dcf>z. 



Pol f dl x * _ r2 . r [1 - cos(6> + </>)} _ p 0 IR 2 . f n <R 

An J * 3 4tt 7 Jo [2R 2 - 2R 2 cos(8 + <P)f /2 An(2R 2 )V 2 7 J 0 ^/l - cos(0 + <j>) 


Pol . f* d<f> 

8V2nR Z Jo s/2sm[(0 + <j>)/2} 


Mo-f - 

167ri? 




In 

tan (^) 

z. 

8nR 

tan (|) 



Problem 5.46 

(a) From Eq. 5.38, 


B __ PqIR?_ | , 1 + J 

2 \[R 2 + (d/2 + z) 2 ] 3/2 [R 2 + (d/2 - z) 2 f /2 J 


an 

5z 


an 

^ I 2=0 
(b) Differentiating again: 

a 2 n 3/xo-^n 2 r 


+ 


PoIR 2 \ ( — 3/2)2(d/2 + z) (-3/2)2(d/2 — z)(— 1) 

2 t 

SpoIR 2 


[R 2 + (d/2 + z) 2 ] 5/2 [n 2 + (d/2 - z) 2 ] 5/2 


— (d/2 + z) 


+ 


(d/2 — z) 


2 \ [n 2 + (d/2 + z ) 2 ] 5/2 [R? + (d/2 - z) 2 ] 5/2 J ' 

ZpoIR 2 f -d/2 d/2 


7 + 


-1 


[n 2 + (d/ 2 ) 2 ] 5/2 1 [n 2 + (d/ 2 ) 2 ] 5/2 

-(d/2 + z)(-5/2)2(d/2+z) 


= 0. / 


az 2 


[i? 2 + (d/2 + z) 2 ] 


5/2 


+ 


[n 2 + (d/2 + z) 2 ] 


7/2 


+ 


-1 


[n 2 + (d/2 - z) 2 ] 


5/2 


+ 


(d/2 - z)(— 5/2)2(d/2 - z)(-l) 


[i? 2 + (d/2 - z) ; 


, 7/2 


} 


a 2 n 

3poIR 2 | 

f -2 2(5/2)2(d/2) 2 2 ] 

; 3p 0 IR 2 / 

az 2 

2=0 2 1 

[ [n 2 + (d/ 2 ) 2 ] 5/2 ' [n 2 + (d/ 2 ) 2 ] 7/2 J 

1 [n 2 + (d/ 2 ) 2 ] 7/2 ‘ 


d 2 5 d 2 


-n 2 - — + 


3poIR 2 


B( 0) = 


[n 2 + (d/2) 2 ] 7/2 
/r 0 /n 2 f 1 


(d 2 - i? 2 ) . Zero if 


d = n, 


in which case 


[ R 2 + (^/2) ; 


, 3/2 


+ 


[n 2 + (n/ 2 ) : 


, 3/2 


= /r 0 /n 2 


(5n 2 /4) 3 / 2 


8ppl 

5 3 / 2 n' 
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Problem 5.47 

(a) The total charge on the shaded ring is dq — o{2nr) dr. The 
time for one revolution is dt = 2ir ju. So the current in the ring 

is I = = our dr. From Eq. 5.38, the magnetic field of this 

dt 

Mo 

ring (for points on the axis) is dB = -—our— ;• dr z, 

2 [r 2 + z l yl 1 

and the total field of the disk is 



Ltnou [ R r 3 dr 0 

B = — - — / — z. Let u = r 2 , so du = 2r dr. Then 

2 Jo (r 2 +z 2 y/ 2 


Pqou f R udu poou 

o ( u + 2z 2 V 

R 2 

Hoau> 

[(i? 2 +2z 2 ) 0 1 


4 7 0 (u + z 2 ) 3 / 2 4 

. Wu + z 2 A 

0 

2 

L4R 2 +z 2 j 



(b) Slice the sphere into slabs of thickness t, and use (a). Here 
t = |d(f?cosd)| = R smd d8; 

a -4 pt = pRs'md dd; R — > Rsind; z -4 2 — R cos 9. First 
rewrite the term in square brackets: 

' {R 2 + 2z 2 ) _ 9 J _ 2{R 2 + z 2 ) _ R 2 _ 

. VR 2 + z 2 \ “ VR 2 + z 2 VR 2 + z 2 


r ' 


= 2 


\fWVz 2 


R 2 / 2 
VR 2 + z 2 


But R 2 + z 2 -* R 2 sin 2 8 + (z 2 - 2 Rz cos 9 + R 2 cos 2 6) = R 2 + 
z 2 — 2 Rz cos 9. So 



B. - 


PopRu r 


sin 9d9 


\J R 2 + z 2 — 2 Rz cos 9 — 


(iZ 2 /2) sin 2 6> 


VR 2 + z 2 — 2Rz cos 9 


- (z - R cos 9) 


Let u = cos 9, so du = - sin#d0; 8:0 — > 7r => u : 1 — > —1; sin 2 9 = 1 — u 2 . 


= popRu 


= popRiu 


VR 2 + z 2 - 2 R^u - -z + Ru 

y/R 2 + z 2 - 2 Rzu 


du 


h - \{h ~ h) -h+h 


h = 


\J R? + z 2 — 2Rzu du = 


3Rz 


(R 2 + z 2 - 2 Rzu) 


3/2 


(R 2 + z 2 - 2 Rz ) 3/2 - (R 2 + z 2 + 2 Rz) 


3 Rz L 
1 

2>Rz 

r 1 


3/2 


-1 

1 

3 Rz 


[(z - Rf - (z + R) 3 ] 


(z 3 - 3 z 2 R + 3 zR 2 -R 3 - z 3 - 3 z 2 R - 3 zR 2 - R 3 ) = — (3z 2 + 

\ f O ~ 


h. = 


. 1 . — du = -~\/i? 2 + 

-1 V^ 2 + Z 2 - 2jRzU 


2i?zu 


-1 


3z _ 

[(;-/!) -(* + «)] 4 


r* 
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t R 2 + z 2 - 2 Rzu 


= - - 0J ^ 3 ^ 3 [8( J? 2 + z 2 ) 2 + 4(ft 2 + z 2 )2Rzu + 3(2 Rz) 2 u 2 } sj ft 2 + z 2 - 2ftzu| 

= - 6^3 { [ 8(^ 2 + * 2 ) 2 + 8 Rz{R 2 + z 2 ) + 12 R 2 z 2 ] (z - R) 

- [8 (ft 2 + z 2 ) 2 - 8 ftz(ft 2 + z 2 ) + 12 R 2 z 2 } {z + ft)} 

= -^3^ [I6ft^(ft 2 + Z 2 )} - ft [l6(ft 2 + z 2 ) 2 + 24ft 2 z 2 ] } 


-^16ft ( R 2 z 2 + z 4 - ft 4 - 2 ft 2 z 2 - z 4 - - R 2 z 2 

60 R 6 z 6 \ 2 


15ft 2 z 3 ( 2^^ R *) ~ 15z 3 + 2*’) ‘ I *~ Z J_ i du ~ 2Z] h-R judu-Q. 


ft 2 + -z 2 — 2z 


r 2 2 ft 2 2 ft' 2 4 / 2 5 ,\ 

- ^Rpu^-Qz +R (ft +-z J 

„ ( n 2ft 2 ft 2 2ft 4 ft 2 \ 

" *( 22 + i7-7 + ^+3j-^j 

2ft 5 0 Q MoQ^ft 2 ~ 


Problem 5.48 

b = ~~ J - — - — . zi — — Rcos<px + (y — Rsin<f>}y + zz. (For simplicity I’ll drop the prime on <j>.) 

n- 2 — ft 2 cos 2 <f> + y 2 — 2 Ry sin <j> + ft 2 sin 2 cj> + z 2 — ft 2 + y 2 + z 2 - 2 Ry sin <j>. The source coordinates (x',y' } z') 
satisfy x' — Rcos<p =j> dx' — —Rsincpdtp', y' ~ ftsin^ => dy' = R cos 4> d<j>; z' = 0 => dz' — 0. So dl' = 
— Rsin<pd<f>x + Rcoscj)d<py. 

x y z 

dl 1 x -k = —Rsuupdcf) Rcos<pd<p 0 = (ftz coscpdtp) x 4- (Rzsin<j>d<p) y + (— fty sin <j>d(j> + ft 2 dj>) z. 

—ft cos (j) (y — Rshup) z 

R _ noIRz f 271 cos <j> dtp noIRz 1 1 2,1 ^ 

4^ io (ft 2 + j/ 2 + z 2 — 2ftj/sin 4>} 3 ^ 2 R-V \/ R 2 + y 2 + z 2 — 2Ry sin (f> 0 

since sin <p — 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms 
of elementary functions. 


d n. d _ PoIRz f 2 * sin <j> d(j> D 

£>X 0, TJy A I Q If) ) & Z 

4rr Jo (ft 2 + y 2 + z 2 — 2ftj/ sin <j>) ‘ 


HoIR f ln (ft - j/ sin (j>) d(j) 

4?r Jo (ft 2 +y 2 +z 2 - 2ftpsin0) 3/2 ‘ 


Problem 5.49 


From the Biot-Savart law, the field of loop #1 is B = ^° — 1 <p — — ; the force on loop #2 is 

Ait J 1 V’ 

F = I 2 ^dhxB = f—hl 2 f j - 2 - Now dl 2 x (dl! x ♦) = dli(dl 2 • i) - i(dlj • d 


-. Now dl 2 x (dli x i) — dli (dl 2 • i) — ■i(dli • dl 2 ), so 


r 
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r 


F = {//?<<“' ' 


The first term is what we want. It remains to show that the second term is zero: 

* = (x 2 -Xi)x + (y 2 -yi)y + (z 2 - z x )z, so V 2 (l/*) = [{x 2 -zi) 2 + (y 2 - Vi) 2 + (z 2 - zi) 2 ]“ 1/2 x 

+ [(a? 2 - zi) 2 + {j/2 - yi) 2 + (z 2 - Zi) 2 ] 1/2 y + [(ar 2 - Zi) 2 + (y 2 ~ J/i) 2 + O2 - Zi) 2 ] _1/2 z 

07/2 OZ 2 

- ^ ^ * = - ,4 - - j . SO / £■* = - / V, (1) - 0 0* Corollary 

2 in Sect. 1.3.3). qed 
Problem 5.50 

Poisson’s equation (Eq. 2.24) says V 2 P = p. For dielectrics (with no free charge), p;, — -V • P 

e° 

(Eq. 4.12), and the resulting potential is P(r) = — — J — dr'. In general , p = eoV • E (Gauss’s law), 

so the analogy is P -> — e 0 E, and hence P(r) = — — [ 

47 r J 


1 rw±A dT '. qed 

f) * 


[There are many other ways to obtain this result. For example, using Eq. 1.100: 


v- -U-v' 


^ = 47r<5 3 (-i) = 47n5 3 (r — r'), 

r) = f r(r')5 3 (r - r') = -A / V(r')V . (j) *' = ~ f j • [VV(r')] ^ / V(r')i ■ da' 


(Eq. 1.59). But V'P(r') = — E(r'), and the surface integral — » 0 at 00 , so F(r) = — — f 

47 t J 

before. You can also check the result, by computing its gradient — but it’s not easy.] 


1 Cilyas 


Problem 5.51 

(a) For uniform B, / Q r (B x dl) = B x J 0 r dl = 


B x r 


^ A = -|(B x r). 


(b) B = f), so <f> B x dl = f ~~~ s - §^ 77 ; = 

27TS J 


\27ra 27r6 


«>Wi 


27 t \ a b 


(c) A= -r xB/ 0 X AdA= -|(r x B). 


(t y. (j>) f X- d\ = — ~~(r x d>). But r here is the 

70 ^ 27T.S 

* I _ 71 C _ A _ M0^ .. .Z\ I „ A\1 1 


/jy n Po-f a; d/ 1 I Po^ A A Pol 

(d) B = s;* B(Ar > = jss* A = - 5 ; 

vector from the origin — in cylindrical coordinates r = ss + zz. So A = — |s(s x <f>) + z(z x </>)|, and 

Z7TS L 


(s X 4>) — Z, (z X 4>) — — s. So 


A Mol . 

A = - — (zs — s z. 
27TS ' 


The examples in (c) and (d) happen to be divergenceless, but this is not the case in general. For (letting 
L = fj AB(Ar) dX, for short) V • A = -V • (r x L) = -[L • (V x r) - r • (V x L)] = r • (V x L), and 
V x L = / Q ‘ A[V x B(Ar)] dX = /J A 2 [V X x B(Ar)] dX = p 0 /J A 2 J(Ar) dX, so V A = p 0 r • f 0 ' A 2 J(Ar) dX, and 
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct 
an explicit counterexample, we need the field at a point where J 0 — say, inside a wire with uniform current. 
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Here Ampere’s law gives B 2i rs = HoRnc = Ho Jns 2 => B = ~^~s <j>, so 

A = — r xj A Xs4>d\ = — ^^s(r x <£) — ^(zs — si). 


V A = 


Ho J 
6 


19, 2 , 8 2 

;s (5 ‘ ) + & ( ~ s) 




Conclusion: 


(ii) does no! automatically yield V • A = 0. 


Problem 5.52 

(a) Exploit the analogy with the electrical case: 


r 


E = 


— 4( 3 (pf)f-p] (Eq. 3.104) =-VV, withP= 7 ^ r -^ (Eq. 3.102). 


47reo r 3 
Ho 1 


47re 0 r 2 


B = CE — [3(m-f)f-m] (Eq. 5.87) = -VC/, (Eq. 5.65). 
4x r 3 


Evidently the prescription is p/eo — > Ho m '■ 


U{ r) = 


Ho m • r 
4ff r 2 


(b) Comparing Eqs. 5.67 and 5.85, the dipole moment of the shell is m = (4tt/3)uj<tR 4 z (which we also got 
in Prob. 5.36). Using the result of (a), then, 


U(r) = 


HquioR 4 cos 0 


for r > R. 


Inside the shell, the field is uniform (Eq. 5.38): B = ^ho^ojRz, so U(t) = — ^hooojRz + constant. We may 


as well pick the constant to be zero, so U{ r) = lioauiRr cos 0 


for r < R. 


[Notice that U{ r) is not continuous at the surface (r = R): Ui„(R) — — ^Ho au) R 2 cos9 U 0 ut(R) — 
^HovojR 2 cosO. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from 
places where there is current!] 


(c) 


B = 


HquQ 

4ttR 


3 r 2 \ 

'-s ip c 


-^-w ) sine6 


= _VU = -— ~-i — 9 ~ — 

dr r 09 r sin 9 dtp 


au 

d(p 
1 dU 
r 89 
8U_ 
dr 


= 0 => U(r,9,<p) = U(r,9). 

= (vf ) (‘ ■ S ) sin9 * u[r ' 6) = - (tSr ) 0 - Ik) rcos " + /(r) - 

= - f vrrr l f 1 - ths) me~U{r,e) = - ( r “ (k) cos6 + s( e 'i- 


V 4x77 y V* 5/7 2 y 
Equating the two expressions: 


- (w) (' - Ik) r cos '’ + /(r) = - (tSf ) ( 1_ b^) rcos# + »<»). 


5 R 2 ) 


or 


(S^) r3cos8+/w=9W - 


r 
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But there is no way to write r 3 cos 6 as the sum of a function of 6 and a function of r, so we’re stuck. The 
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero. 

Problem 5.53 

(a) V ■ B = 0, V x B = fi 0 J, and V • A = 0, V x A = B A = — f — dr', so 

47 r J v 

V • A = 0, V x A = B, and V • W = 0 (we’ll choose it so), VxW = A => W = — / - dr'. 

47 r J i 

(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I’ll 
try something of the form W = ar(r • B) + /3r 2 B, and see if I can pick the constants a and (5 in such a way 
that V • W = 0 and V x W = A. 

v . w = a [(r • B)(V • r) + r • V(r • B)] + /3 [r 2 (V • B) + B V(r 2 )1 • Vr = — + /+ — = 1 + 1 + 1= 3; 

ox ay oz 

V(r • B) = r x (V x B) + B x (V x r) + (r ■ V)B + (B • V)r; but B is constant, so all derivatives of B vanish, 
and V x r = 0 (Prob. 1.62), so 

/ d „ d „ d\ 


V(r -B) = (B • V)r = ( + B y — + B z — J (xx. + yy + zz) = B x x + B y y + B z z = B-, 


V(r 2 ) = ■— + y-^- + z-^j (x 2 + y 2 + z 2 ) = 2xx + 2yy + 2zi = 2r. So 

V • W = a [3(r • B) + (r • B)] + (3 [0 + 2(r ■ B)] = 2(r • B)('2a + /3), which is zero if 2 q + /? = 0. 

V x W = q [(r • B)(V x r) - r x V(r • B)] + /3 [r 2 (V x B) - B x V(r 2 )] = a [0 - (r x B)j + 0 [0 - 2(B x r)] 

= — (r x B)(a — 2/3) = — -(r x (P r °b- 5.24). So we want a — 2/3 = 1/2. Evidently a — 2( — 2a) = 5a = 1/2, 

or a — 1/10; /3 = —2a = —1/5. Conclusion: W = ~ [r(r • B) — 2r 2 B] . (But this is certainly not unique.) 

(c) V x W = A =+ /(V x W) da = J A da. Or /W • dl = 

f A ■ da. Integrate around the amperian loop shown, taking £ 

W to point parallel to the axis, and choosing W = 0 on the f~~ — — 

axis: 

-Wl = / (^yl) fsJs = (using Ec l- 5 ™ for A )- ^1/ 

W=-«!+!z| (, < R). 


( 

ij 




For s > R, -Wl = 


fi 0 nIR 2 l f s f fi 0 n I \ R 2 , n 0 nIR 2 l ti 0 nIR 2 l 

~^— + h l“J T ld3= S + 2 ln O/R); 


w _ _mnTR_ j! +21 n(s//i)l z (s > R). 


Problem 5.54 

Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that 
V ■ [U x (V x V)) = (V x V) ■ (V x U) - U • [V x (V x V)): 

J V • [U x (V x V)] dr = J {(V x V) • (V x U) - U • [V x (V x V)]} dr = j [U x (V x V)] • da. 

As always, suppose we have two solutions, Bi (and Ai) and B 2 (and A 2 ). Define B 3 = B 2 — Bi (and 
A 3 = A 2 — Aj), so that V x A 3 = B 3 and VxB 3 =VxB 1 -VxB 2 = p 0 J -’/jqJ = 0. Set U = V = A 3 
in the above identity: 
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I {(V x As) • (V x A 3 ) - A 3 • [V x (V x A 3 )]} dr = J {(B 3 ) • (B 3 ) - A 3 • [V x B 3 ]} dr = j (B 3 ) 3 dr 


= j) [A3 x (V x A 3 )] • da = j) ( A 3 x B 3 ) • da. But either A is specified (in which case A3 = 0), or else B is 

specified (in which case B 3 = 0), at the surface. In either case /(A 3 x B 3 ) • da = 0. So J ( j5 3 ) 2 dr — 0, and 
hence Bi = B2. qed 


Problem 5.55 


From Eq. 5.86, B t 


BqZ—^~ — ^(2cosdr + sind<?). There- 


fore B • f = j3 0 (z • f) — 


Homo 

4irr 3 


47r r 3 


2 cos 


6 = (Bo - 


Ho m 0 \ 


cos 0. 


2nr 3 J 

This is zero, for all 9, when r = R, given by Bo = - — — or 

2nR J 


R = 


f Hom 0 \ 1/3 
\2ttB q ) 


Evidently no field lines cross this sphere. 



Problem 5.56 


(a) I = a = irR 2 ; m = rR 2 z = ®u>R 2 z. L - RMv = Mwfl 2 ; L = M 10 R 2 z. 


(27 t/oj) 2i r 

m _ Q u>R 2 _ Q 
Z “ ¥ Mwif 2 _ 2M 


( _Q_ 

I 2M 


2 tt 


and the gyromagnetic ratio is 


9 = 


A 

2M ' 


(b) Because p is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere 
(or any other figure of revolution): 


0 


2 M 


(c) m = 


h eh _ (1.60 x 10- 19 )(1.0o x 1(T 34 ) 


2m 2 4m 


4(9.11 x IO- 31 ) 


4.61 x 10 -24 Am 2 . 


Problem 5.57 


(a) 


B a 

3 


1 


47 rR 3 
3 Mo 


(3/4)7 rJ? 3 
x da = 
1 


/ 


B dr = 
3 


AtxR 3 


Ho 


Hf 


/(V x A) dr = 

{/i 47 '} 


x da. — 


4tcR 3 4tt 

, j « 1 -r da) dr'. Note that J depends on the 

(47r) 2 .R 3 J [J 4 . J 

source point r\ not on the field point r. To do the surface 

integral, choose the ( x , y, z ) coor dinates so that r ; lies on the z 

axis (see diagram). Then i — \jR? + (z 1 ) 2 — 2 Hz' cos 9, while 

da = R 2 sin 8 d6 d(f> r . By symmetry, the x and y components 

must integrate to zero; since the z component of f is cos 6, we 

have 
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r 


r 


j\ da = *j 


cos 9 


y/B? + (z') 2 — 2i?z' cos 9 
Let u = cos#, so du = — sin9d9. 

u 


R 2 sin 9d9d<j> = 2k R 1 z f 
Jo 


cos # sin # 


yfR 2 + (z') 2 — 2Rz' cos 9 


d9. 


2kR 2 z 


/: 


du 


s/R 2 + (z') 2 - 2 Rz'u 
, f 2 r2(E 2 + (z') 2 ) +2flz'it] , 1 1 

2 ^{~ W V* + <*')’ -*«*'. J __ 

2nR ] ^ { [fl 2 + (. z') 2 + Rz'] y/R 2 + ( z ') 2 - 2ilz' - [i? 2 + (z 1 ) 2 - Rz'] y/ R 2 + (z') 2 + 2i?z'} 


3 (Rz 1 ) 2 
2n 

mPy 


( 4k , „ 4n . 

1 — z z = — r , 
3 3 ’ 


{ [R 2 + (z') 2 + Rz'} ]i? - z'\ - [i? 2 + (z') 2 - Rz 1 ] {R + z')} 
(r' < R); 


= < 


4k R 2 . 4k R 3 , 
l 3W z = Y(^ r ’ (r >fi) - 


For now we want r' < i?, so B ave = — — J (J xt') dr' = — j (Jxr') dr' . Now m = | J (r x J) dr 


(Eq. 5.91), so B ave = qed 


(4k) 2 R 3 3 
3/xq 47t 


(b) This time r' > tf, so B ave = / ( J x dr ' = ^ f 

from the source point to the center (■* = — r'). Thus B ave — B cen . qed 


, no f J xi , 

— ' —dr , where ■» now goes 


Problem 5.58 


47T 


(a) Problem 5.51 gives the dipole moment of a shell: m = -^-cnuR 4 z. Let R -> r, a -> pdr, and integrate: 

o 


47r - [ R a , 4k R 5 . „ Q 

m = Y upz i r dT = T^T z - B " t ' ,= W3MP' “ 


m = -QojR 2 z. 
5 


(b) B a 


Po 2m 
47T i? 3 


p 0 2QW , 
47r 57? 


47T r 2 


po QojR 2 sin 9 


47T 


4>. 


(d) Use Eq. 5.67, with R -> r, a -> pdr, and integrate: 


A = 


/uowpsin# - 
~ 0 


i: 


f 4 dr — 


pou> 3Q sin 9 R 5 2 


3 47ri? 3 r 2 5 


<f) = 


Ho QvR 2 sin 9 
4k 5 r 2 


0. 


This is identical to (c); evidently the field is pure dipole, for points outside the sphere. 


(e) According to Prob. 5.29, the field is B = 


HquQ 

4kR 


\(l~ — 
L\ 5i? 2 


cos 9 r — ( 1 


6r 2 \ 
5R 2 ) 


sin 9 6 


. The average 


r 


L 
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obviously points in the z direction, so take the z component of r (cos 9) and 6 (— sin 9): 


3 a 


HqojQ 


US 


4t tR ( 4/3)irR 3 

3/i 0 w<5 


1 


3r 2 \ 


cos 9 + 


(4?rR 2 ) 2 
) 

-R 


2n 


/ o L 


5 R?) 
R? 


sin 2 9 


3/iowQ d3 


8t tR 4 


a 


SR 2 ) 

r 3 3 R 5 \ 2a ( R 3 6 R 5 \ . 2 . 

T-55Jp) c “' < ’ + (T~55^) s ' n * 

3/iowQ i r 


r 2 sin 6 dr d.6 ( 
sin 9 d9 


16 7 

— cos 2 6 H sin 2 9 ] sin 9 d6 

IS 75 


8t tR 7S 


(7 + 9 cos 2 9 ) sinfld# 


MowQ / 3 , ^ /i 0 wQ /iow<3 , ,, ,, . 

— — — “ I— 7 cosy — 3cos 0 = — — — — (20) — — — — (same as (b)). / 

200?rfl v ' o 2007r/Z v ' IOt tR y v " 


Problem 5.59 

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard 
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a 
delta-function, A<5 3 (r), with A selected so as to make the average field consistent with Prob. 5.57: 


Bave (4/3) irR 3 


j A5 3 (r) dr = 


3 a l 1 o 2m , a 2 Mom ^ jj j 4 

- — =^A — — —r => A = — - — . lhe added term is 
47T.R 3 47 t R 3 3 




Problem 5.60 

(a) / dl — > J dr , so 


oo f 

n=0 


- 7 ^- — (Prob. 5.7), where p is the total electric dipole moment. In magne- 
4ir r dt 


(b) A mon = J J dr 

to statics, p is constant, so dp/dt = 0, and hence A mon = 0. qed 

(c) m = /a = ^(r x dl) — ► m = | f (r x J) dr. qed 


Problem 5.61 

For a dipole at the origin and a field point in the xz plane (</ = 0), we have 


B = — ^(2 cos 6r + sin# 0) = “^[2 cos# (sin #x + cos 9 z) + sin #(cos #x — sin# z)l 

47 T r 6 Air r 3 


= ^-^[3 sin 6 cos # x + (2 cos 2 9 — sin 2 9) &]. 

4n r 3 


Here we have a stack of such dipoles, running from z = 
— L / 2 to z = +L/ 2. Put the field point at s on the x 
axis. The x components cancel (because of symmetrical- 
ly placed dipoles above and below z — 0), leaving B = 

4ir Jo r 3 

ment per unit length: m = IirR 2 = ( avh)irR 2 = au>RirR 2 h 

.. m ' r.3 m . „ s 1 sin 3 9 

M. = — = iracjR . Now sm# = 
h 

—s cot# => dz = 


dz, where A4 is the dipole mo- 


so — = 
r 


sin 2 9 


d9. Therefore 





Ill 


B = 


(nawR 3 ) if (3 cos 2 0-1) 
Jn/2 


VO 
2tt 

fio uojR 3 „ 


sin 3 Os hqoljR 3 , 

dv — ~ z 


2s 2 


But sin0 m — 


s/^TWW 


, and cos 9 m = 


s 3 sin 2 0 
0m _ HocrwR 3 
/2 2s 2 

-( 1 / 2 ) 


2s 2 


r@rn 

/ (3 cos 2 6 - 1) sin0d0 

Jn/2 


~ t •? „ | Bm UqChjK ' 1 , , , , uocrwR 3 9 

z ( — cos 0 + cos 0) = — — - — cos 0 m (1 - cos 0 m ) z = — — — cos 0 m sin 0 m z 

i7r/2 


^+W 


so 


B 


HaabjR 3 L 
4[s 2 + (L/2) 2 ] 3 / 2 






Chapter 6 

Magnetostatic Fields in Matter 


Problem 6.1 


N = m 2 X B x ; B x = (3(m x • f)f - m x ] ; r = y;m! = m x z; m 2 = m 2 y. B x = 


Mo TTl\ 771-2 MO 771 1 7712 ^ yj 2 r » 2 r c 

N = — - — yxz = ^ — x. Here mi = wa*I, m 2 = h i. So 

47t r 6 47r r 6 


N 


- AtQ ( ab/ ) 2 .-. 

< o -X i 


Final orientation 


downward | (— z). 


Problem 6.2 

dF = /dl X B; dN = r X dF = / r x (dl X B). Now (Prob. 1.6): r X (dl X B) + dl X (B X r) + B X 
(r X dl) = 0. But d[r X (r X B)] = dr X (r X B) + r X (dr x B) (since B is constant), and dr = dl, so 
dl X (B X r) = r X (dl X B) - d[r X (r X B)]. Hence 2r X (dl X B) = d[r X (r X B)] — B x (r X dl). 
dN = |/{d[r X (r X B)] - B X (r X dl)}. N = |J {/d[r X (r X B)] - B X §(r X dl)}. But the first term 

is zero ( jd( ■ ■ ■ ) = 0), and the second integral is 2a (Eq. 1.107). So N = — /(B X a) = m x B. qed 



According to Eq. 6.2, F — 2n I RB cos 0. But B = 
an j 5 cos 9 = B • y, so B cos 6 = 
P pir (3(mi • r)(r • y) - (mj • y)J. But m x • y = 0 and 
r • y = sirup, while mi • r = mi cos 9. BcosO = 
Aj-3m x sin <j> cos <f>. 


F = 2nl R^ ^-3mi sin <p cos <p. Now simp = * , cos^ = y/r 2 — R 2 /r, so F = Z^rnilR 2 R3 -. 
But IR 2 7r = m 2 , so F — m i m 2 , while for a dipole, R <&r, 


F = 


3^o m x m 2 
2t\ r 4 


(b) F = V(m 2 • B) = (m 2 • V)B = (m 2 £) [p jr(3(m x • z)z - m x )] - f£m x m 2 z £ (£), 


2mi 


or, since 2 = r: 


r = — — — z. 

27t r A 
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Problem 6.4 

dF = I {(dy y) X B(0,y,0) + ( dzz ) x B(0,e, z) - ( dyy ) x B(0,j/,e) - (dz z) X B(0, 0 7 z)} 
= I {-(dyy) X [B(0,y,6)-B(0,y,0)] +(^z) X [B(0, e, z) - B(0, 0, z)}) 


dB _ OB 



3£ 9B 

0,0, z 

dy 0,0,0 


„ f n n i n * n 1 f * dB x . dB y ^dB z 
F = m< 0 0 1_0 1 0 \= m } y — x— -^-x — i 

I Mi Mi Mi M*. MT l dy dy dz 

V 0y 0y dy 9z dz dz J 

\dB x „8B X „8B X ( . „ . 8B V 8B Z dB x 

= m x— h y-r h z— — ( using VB = 0 to write — ^ + - x — = — — 

ox ay ctz \ oy oz ox 


.8B Z „8B X 
^ dz Z dz 


But m • B = mB x (since m = mx, here), so V(m • B) = mV(B x ) = m (^-x + ^^y + A^-zj. 
Therefore F = V(m • B). qed 

Problem 6.5 zi 


(a) B = hqJqx y (Prob. 5.14). ^ 

m • B = 0, so Eq. 6.3 says F — 0. / 

(b) m • B = ttiqplqJqx, so F = m 0 yoJo^- 

(c) Use product rule #4: V(p • E) , 

= p x (V x E) + E x (V x p) + (p ■ V)E + (E • V)p. 

But p does not depend on (x,y,z), so the second / 

and fourth terms vanish, and V x E = 0, so the x 

first term is zero. Hence V(p • E) = (p • V)E. qed 

This argument does not apply to the magnetic analog, 
since V x B / 0. In fact, V(m • B) = (m • V)B + p 0 (m x J). 

(m • V)B 0 = m o^(B) = m 0 y 0 Joy, (m- V)B fc = Tn 0 ^(yoJ 0 xy) ~ 0. 


J = JqZ 


m 





Problem 6.6 

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to 
be paramagnetic. The rest (having an even number) should be diamagnetic. 


Problem 6.7 , _ 


Jb = VxM = 0; Kfc = M X n = M<p. I |m — *-n 

The field is that of a surface current Kf, = M<fi, ^ 

but that’s just a solenoid, so the field 

outside is zero, and inside B = yo Kb = yoM . Moreover, it points upward (in the drawing), so B = 
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Problem 6.8 

VxM = J;, = ks 2 ) z = -(3ks 2 )z = 3ksz, K& = M X n = ks 2 ((p X s) = —kR 2 z. 

s os s 

So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should 
be zero ... is it? Yes, for fJi,da = f Q R (3ks)(27rs ds) = 2nkR?, while jKbdl — (—kR 2 )(2irR) = —2 tt kR 3 .] 
Since these currents have cylindrical symmetry, we can get the field by Ampere’s law: 


R • 2l TS — /Tg/enc 


-*/' 

Jo 


Jb da = 27rfc/rgS 3 B = Hoks 2 <p 


= MoM. 



K& = M X n = M</>. 
(Essentially a long solenoid) 




(Intermediate case) 

[The external fields are the same as in the electrical 
case; the internal fields (inside the bar) are completely 
different — in fact, opposite ih direction.] 


Problem 6.10 

Kb = M, so the field inside a complete ring would be hqM. The field of a square loop, at the center, is 
given by Prob. 5.8: B sq — \/2 pqI/ttR. Here / = Mw, and R = a/2, so 


%/2 plqMw _ 2\/2po Mw 
7t(o/2). 7TO 


net field in gap : 


B = /XgM 
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Problem 6.11 

As in Sec. 4.2.3, we want the average of B = B out + Bj n , where B ou t is due to molecules outside a small 
sphere around point P, and Bj n is due to molecules inside the sphere. The average of B out is same as field at 
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in 
question: 


= Mo f 
47T J 


M X i 


dr 


outside 


The average of Bj n is ^ (^?) — Eq. 5.89 — where m = |tt.R 3 M. Thus the average B in is 2/i 0 M/3. But what is 
left out of the integral A out is the contribution of a uniformly magnetized sphere, to wit: 2poM/3 (Eq. 6.16), 
and this is precisely what B m puts back in. So we’ll get the correct macroscopic field using Eq. 6.10. qed 


Problem 6.12 

(a) M = ksz; J ( = VxM = -k(f; K b = M X n = kR(p. 

B is in the z direction (this is essentially a superposition of solenoids). So 


B — 0 outside. | Use the amperian loop shown (shaded) — inner side at radius s: 
f B • d\ — Bl = /xo-fenc = Ho [/ Jb da + K b l] = p 0 [—kl(R - s) + kRl] — fx 0 kls. 


B = fioksz, inside. 



(b) By symmetry, H points in the z direction. That same amperian loop gives j > H • dl = HI = fi 0 If mc = 0, 
since there is no free current here. So H = 0 , and hence B = /i oM. Outside M = 0, so B = 0; inside 
M = ksz, so B — noksz. 


Problem 6.13 

(a) The field of a magnetized sphere is |/ioM (Eq. 6.16), so 


B = B 0 - -/ioM, 


with the sphere removed. 


In the cavity, H = — B, so H = -j- (B 0 - |poM) = H 0 + M - |M 


H = H 0 + -M. 


( b) o 

KfcV_; 


The field inside a long solenoid is K. Here K = M, so the field of the bound current on 
the inside surface of the cavity is /ioM, pointing down. Therefore 


B = B 0 - MoM; 


1 


H = —(Bo - no M) = —B 0 - M =► H = H 0 . 
no no 



This time the bound currents are small, and far away from the center, so 


while H = -f-Bo = H 0 + M 


H = H 0 + M. 



[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in the 
sphere (intermediate case) both B and H are modified.] 













r 
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Problem 6.15 

“Potentials” ; 

W in (r,d) = X>r'P,( cosd), (r < JR); 

W ou tM) = £$rP(cos0), (r > R). 

Boundary Conditions : 

/ (i) W ia {R,9) = W out (R,8), 

\ (ii) + = Mz-f = Mcos6. 

(The continuity of W follows from the gradient theorem: W (b) - W(a) = VW • dl = — f^H ■ dl; 
if the two points are infinitesimally separated, this last integral — > 0.) 

(i) =* A ill 1 = =* Ci -- R 2l+1 Ai,. f ' ' 1 ft " V L "** 

(ii) £(i + 1 ) 7 ^tP( c °s 0 ) + £M.jP i-2 p(cosd) = Mcosd. 

Combining these: 


Tfo + l)i?* ^jP^cosd) = Mcosd, so A; = 0 (/ ^ 1), and 3 j4i = M => Ai = 

i 

MM Ml 

Thus W\ n {r,Q) = — rcosd = — -z, and hence Hi n = — VWi n = — — z = — -M, so 

O O «J «J 


M 


B = p 0 (H + M) = no ( --M + M 


H m+m )= 


;PoM. 


/ 


V 
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Problem 6.16 

/H ■ rfl = = /, so H = B = »(1 + l„.]H = W (1 + m = X™ H = 

J» = VxM = i£(.|=l)i = |&l K.=M X n = |(^5. " * = 

sds\ 2ns J — |- 2 ^ z . at r = b. 


Total enclosed current, for an amperian loop between the cylinders: 

I + 2rra = (1 + Xm)R so j) B • dl = /i 0 4 nc = Foil + Xm)I 

Problem 6.17 

From Eq. 6.20: <fH -dl = H{2ns) = J /enc = I )’ ^ < a ^ : 


=> B = / - o(1 + Xm)I 4>. / 

27TS 


"={ £; ttt }■ » b ='‘ h = iu si 


(s > a). 

= (»<<■); 
I {s > a). 


Jft = XmJ/ (Eq. 6.33), and J } - so 

\ 1lt J 

J b — -BA— (same direction as /). 
Tra 1 

Kft = M X n = XmH X n K b =^~ 

2ira 

(opposite direction to I). 

h = J b (na 2 ) + I< b (2na) - x, n I - Xml = 

[~0~| (as it should be, of course). 


Problem 6.18 

By the method of Prob. 6.15: 

For large r, we want B(r, 9) -4 Bo = Bq 2. so H = d^B — + ^£?oz, and hence VF — > — -^Bqz = 
--^Borcosd. 

“Potentials ”: 


( W in (r,6) = ZAtr'PticosO), (r < R)- } 

\ W oul {r,9) = -^/Vcosfl + £ ^rP<(cosfl), (r > R). 

Boundary Conditions: 

/ (i) W in (iJ,0) = Wout(fl,0), 

1(H) = 

(The latter follows from Eq. 6.26.) 

(ii) => po -— Bp cosfl + VVl + l)f^rPt(cosg) + /x S^lAiR 1-1 Pt(cos6) — 0. 

For / ^ l, (i) =s> Bi — R 2l+1 Ai, so [/* 0 (/ + 1) + yl]AiR l ~ l - 0, and hence Ai = 0. 

For / = 1, (i) => A\R — BqR + B\fR 2 , and (ii) => Bo + 2noBi/R 3 + nA\ — 0, so Ai = —3Bo/(2fi 0 + n). 

nr / n\ 3B 0 n 3 Bqz 3Bq . 3Bo 

W Xn {r,6) = — -r cosO = - ■ — - — r. H in = -V{F in = 7 — — — r z = 7 ^ — 7 — 7 . 

(2/io + y) (2#xq + y) (2yo + y) (2^o + y) 


R _ „TT _ 3pB 0 _ / 1 + Xm \ R 

M (2 M o + ^) Vl + Xm/sJ °* 
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By the method of Prob. 4-23: 

Step 1: Bo magnetizes the sphere: M 0 = XmHo = This magnetization sets up a field within 

the sphere given by Eq. 6.16: 

Bj = — B 0 = |kB 0 (where k = 

3 3 1 + \m 3 l+x - 

Step 2: Bi magnetizes the sphere an additional amount Mi = ^-Bi. This sets up an additional field in 
the sphere: 

„ 2 2 /2x\ 2 

B 2 = gMoMx = -acBi = ( — 1 B 0) etc. 

The total field is: 


B — Bp + Bi + B 2 + • • • — Bq + (2/c/3)Bq + (2/c/3) 2 Bq + • • • — [l + (2»c/3) + (2 k/3 ) 2 + • • • ] Bq = 


B 0 

(1 — 2k/3)" 


1 = 3 = 3 + 3y m 

1 2k/3 3 2Xm/(l T Xm) 3 + 3 Xm ~ 


3(1 + Xm) 
3 + Xm 


so 


B = 


f 1 + Xm \ 

v i + Xm/ 3 y 


B 0 . 


Problem 6.19 


Am = -^-B; M = — -^yB, where V is the volume per electron. M = XmH (Eq. 6.29) 

= tB (Eq. 6.30). So \m - [Note: Xm « 1, so I won’t worry about the (1 + Xm) 

term; for the same reason we need not distinguish B from B e | Se , as we did in deriving the Clausius-Mossotti 
equation in Prob. 4.38.] Let’s say V = |7rr 3 . Then ( 47^7 ) • I’d use 1 A= 10~ 10 m for r. 


Then Xm = -(10 7 ) ( 


3(1.6xl0“ 16 ) 2 
4{9.1xl0- sl )(10- 


nry 


)- 


-2 x 10 


-5 


which is not bad — Table 6.1 says Xm = -1 x 10 


-5 


However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital 
radius is smaller for the inner electrons, they count for less (Am ~ r 2 ). I have also neglected competing 
paramagnetic effects. But never mind . . . this is in the right ball park. 


Problem 6.20 

Place the object in a region of zero magnetic field, and heat it above the Curie point — or simply drop it on 
a hard surface. If it’s delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it 
back and forth many times; each time you reverse the direction, reduce the field slightly. 


Problem 6.21 


(a) Identical to Prob. 4.7, only starting with Eqs. 6.1 and 6.3 instead of Eqs. 4.4 and 4.5. 

(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104. 

(c) U = — f^pr[3cos#i cos0 2 — cos(0 2 - 0i)]mim 2 . Or, using cos(0 2 — &i) = cos0i cos0 2 — sin#! sin# 2 , 

U = — 12 (sin #i sin 0 2 — 2 cos 6\ cos 0 2 ) . 

47T r A 

Stable position occurs at minimum energy: fgf = §f = 0 


au_ _ ptfmim j ^ cos g j n # 2 _|_ 2 sin cos 62) = 0 => 2 sin cos 0 2 = - cos 9i sin 0 2 ; 
du_ _ ( s i n 0 1 cos0 2 + 2cos0i sin# 2 ) = 0 => 2sin#i cos0 2 = -4cos0j sin# 2 . 


r 
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Thus sin 0i cos 02 = sin 02 cos 0i = 0. 


Either sin 0i = sin 0 2 = 0 : 


inua omt/i ouo 1/2 — omv? tuoi/i — u- \ /\ o a ^ . 

1 * 1 ] or cos 0i = cos 62 = 0 : ft or t i 

1 ® © 

Which of these is the stable minimum? Certainly not® or® — for these m 2 is not parallel to Bj, whereas we 
know m 2 will line up along Bj. It remains to compare® (with 0 X = 0 2 = 0) and® (with 9\ = 7r/2, 0 2 = — 7r/2): 
U\ = (—2); U 2 — — 1). Ui is the lower energy, hence the more stable configuration. 

Conclusion: They line up parallel, along the line joining them: — > — > 

(d) They’d line up the same way: — > — ► — > — ► — > — > 

Problem 6.22 

F = I £d\ x B = / x B 0 + 1 £dl x [(r • V 0 )B 0 ] - I (J> cOj x [(r 0 • V 0 )B 0 ] = I j) dl x [(r • V 0 )B 0 ] 

(because f dl — 0). Now 

(d\ xB 0 ) i = Y^^jk d lj(B 0 )k, and (r • V 0 ) = ^n(Vo)/, so 

j,k l 

Fj = / y: e ijk <f> ri dlj [(V 0 )i(-Eo)fc] < Lemma 1 : (bn dlj = e ljrn a m (proof below). > 

j,k,l l ■* m J 


— / 'y ) Vo)i (Po)fc \ Lemma 2 : y ) (jjk ( ijm — fiu&km bim^ki (proof below). V 

j, k,l,m ( j J 

= I y ) {djldkm ~~ ^itn^kl) a m (^p)l (Bp) k ~ -f Y . o) i{Bo)k ~ Q»(^o) k{Bo)k] 

k, l,m k 

= /[(Vo),(aB 0 )-o i (Vo-Bo)]. 

But Vo • B 0 = 0 (Eq. 5.48), and in = I a (Eq. 5.84), so F = Vo(m • Bo) (the subscript just reminds us to take 
the derivatives at the point where m is located), qed 

Proof of Lemma 1: 

Eq. 1.108 says <f(c ■ r) dl = a x c = — c x a. The yth component is p f c p r p dlj — — m tjpm c p a m ■ Pick 
Cp — dpi (i.e. 1 for the Zth component, zero for the others). Then £ 1 */ dlj — ) ( jim a m - Em € U m a m . qed 

Proof of Lemma 2: 

tijktijm = 0 unless ijk and Ijm are both permutations of 123. In particular, i must either be l or m, and k 
must be the other, so 

Y. £ »J fc£| j m — ASiidk m T Rdimdkl' 

j 

To determine the constant A, pick i = Z = l,fc = m = 3; the only contribution comes from j = 2: 

£123^123 = 1 = ^11^33 +B6 13 5 31 = A => A — 1. 

To determine B, pick j=m = l,fc = Z = 3: 

^123^321 — — 1 = ^4^13^31 + Bd\ld33 = B =>■ B — —1. 


y ) ^ijk^ljm — dudkm di m 6ki . qed 
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Problem 6.23 

(a) The electric field inside a uniformly polarized sphere, E = — 57^ P (Eq. 4.14) translates to H = — (p 0 M) = 

-|M.ButB = /i 0 (H+M). So the magnetic field inside a uniformly magnetized sphere is B =/x 0 (-|M+M) = 

(same as Eq. 6.16). 


^oM 


(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = i+^/s Eo 
(Eq. 4.49). Now Xe translates to Xm, for then Eq. 4.30 (P = eoXeE) goes to /i 0 M = ^oXmH, or M = XmH 
(Eq. 6.29). So Eq. 4.49 => H = i-? xL/a ^ 0, But B = p. 0 (l + x m )H, and B 0 = /ioHo (Eqs. 6.31 and 6.32), 
so the magnetic field inside a sp here of linear magnetic material in an otherwise uniform magnetic field is 

B 1 


= Bo 

Mo(l + Xm) (l+Xm/3)/ro 


, or 




(as in Prob. 6.18). 


(c) The average electric field over a sphere, due to charges within, is E ave = — j— - . Let’s pretend the charges 

are all due to the frozen-in polarization of some medium (whatever p might be, we can solve V-P = -p to find 
the appropriate P). In this case there are no free. charges, and p = fPdr, so E ave = — / P dr, which 

translates to 

Have = j»° MdT = 


4ttP 3 


m. 


But B — /iq(H -t- M), so Bave — — 4" ^oM ave , and M ave — , so 


_ po 2m 

ave “ 4 tt R 3 ’ 


in agreement 


with Eq. 5.89. (We must assume for this argument that all the currents are bound, but again it doesn’t really 
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H. 
Goedecke, Am. J. Phys. 66, 1010 (1998).) 


Problem 6.24 

Eq. 2.15 : E = p{^/ v Jrdr'} 
Eq-4.9: V = P •{ Jy Jr } 


(for uniform charge density); 
(for uniform polarization); 


Eq. 6.11 : A = po^oM x j f v £ dr'J (for uniform magnetization). 

gEr) (prob. 2.12), 
■) (Ex. 2.2). 

= 4( p - r )> 


For a uniformly charged sphere (radius R): 

So the scalar potential of a uniformly polarized sphere is: 


out - P \ 3 Co 
V ir 


1 R 


Vout = 37o 


and the vector potential of a uniformly magnetized sphere is: 
(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11). 


Ai n 

A-out 


3co 

= f(Mxr), 


= ^(Mxr), 


Problem 6.25 

(a)Bi = (Eq. 5.86, with# = 0). Som 2 *Bi = — fj-pr- F = V(m-B) (Eq. 6.3) =>• F= [-gif] 2 = 

This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward 
(~m d gz): 

3po m 2 


2irz 4 


- m d g = 0 => 



’3/iom 2 ’ 

1/4 

4/ — 

27rmrf5 
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(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet: 


3po m 2 
2ttx a 


3po m? 
2ny 4 


-m d g 


0. 


The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet: 

3pora 2 3po m 2 


2ny 4 2ir(x 4- y) 4 


• ™dQ — 0 . 


Subtracting: U. - 4 - 4 + 


(i+y) 4 


-mdg+mdg = 0, or 


i 


r + : 




= 0, so: 2 = 


(*/sd 4 + Wv+i) 4 ' 


Let a = i/y; then 2 = -~t + Mathematica gives the numerical solution a = x/y = 0.850115 . . . 


Problem 6.26 

At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of 
H is continuous (Eq. 6.25 with K / = 0). So J ?/• = Bfi, Hf = H 2 . But B = pH (Eq. 6.31), so ^Bf = ^B 2 . 
Now tan#! = Bj/Bf, and tan# 2 = B^/Bfi , so 


tan $2 B| Bj X B| p 2 

tan6>! “ B 2 l #11 ~ b\ Mi 


(the same form, though for different reasons, as Eq. 4.68). 

Problem 6.27 

In view of Eq. 6.33, there is a bound dipole at the center: mj = Xm m - So the net dipole moment at the 
center is mcenter = m + m;, = (1 + y ra )m = ^m. This produces a field given by Eq. 5.87: 

Bcenter = “T [3(m ’ f)f - m] . 
dipole A'irr i 

This accounts for the first term in the field. The remainder must be due to the bound surface current (Kb) at 
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess 
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface 
bound current is (for interior points) of the form B SU rface = Am (i.e. a constant, proportional to m). In that 

current 

case the magnetization will be: 

M = XmH = — B = ^ [3(m • f)f - m] + — Am. 

p 47 rr p 

This will produce bound currents Jj = VxM = 0, as it should, for 0 < r < R (no need to calculate this 
curl — the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less, 
except at r = 0), and 


K b = M (R) X f 


4t ri? 3 


(-m X r) + ^^—(m X f) = x„ 
M 


m - 


1 A 

47 rB 3 p 


sin 6 cj). 


But this is exactly the surface current produced by a spinning sphere: K = crv = oujRsm 6 <f>, with (ouR) 4-> 
X ra m ■ So the field it produces (for points inside) is (Eq. 5.68): 


Bsurface — ^^(oiO H) — 
current o 


2 

-poXmm 



47rB 3 




123 


Everything is consistent, therefore, provided A = \poXm (j; - or A (l - = -f ^ 3 -. But 

Xm = (T) ~ so A (l “ I + 3^) = “l ( 4 or A + T 1 ) = - 4 = 4^fl4To+l)’ and hence 

B= f (l[ 3 (m-f)f- m ]+- ^^ l. qed 
47r ( r 3 1 v J iZ 3 (2po + p) J 

The exterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36, 
is also a perfect dipole field, of dipole moment 


^surface 

current 


- 1^30,, ,m _ 4 r3 /JLr \ _ 2tt iZ 3 p 2(p 0 - p)m _ p(p 0 - p)m 
3 [ 1 3 ™Sj fio 47rfZ 3 (2p 0 + p) Po(2p 0 +p)’ 


So the total dipole moment is: 


p p (p 0 - p) 3pm 

m to t = — mi -m- - 


po po (2po + p) (2p 0 + p) ’ 


and hence the field (for r > fZ) is 


B - 1 

1 

<S 

5 

>*« 

O 

£ 

4?r ' 

^2p 0 + p/ r 3 1 ' ' 


Problem 6.28 

The problem is that the field inside a cavity is not the same as the field in the material itself. 


r 


(a) Ampere type. The field deep inside the magnet is that of a long solenoid, Bo ~ poM. From Prob. 6.13: 

{ Sphere : B = Bo - |poM = |p 0 M; 

Needle : B = B 0 - p 0 M = 0; 

Wafer : B = poM. 


(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway 
between two distant point charges, Bo « 0. Ftom Prob. 4.16 (with E — > B, 1/eo — ^ po, P — » M): 

{ Sphere : B = Bo + = |p 0 M; 

Needle : B = B 0 = 0; 

Wafer : B = Bq + PoM = poM. 


In the cavities, then, the fields are the same for the two models, and this will be no test at all. 
with $1 M from the Office of Alternative Medicine. 


Yes. 


Fund it 


r 



Chapter 7 

Electrodynamics 


Problem 7.1 


(a) Let Q be the charge on the inner shell. Then E = 

" Ib E ' dr= lb 7t dr = 5^7 (o ~ I) • 


^—^-r in the space between them, and (V a — 14) — 


J • da = i 


E • da = cr 


Q 

eo 


a 4rre 0 (V a - V b ) (V a - 14) 

e 0 (1/a -1/6) n<7 (1/a — l/b) 


(b )R 


14-14 


i ! 

( 1 


4na 

u 

V' 


(c) For large b (b a), the second term is negligible, and R = 1/47T aa. Essentially all of the resistance is in 
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the 
cross-sectional area (47rr 2 ) gets larger and larger. For the two submerged spheres, R — “ (one R as 


the current leaves the first, one R as it converges on the second). Therefore I = V/R = | 2naaV. 


Trccra 


Problem 7.2 

(a) V = Q/C = IR. Because positive I means the charge on the capacitor is decreasing, 
^ = -/ = so Q(t) = Qoe-V™. But Q 0 = Q{ 0) - CV 0t so | Q(fl = Clfre-*^ 

Hence /«) = -§ = CV.T,-^ = 


Yl p -t/RC 

R 


(b) W = 


lei/ 2 
2 CK 0 • 


Ip 2 f RC c -2t/RC^j 


R 


The energy delivered to the resistor is 


1 


Pdt = / I 2 Rdt 

Jo 


Yi 

R 


= ^CK 2 . / 


(c) Vo = Q/C + IR. This time positive I means Q is increasing-. ~ = I = ~—(CVq - Q) 

at RC 


& -2t/RC dt = 


dQ 


Q-CV 0 

■ dt ln(Q — CVo) = —-=^—t+ constant => Q(t) = CVo + ke~ t ^ RC . But Q(0) = 0 => k = — CVo, so 
/lC KG 


i 


Q(t) = CT 0 (l - e- l / RC ) . 





-</RC 

J 

R 
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(d) 


rao y2 roo y2 , . 

Energy from battery: / Vo I dt = — / e~ t P iC dt = (—RCe- t / RC ) 
Jo R Jo R \ > 


OO 

0 


V 2 

-k Rc = 


cv n 2 . 


Since I(t) is the same as in (a), the energy delivered to the resistor is again | \CVq. [ The final energy in 

so 


the capacitor is also | |CV 'q , 
to the resistor. 


half | the energy from the battery goes to the capacitor, and the other half 


Problem 7.3 


(a) I — f J da, where the integral is taken over a surface enclosing the positively charged conductor. But 
J = uE, and Gauss’s law says f E • da = so / = a f E ; da — f~Q- But Q = CV, and V = IR, so 


I = S-CIR, or 

to ’ 


R - 

a G 


qed 


(b) Q - CV = CIR =» = -I = —ficQ => I Q(t) = Qoe' t/RC \ , or, since V = Q/C , V(t) = Vbe'^. The 

time constant is r = RC = j ep jo. 


Problem 7.4 


I = J(s) 27 rsL => J {s) = I /2rsL. 

E = J/cj = . 

f /2nscrL = I/2nkL. 


R b — a 
2n kL 



Problem 7.5 
/ " 


r + R 


P= I 2 R = 


£ 2 R dP 
{r + R) 2 ’ dR 


= £ l 


2 R 


_{r + R) 2 (r + R) 2 J 


= 0 => r + R = 2 R => \R — r. 


Problem 7.6 

£ = f E ■ dl — ["zero [ for all electrostatic fields. It looks as though £ = j> E ■ dl = (o/eo)h, as would indeed 
be the case if the field were really just ajeo inside and zero outside. But in fact there is always a “fringing 
field” at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of 


the loop. The current is | zero, j 


Problem 7.7 


(a) £ = -4* = -Bl% = -Blv] £ = IR =$■ 


I = 


Blv 


(Never mind the minus sign — it just tells you the 


direction of flow: (v X B) is upward, in the bar, so downward through the resistor.) 
(b) F = II B 


B 2 l 2 v , 


R 


to the 


left. 


. , _ dv B 2 l 2 dv rB 2 l 2 \ - 

(c) F = ma — rn— = —v => — — — ( — — -)v => \ v — Voe 

w dt R dt v Rm 1 l — 


(d) The energy goes into heat in the resistor. The power delivered to resistor is PR, so 


dW 

dt 


2;2 


= PR : 


BW 0 B 2 P 2 _ 2ot , B z l 

- R — - -- VQe , where a 


R 2 


R 


mR 


dW 2 „ 2Qt 

— — ■— amv^e 
dt 0 


The total energy delivered to the resistor is W = amv 2 


f 




-2 at 


dt — amv o 


-2a 


2 1 1 2 
= ^ = 2 mV °' 


/ 
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Problem 7.8 


t* 1 1 


(a) The field of long wire is B = - — </>, so $ = 

2ns 


s+a 

r B-da= ^ f -(ads) 
Zn J s 


Ho I a , / s + a 
— — In 
2n 


_ d$ d. /s + a\ ds uola f 1 ds 1 ds 

b) £ = — = In , and — = v, so — - — - 

dt 2i t dt \ s J dt 2ir \s + a dt s dt 


Ho Ia 2 v 

27ts(s + a) 


The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In 
the far side it’s also to the right, but here the field is weaker, so the current flows counterclockwise. 


(c) This time the flux is constant , so [ £ = 0. 


Problem 7.9 

Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that /B • da is the same for all surfaces with a given 
boundary line. 

Problem 7.10 

$ = B • a = Ba 2 cos 6 
Here 9 = u>t, so 
£ = — ^ = — Ba 2 (— sin ut)u>; 


£ = Bu)a z sin ut. 



(view from above) 


Problem 7.11 


£ = Blv — IR => / = jtv => upward magnetic force = IIB = This opposes the gravitational force 


downward: 


B 2 l 2 dv dv B 2 l~ g 

mg v = m — ; — — g — av, where a = . g — avt — 0 => Vt = — = 

R dt dt mR a 


mgR 

m 2 ' 


— ^ — = dt => - — ln(c - av) = t + const. => g - av = Ae at ; at t = 0, v = 0, so A — a. 
g — av a 


av = g( 1 - e~ at ); u = £(1 - e ~ at ) = v t (l - e ~ at ). 
a 


At 90% of terminal velocity, v/vt = 0.9 = 1 — e' 
t = x In 10, or 


-at 0 —at 


= 1 — 0.9 = 0.1; ln(0.1) = —at; In 10 = at; 


Vt 

ho% = — In 10. 
9 


Now the numbers: rn = 4 gAl, where 77 is the mass density of aluminum, A is the cross-sectional area, and 
l is the length of a side. R = 4 l/Aa, where o is the conductivity of aluminum. So 


p = 2.8 x 10“ 8 nm 

_ 4rjAlg4.l _ I6rjg _ IQgrjp J j = 9.8m/s 2 

V t — A _ 0 9 ,9 — _ rV> — ' r >9 I an d \ _ f) 7 v ! a 3 


AcrB 2 l 2 aB 2 B 2 


r) = 2.7 x 10 3 kg/m 3 
B = IT 


So v t 


(16)(9.8)(2.7x10 3 )(2.8x10 -3 ) _ 
1 ~ 


1.2 cm/s; t a0 % = — ln(10) = | 2,8 ms. 


If the loop were cut, it would fall freely, with acceleration g. 
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r 


Problem 7.12 




£? 0 cos(wf ); £ - - 


dt 


ira 


Bqu> sin(wt) . 


m = 


£_ 

R 


na 2 u> 

AR 


Bo sin (u>t). 


Problem 7.13 


$ = 


B dxdy = kt 2 



£ 


dt 


\ kta 5 . 


Problem 7.14 


pipe- 

falling 

magnet 


ring 



Suppose the current (I) in the magnet flows counterclockwise (viewed from 
above), as shown, so its field, near the ends, points upward. A ring of 
pipe below the magnet experiences an increasing upward flux, as the magnet 
approaches, and hence (by Lenz’s law) a current (I\ n d) will be induced in it 
such as to produce a downward flux. Thus I m d must flow clockwise, which is 
opposite to the current in the magnet. Since opposite currents repel, the force 
on the magnet is upward. Meanwhile, a ring above the magnet experiences 
a decreasing (upward) flux, so its induced current is parallel to I , and it 
attracts the magnet upward. And the flux through rings next to the magnet 
is constant, so no current is induced in them. Conclusion: the delay is due 
to forces exerted on the magnet by induced eddy currents in the pipe. 


Problem 7.15 

In the quasistatic approximation, B = 


PonI z, .(s < a); 
0 , (s > a). 


Inside: for an “amperian loop” of radius s < a, 


$ = Bits ' 2 


Ponlns 2 ] 


E • dl = E 2its 


dA 

dt 


—pomrs 2 


d.1 

~dt' 


Pons dl - 
~ 2 ~~dt^ 


Outside: for an “amperian loop” of radius s >.a: 


A? = Bira 2 = p 0 nhra 2 ; 


E2tts = —ponira 2 


dl 

dt’ 


E = - 


Pona 2 dl - 

— — d>. 

2s dt 


Problem 7.16 


r 


so 


E = 


fj-olpu 

2i : 


sin(wt) In j 


(a) The magnetic field (in the quasistatic approximation) is “circumferential” . This is analogous to the current 
in a solenoid, and hence the field is longitudinal. 

_2t l 

(b) Use the “amperian loop” shown. 

Outside, B = 0, so here E = 0 (like B outside a solenoid). 

So/E.dl = £Z = -f = -*jB.da= -if? grids' 

■■ E=z ln (f)- But ft = -fa smut, 


fr 


Ts 


=3 
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Problem 7.17 

(a) The field inside the solenoid is B = no nl. So $ = na 2 fionI =>■ £ — —nafpLo n{dl jdt). 
In magnitude, then, £ = ira 2 [ionk. Now £ = I T R, so I 


ita 2 Hank 


‘resistor — 


R 


B is to the right and increasing, so the field of the loop is to the left , so the current is counterclockwise, or 


to the right, through the resistor. 


(b) A<5> = 2n a 2 p 0 n/; / - ^ ^ => A Q = -^-A#, in magnitude. So 

at n K at K 


A Q = 


2na 2 Ho nl 
' R “■ 


Problem 7.18 


“/* 


a , r) , 0 Vol x * fM)Ia f 2a ds 

i= IB.dK B = — dr. — 


Halaln 2 c r 0 dQ „ 
_ 1 __; £ _ J !oop i? - ^ = 


dd> 

(it 


poa In 2 dl 
2ir dt ' 


/r 0 oln2 

dQ = ~^nr dI => 


o = 


I/iooln2 

2x7? ‘ 


The field of the wire, at the square loop, is out of the page , and decreasing, so the field of the induced 
current must point out of page, within the loop, and hence the induced current flows counterclockwise. 




Problem 7.19 


In the quasistatic approximation, B = ^ 27r 


M n — (inside toroid); 


(outside toroid) 


(Eq. 5.58). The flux around the toroid is therefore 

r + " i Ms = «^ ln ( 1 + ” 

J a s 2n \ a 


HoNI f + 1. , hqN I h / w\ poNhw d$ u 0 NhwdI u. 0 Nhwk 

— — / -has = — In I 1 H I ps — 7. — — = — — = 

27 r /„ s 27r V a J 2xa dt 2xa dt 


2na 


The electric field is the same as the magnetic field of a circular current (Eq. 5.38): 


B = 




2 ( Q 2 +z 2)3/ 2 > 


with (Eq. 7.18) 


1 d$ 

Nhwk 

So E 1 

7 Nhwk\ 


/io Nhwka 

/xq dt 

2na 

bOE - 2 ( 

V 27ra / 

(a 2 + z 2 ) 3 / 2 

4? r (a 2 + z 2 ) 3 / 2 


Problem 7.20 

(a) Prom Eq. 5.38, the field (on the axis) is B = ^i. — -ft— so the flux through the little loop (area 7ra 2 ) 


is 


$ = 


HoirIa 2 b 2 
2(b 2 + z 2 ) 3 / 2 


(b) The field (Eq. 5.86) is B = (j^^j(2cos# r + sin# 0), where m = Jxa 2 . Integrating over the spherical “cap” 
(bounded by the big loop and centered at the little loop): 


$ 


-/ 


B • da = 


Po 


In a 2 


4n r 3 


^(2cos#)(r 2 sinddOd(j>) = ^^~2ix f cosdsindd# 

./o 


2r 
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(c) Dividing off I (<f>i = M 12 I 2 , $2 = M^yly): 


IIqI-ko. 2 

sin 2 9 

9 

HoirIa 2 b 2 

T 

2 

0 

\ 2 (J 2 + z 2)3/2> 

II 

to 

II 

porr a 2 
' 2(6 2 + 

b 2 

2)3/2 ‘ 



the same as in (a)!! 


Problem 7.21 

8 = = —Mk. 

dt dt 


It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances, 
I’ll find the flux through the little loop when a current I flows in the big loop: <5 = MI. The field of one long 
wire is B = ^ => $1 = ^ f 2a -ads = %^Tn2, so the total flux is 

Zns 1 zir Ja s Ztx 1 



Hola In 2 p 0 a In 2 

$ = 2$i = => M = — 1 


poka\n2 


in magnitude. 


Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field 
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses 
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing , so the induced 
current in the big loop is such that its field points out of the page: it flows counterclockwise. 


Problem 7.22 

B — ponl => $i = po nlnR 2 (flux through a single turn). In a length l there are nl such turns, so the 
total flux is $ = pon~nR 2 Il. The self-inductance is given by $ = LI, so the self-inductance per unit length is 


£ = pon 2 -nR 2 . 


Problem 7.23 

The field of one wire is By — so 4? = 2 • ■ l J — = ^~-ln (- f -). The e in the numerator i 


d—c 


IS 


negligible (compared 


L = — In (d/e) 

7T 


to d), but in the denominator we cannot let e — ¥ 0, else the flux is infinite. 
. Evidently the size of the wire itself is critical in determining L. 


Problem 7.24 

LI o •+ 

(a) In the quasistatic approximation B = — — - <f>. So 4>i 


This is the flux through one turn; the total flux is N times 4>i: $ = 


= >H[‘ h* 

2tt J a s 
fj-oNh 


Po Ih 
2t r 


ln(6/a). 


^ dt 


d<$ fioNh 




ln(6/a)/owsin(uif) = 


(4tt x 10- 7 )(10 3 )(10- 2 ) 


2tt 


ln(6/a)/o cos(wf). So 


27T 


ln(2)(0.5)(27r60) sin(wt) 


2.61x10 4 sin(ud) 


5.22 x 10 7 sin(ad) 


£ 2.61 x 10~ 4 

(in volts), where to = 27r60 = 377/s. I r — — = — — — — sin(wt) 

H 500 

(amperes). 


(b) 8 b = -L^; where (Eq. 7.27) L = a^ln {b/a) = i n (2) = 1.39 x IQ- 3 (henries). 


Therefore £{, = -(1.39 x 10 3 )(5.22 x 10 7 w) cos(cj£) = -2.74 x 10 7 cos (cut) (volts). 
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2.74 x 10 -7 

Ratio of amplitudes: — 7 = 1.05 x 10~ 3 

H 2.61 x IQ- 4 - 


H 0 N 2 hu 
~~2vR~ ' nlbM ■ 


iS. 


so 


Problem 7.25 

With / positive clockwise, £ = ~L~ = Q/C, where Q is the charge on the capacitor; I — dt -, 

= — ~£qQ = —uj 2 Q, where w = -y==. The general solution is Q(t ) = Acosut + Bsinwt. At t = 0, 
Q = CV, so A = CV; I(t) = — -Aw sin cut + Bcusinwf. At t = 0, I = 0, so B = 0, and 


I(t) = —CVivsiniot ■ 


v C • 

■ v ' l L sm \yw)- 


If you put in a resistor, the oscillation is “damped”. This time — Lj^ = % + TR, so L^- + R~L + ^ Q = 0. 
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch. 8) or any book on oscillations and 
waves. 

Problem 7.26 

(a) W = \LI 2 . L = n 0 n 2 nR 2 l (Prob. 7.22) 


W — ^ fj. 0 n 2 'nR 2 lI 2 


(b) W = | f(A • I )dl. A — (Mon/ /2)R<p, at the surface (Eq. 5.70 or 5.71). So W\ = ^ -RI ■ 2ttR, for one 

turn. There are nl such turns in length Z, so W = |mo n 2 nR 2 U 2 . / 


_ l 


(c) W = 2 ^fB 2 dr. B = no nl, inside, and zero outside; fdr — irR 2 l , so W 
^Mon 2 7r/Z 2 // 2 . / 

(d) W = 2 ” [f B 2 dr — f(A X B) • da ] . This time fB 2 dr = Mo n 2 I 2 Tr(R 2 — a 2 )l. Meanwhile 
AxB=0 outside (at s = b). Inside, A = ^° 2 "' f a 4> (at s = a), while B = Mon/ z. 


2mo 


2 u 2 I 2 -kR 2 1 = 


A X B = |mo n 2 I 2 a{4> X z) 


points inward (“out” of the volume) 

/ 


j>( A X B) ■ da = f(^/J on 2 I 2 ds) ■ [adcfr dz(—s)] = — |Mo n2 / 2 a 2 27rZ. 


W 


— 2 ^- [hWI 2 -k(R 2 — a 2 )l + Mon 2 / 2 ™ 2 /] = lMon 2 / 2 /Z 2 7r/. / 


L 


4> 


Problem 7.27 


2ns 


B 2 dr 


L = ^-n 2 h In ( b/a ) 
2n 


1 Mo n2 / 2 
2/io 4 -tt 2 

(same as Eq. 7.27). 


= £/ 


ft 


hr dtpds = ^~f—h2Tr In ( - 

V a 


47 r 


Hon I 2 h\n(b/a). 


Problem 7.28 


B • c/1 = B(2tts) = Mo/enc = Mo I(s 2 /R 2 ) => B = 


W 


/ 

= 2 ~j 


B 2 dr = 


1 hid 2 

2 Ho 47r 2 /Z 4 


f R 

/ s 2 (2ns)l ds 

Jo 


Hods 

2nR 2 ' 


4t r/7 4 v 4 


/W /2 = I l/ 2 

16tt 2 


So L = — /, and £ = L/l = /zo/8tt, independent of #! 

07T — 


Problem 7.29 

(a) Initial current: Iq — £o/R- So -L^y- = /i? — = — — / I = /oe“^ L ) or 

dt dt L 

(b) P = I 2 R = (So /R f e- 2Rt / L R = f e - 2 "/ L - 

rt dt 


/(t) = 


§0 nt/L 

R 


W 


= r 

R Jo 


e -2Rt/L dt= ^_ 

R 


L 

2 R e 


-2Rt/L 


) 


= -±(0 + L/2R) = 


\l(£ 0 /R) 2 . 
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(c) W 0 = \LIq - | (Tq/R) 2 . / 

Problem 7.30 

(a) Bj = ^-^r/i[3(ai • i)h - a x ], since mi = Ren. The flux through loop 2 is then 
$ 2 = Bi • a 2 - -i)(a 2 --i) - a x • a 2 ] = MR. 

47T 7.° 

. (This is the work done per unit time against the mutual emf in 
R is constant) W\ = MRR, where J 2 is the final current in loop 2: 


Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole 
moments were fixed, and we did not worry about the energy necessary to sustain the currents themselves — only 
the energy required to move them into position and rotate them into their final orientations. But in this 
problem we are including it all , and it is a curious fact that this merely changes the sign of the answer. For 
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited 

there. 

Problem 7.31 

The displacement current density (Sect. 7.3.2) is 3 d = £o^f — ^ z- Drawing an “amperian loop” at 

radius s, 




P -0 Is 7 


(b )£ 1 =-M%, -jf k = -^R = MR 

loop 1 — hence the minud sign.) So (since 
W = -/-^-[3(mi • i)(m 2 • i) - m : • m 2 l. 


M = ■^y{3(a 1 • a)(a 2 ■ i) - a l ■ a 2 ]. 


Problem 7.32 

(a) E = — z; 
£o 




7rcr 


7r a 


2 ’ 


(b) I d '„ c - Jdjs 1 = e 0 


dE 

dt 


-7TS 


A. 


It 


neoa* 


• z. 


/ 


B • dl = p 0 I dcac => B 2-rrs = p 0 1-~ => B - 


ho I 
2ira 2 


s cfi. 


(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle 
of radius s. The charge density (at time t) is 


a{t) = 


[I ~ Hs)]t 


7 T5 Z 


Since we are told this is independent of s, it must be that I — I(s) = (Is 2 , for some constant 0. But 1(a) = 0, 
so 0a 2 — /, or 0 = I/a 2 . Therefore I(s) = 1(1 — s 2 /a 2 ). 


s 2 J 

B2irs = PoRnc = ho[I - I(s)) = Po ~2 => 


r> hO L X 

B= 


/ 


Problem 7.33 

(a) 3d = eo oCJ cos (wt) In (a/s) z. But Jo cos(wt) = I. So 


2n 


(b) U = / 


jJ d * d,3. — 


p 0 e 0 u 2 i r 


T h 0^0 2 t i / I \ ~ 

3 d — — — oj I In (a/s) z. 


/ \n(a/s)(2nsds) — ho e oa> 2 I / (slna — slns)ds 

Jo Jo 

= ho£ qoj 2 I [(In a) 4 - 4 In s + — j ^ = p 0 e, 0 w 2 / j/tn a - yA n a + — 


1 - 

poeoco 2 Ia 2 

J “ 

4 
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(c) 


I d Ai 0 e 0 w 2 a 2 


ojg 

2c 


10 ’ 


— _2c_ 
~ 10a 


Since p 0 e 0 = 1/c 2 , Id/ 1 = (cua/2c) 2 . If a = 10 3 m, and If = so that 

10 10 Hz, or 10 4 megahertz. (This is the 


= or w = 0.6 x 10 u /s = 6 x 10 10 /s; 




~ 2tt 


microwave region, way above radio frequencies.) 


Problem 7.34 

Physically , this is the field of a point charge — <7 at the origin, out to an expanding spherical shell of radius 
vt; outside this shell the field is zero. Evidently the shell carries the opposite charge, +q. Mathematically, 
using product rule # 5 and Eq. 1.99: 


V-E = 9(vt-r)V • 


1 q 

47reo r 2 


— — — % r - V[9(vt — r)l - — —5 3 {v)9(vt — r) — 
4ire 0 r 2 e 0 




But 5 3 (r)6(vt — r) — 5 3 (r)#(t), and 4-0{vt — r) = —S(vt — r ) (Prob. 1.45), so 


p = cqV • E = 


-q6 3 {r)9(t) + ^S(vt-r). 


(For t < 0 the field and the charge density are zero everywhere.) 

Clearly V • B = 0, and VxE = 0 (since E has only an r component, and it is independent of 9 and 4>). 
There remains only the Ampere/Maxwell law, V xB=0 = /tqJ + p-o^odE/dt. Evidently 


<9E 


0 dt 0 ( 47reor 2 dt 


d 


[9(vt — r)] > r = 


47 r r 2 


vS(vt — r) r. 


(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv, 
as expected — Eq. 5.26.) 

Problem 7.35 

From V B = pop m it follows that the field of a point monopole is B = The force law has the 

form F oc g m (B — X E) (see Prob. 5.21 — the c 2 is needed on dimensional grounds). The proportionality 


constant must be 1 to reproduce “Coulomb's law” for point charges at rest. So 


F = q m B - — v X E 


Problem 7.36 

Integrate the “generalized Faraday law” (Eq. 7.43iii), V x E = — po^m - qjp, over the surface of the loop: 
y (V x E) ■ da. = j) E ■ dl = £ — -p 0 J J m • da - ~ j B • da = -/i 0 / m=nc - 

But £ — so “■ — ^rlm.„ c + 7^-, or I = ^-AQ m + — A$, where A Q m is the total magnetic charge 

dt dt L L dt Ju Lj 

passing through the surface, and A$ is the change in flux through the surface. If we use the flat surface, then 
A Q m = q m and A$ = 0 (when the monopole is far away, $ = 0; the flux builds up to poq m /2 just before 
it passes through the loop; then it abruptly drops to — poq m /1, and rises back up to zero as the monopole 
disappears into the distance). If we use a huge balloon-shaped surface, so that q m remains inside it on the far 
side, then A Q m = 0, but <3? rises monotonically from 0 to poq m . In either case, 


I = 


Poq m 








134 


CHAPTER 7. ELECTRODYNAMICS 


Problem 7.37 

„ V _ _ _ 1 _ V T 8D d . d 

E - d Jc ~ aE - P E - pd- Jd ~ dt ~ dt {eE) - £ dt 

The ratio of the amplitudes is therefore: 


Vq cos(27 rut) 


eVn 

— sin(2m/t)]. 


k 

Jd 


Vr 


0 


1 


pd 2-nutVo 2ixvep 


= [2tt( 4 x 10 8 )(81)(8.85 x 10“ 12 ) (0.23)] = [2,41. 


Problem 7.38 

The potential and field in this configuration are identical to those in the upper half of Ex. 3.8. Therefore: 


I = 


J J ■ da = <7 


Jv-da 


where the integral is over the hemispherical surface just outside the sphere. 


But I can with impunity dose this surface: 
(because E ~ 0 down there 
anyway — inside a conductor). 




So I — a fE-da = ~Q e nc — ~ Joy da, where a e is the electric charge density on the surface of the hemisphere — 
to wit (Eq. 3.77) a e = SeoEoCOsd. 


I — —3coEq 
£ o 

n 


r r 1T /‘2 

J cos 8 a 2 sin 8 dd d<j> - 2>oE 0 a 1 2ix J sindcosOdS — ScrEo-na 1 . 


sin 2 6 
2 


7t/2 

0 


1 

2 


But in this case 75o’= Vo/d, so 


I = 


3ff7rVoa 2 


Problem 7.39 

Begin with a different problem: two parallel 
wires carrying charges +A and —A as shown. 

Field of one wire: E = ^ s §; potential: V = — In {s/a). 

Potential of combination: V = 2 “ ln(s_/s+), 

V(y,z) = ^ln{g±^}. 

Find the locus of points of fixed V (i.e. equipotential surfaces): 



e^eovyA = (V±_ ^1+f! _ 2yb + b 2 + z 2 ) = y 2 + 2 yb + b 2 + z 2 ; 

( y -b) 2 + z 2 

y 2 (p — 1) + b 2 (p — 1) + z 2 (p — 1) — 2 yb(p + 1) = 0 y 2 + z 2 + b“ — 2 yb(5 = 0 f/3 — ^ ; 

{y - bp) 2 + z 2 + b 2 - b 2 p 2 = 0 => (y - bp 2 ) + z 2 = b 2 {p 2 - 1). 
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This is a circle, with center at y 0 = bfl — 2>(^ry) and radius = b^/fl 2 — I = L J ^ 2 2 > i + 1 ) _ 

This suggests an image solution to the problem at hand. We want y 0 — d, radius = a, and V — Vo. These 
determine the parameters b , p, and A of the image solution: 

d _ 2/o _ 6 ((wi) /i + 1 


a radius 26 vT 
*»- i 


. Call - = q. 

2,/p a 


P = 
47r£ 0 Vb 
A 


4a“p — (p + l) 2 — p 2 -f- 2p + 1 p 2 T (2 — 4 a“)p + 1 — 0; 
4 q 2 — 2 ± 74(1 - 2q 2 ) 2 - 4 


= In p 


2 

A = 


= 2a 2 - 1 ± 7l - 4a 2 + 4a 4 - 1 = 2a 2 - 1 ± 2 a\/a 2 - 1; 
4ne 0 Vo 


In (2a 2 - 1 ± 2aVa 2 - l) 
/ 


That’s the line charge in the image problem. 


= J J ■ da = a I E • da = a — Q e „c = — AZ. 


;enc 

£q £0 


.... Ia A 47rcxVo 

the current per unit length is i = - = — = — , - . 

I € 0 In (2a 2 - 1 ± 2a7a 2 - l) 
the cylinders are far apart, d > a, so that a»l, 


Which sign do we want? Suppose 


( ) = 2a 2 - 1 ± 2a Vl - 1/a 2 = 2a 2 - 1 ± 2a 2 


1 1 __ 

2 a 2 8a 4 


= 2a 2 (l ± 1) - (1 ± 1) -=f 


4a 2 


± ••• = 


4a 2 - 2 - l/2a 2 + • • • « 4a 2 (+ sign), 


-l/4c 


(- sign). 


r 


The current must surely decrease with increasing a, so evidently the + sign is correct: 


4naVo , d 

===-, where a = -. 

In (2a 2 — 1 + 2a\/a 2 — l) a 


Problem 7.40 

(a) The resistance of one disk (Ex. 7.1) is dR = ~ = ^ dz, where r = (^ fi ) 2 + a is the radius of the 
disk. The total resistance is 


R = - 

7T 


liS 


1 


dz = £' L 


[(^)z + a] 2 | [(V)^ + °] 


-1 


pL 


7r(i> — a) 


1 


+ 


1 


(b — a + a) aj 


pL 

( b - a \- 

pL 

ir(b — a) 

{ ab J 

■nab 


(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to 
the apex of the cone, since the ends are flat. This is not an easy configuration to solve exactly.) 

(c) This time the flow is radial, and we can add the resistances of nested spherical shells: dR = — dr, where 

r6 


= f r 2 smOdOdtp — 2irr 2 (— cos0)|j* = 27rr 2 (l — cost?). 

Jo 
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r 


r 


R = 


rr b 

-x dr = 


27r(l — cos d)J Ta r 2 27r(l— cos0) \ r Q rt 

p(b — a) sin# _ . . b — a 

2nab (1 - cos 6) ^/L 2 + (6 - a) 2 


rt - r a \ a b 

. Now — = — = sin#. 


r a r fc 


and cos 9 = 


v/T 2 + (6 - n) 2 


p(b — a) 2 1 

27t ab 

yjL 2 + (b- a) 2 - L 



[Note that if & - a L, then y/L 2 + (b — a) 
pL 


2 ~ 


, l (fr-a) 2 

2 L 2 


and R 


p(b — a) 2 1 

2tt ab (6 — a) 2 /2L 


7rat 


as in (a).] 


Problem 7.41 


From Prob. 3.23, < 


V ia (8,4) 

= ]Ps*&*sin(fc<£), 

*=i 

(s < a) 

v 0ut (s, 4>) 

oo 

= s~ k d k sin (k<f>), 

k=l 

(s > a) 


(We don't need the cosine terms, because V is clearly an odd function of <j>.) At s = a, V[ n = V(, ut = Vo4>/2tt. 
Let’s start with Vj n , and use Fourier’s trick to determine 6^: 


V a k bkSm(k(j>) — — ^ a k b k f sm(k<f>) sin(k'<f>) d<p = — [ 

ti J ~” 271 J - 


K f* 

0sin (k'(p) d<f>. But 


/: 

/: 


s'm(k<f>) sin (k'<p) d<f> = ir6kk' , and 
1 


<psin(k'<f>) d<f> = 
2tt 


jj^s\n{k'4>) - - cos {k'4>) 


2tt 


27T , 


= c°s{k'4>) = - — (-1)* . So 


*, Vb 

na k b k = — 

Z7T 




’ ovbk = ~^\a) ’ and hence Vj n (s,<W = 5Z % (“~) sin (fc</>). 

■K - \ J 7T t _ 1 k a 

Vo ^ 1 / a\* 


Similarly, V out (s, 4>) ~ t sin(A:^). Both sums are of the form S’ = — (— x) fc s\n{k<p) (with 

7T K \ S s K 

k = 1 *=1 

x — s/a for r < n and x = a/s for r > a). This series can be summed explicitly, using Euler’s formula 

OO oo i 

(e tfl = cos# + isin#): S — Im -(— x)*e‘*^ = Im^ - (—xe 1</> ) k . 


k = 1 


<t=l 


But 


111 °° 1 

ln(l 4- w) = w - -u; 2 + -w 3 - -w 4 • • ■ = - ^ -(-w) k , so S = -Im [in (l + xe*^)] . 


A=1 


Now In (Re l9 ) = In R + i8, so S' = - 0 , where 


tan 9 


Im(l+xe"*) Yi [(l + xe*^) - (l + xe ‘^)] x — e %<t> ) _ xsiuip 


Re(l+xe t ^) 1 [(1 + xe^) + (1 + xe -1 ^)] i [2 + x (e^ + e *^)j l+xcos<?!> 


r 



Conclusion: 



dV out 

Vo, 

* 

i 

(-asin<£) 


_Vo 

asin<^> 

ds 

7 r 

1 + ( V 

1 ' »+o co» <t> ) 

! 1 (s + a cos <j>) 2 

* 

► — 

7T 

(s + a cos 4>) 2 + (a sin <f> ) 2 


Vq / asin</> \ 
n \s 2 + 2ascos<p + a 2 J ’ 


dV m _ P 0 ( 


1 

> 

((a + s cos <p) sin <f> — s sin <j) cos <f> ] 

II 

- -*■ 

a sin <f> 

ds t r 


1 + 1 

[ 8 sin <f> 1 

( a+» co* 0 J 

2' 

1 

(a + s cos 4>) 2 

j 

(a + s cos <}>) 2 + (s sin cj>) 2 


- H 


a sin <j> 
s 2 + 2as cos 4> + 


*)■ 


dV in 

ds 


dV ol 


ds 


Vo_ 

2ira 


( sin0 \ 

1 +cos <}>) ' 


so o{(f>) - - 


eoVo sin 
7ra (l + cos<^>) 


Co^O 


tan(</>/2). 


Problem 7.42 

(a) Faraday’s law says VxE = — soE = 0=>^=0=> B(r) is independent of t. 

(b) Faraday’s law in integral form (Eq. 7.18) says /E-dl = —d$/dt. In the wire itself E = 0, so $ through 
the loop is constant. 

(c) Ampere-Maxwell=> VxB = fioJ + /rofo^> soE = 0, B = 0=>J =0, and hence any current must be 
at the surface. 

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = |/io<rwaz. So to cancel 


3 Bq 

such a field, we need <rua = . Now K = av = awa sin 6 d>, so 

2 Mo 


V 3^0 • al 
K = - — — sin 0 <b. 
2/xo 


Problem 7.43 

(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13 


and 2.14), so the image dipole points down (-z). 
(b) From Prob. 6.3 (with r — ► 2 z): 


F = 


Zpo to 2 

2tt (2 z )*' 


3/io m 2 
2ir (2 h) 4 


— Mg => h = 


1 / 3/r Q m 2 \ 1/4 

2 \2nMgJ, 
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B 


(c) Using Eq. 5.87, and referring to the figure: 
Mo 1 


4n (r i) 3 
3 Horn 
4n(ri) 3 
SflQTTl 


4n(ri) 3 

3ho m 

27r(r 1 ) 3 
3/io mh 


{[3(mz • ?i) fq — mz] + [3(— mz • r 2 )f 2 + mz]} 

[(z • fi) fj — (z • r 2 ) r 2 ] . But z • r i = — z • r 2 = cos#. 
cos^(f 1 +r 2 ). But fi + r 2 = 2sin#r. 


r 

r\ ' 


A 

n 



s- 3. 

e\ 

V 1 





h 

/ 2 

/r 2 + h 2 . 

— m , 

of 


27 r (r 2 + /i 2 ) 5 / 2 


Now B = hq{K x z) ^>zxB=poix(Kxz) = ho [K - z(K • z)] = /z 0 K. (I used the BAC-CAB rule, 
and noted that K • z = 0, because the surface current is in the x y plane.) 


,, 1 . „ 3mh r 

K = — (z x B) = — ( z x 0 = - 

H o 27 t (r 2 + /z 2 ) & / 2 


3mh 


2tt (r 2 + /i 2 ) 5 / 2 


0. qed 


Problem 7.44 

Say the angle between the dipole (mj) and the z axis is # (see diagram). 


The field of the image dipole (m 2 ) is 

B(z) = 


Mo 


[3(m 2 • z) z - m 2 ] 


4tt ( h + z) 3 

for points on the z axis (Eq. 5.87). The torque on mi is (Eq. 6.1) 


N = irq x B = 


Mo 


4tt(2 h)' 


[3(m 2 • z)(m a x z) - (mi x m 2 )] . 


Zi 

/ 

mi 


h 


m 2 


K + 


But mi = m(sin#x + cos#z), m 2 = m(sin#x - cos#z), so m 2 • z = — m cos#, mi x z = — msin#y, and 
mi x m 2 = 2m 2 sin# cos #y. 


N — 


Mo 


4tt(2/i) : 


[3m 2 sin # cos # y — 2 m 2 sin # cos 6 y)] 


Mo m 
4n(2h) : 


sin# cos fly. 


Evidently the torque is zero for 9 = 0, zr/2, or tt. But 0 and 7 r are clearly unstable, since the nearby 
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is 9 = 7r/2: 


parallel to the surface (contrast Prob. 4.6). 


In this orientation, B(z) = — in(h+ z 'js anc ^ the force on mi is (Eq. 6.3): 

F = V [ 


Mo m 2 

3 Mom 2 


3 Ho m 2 

4tt(/z + z) 3 

z =h 4?r ( h + Z ) 4 Z 

z—h 

" 4n(2h) 4 


z. 


At equilibrium this force upward balances the weight Mg: 

3/zom 2 


4ir(2hy 


= Mg h = 


1 ( 3 no m 2 \ 1/4 

2 \ 4irMg ) ‘ 
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Incidentally, this is (1/2) 1 / 4 = 0.84 times the height it would adopt in the orientation perpendicular to the 
plane (Prob. 7.43b). 

Problem 7.45 

f = v x B; v = wasinf?0; f — uaBo sin (?(</> X z). £ = Jf • dl, and dl = add 6. 

So £ = ua 2 B 0 sin Q{4> X z) • 0 dO. But 6 • (4> X z) = z • (6 X <fi) = z • r = cos 9. 


£ — ua 2 B 0 f sin^cos^d^ = wa 2 So[^^-^]|^ 2 = 
Jo * 


^wa 2 B 0 


(same as the rotating disk in Ex. 7.4). 


Problem 7.46 

(a) In the “square” orientation (□), it falls at terminal velocity 


^square 


•mgR 

Wl 2 


(Prob. 7.11). In the 


“diamond” orientation (O), the magnetic force upward is F — IBd (Prob. 5.40). 

The flux is <S> = B [l 2 - (d/2) 2 ] , and d/2 = l/V 2 - y, 
so$ = B[l 2 -{l/V2-y) 2 }. 

£=-% = -2B(!/y/2-y)%.B*t% = -v. 

So £ = 2 Bv (l/V 2 — y) — IR => I = (l/V 2 — y)\ F = 2 • (l/V 2 — y)^ = mg (at terminal velocity). 

(This works for negative y as well as positive, if you replace y by |j/|.) 



^diamond 


mgR 


4 B 2 {l/V2- y y 


Thus 


Square _ f mgR \ AB 2 (l/V2-y) _ 

"^diamond \ ) mgR 


(72-2 y/lj 


At first (y ~ // \/2) the “diamond” falls faster; 


toward the halfway mark ( y ~ 0), the “square” falls twice as fast; then the diamond again takes over. The 
total time it takes for the square to fall is: 


l 


1 square 


^square 


b 2 i 3 

mgR 


(assuming it always goes at the terminal velocity, which — as we found in Prob. 7.11 — is close to the truth, if 
the field is strong). For the diamond, t is 


-/- 

J v d i 


dy 


^diamond 


8 B 2 
mgR 


J -(,,V2- y yiy = ^\l(l,V2-y) 


8 B 2 1 Z 3 


l/V 2 


i/v 2 m g R 3 272 


272 B 2 l 3 

3 mgR 


So ^square/ ^diamond = 3/272 = 1.06. The “square” falls faster, overall. If free to rotate, it would start out 
in the “diamond” orientation, switch to “square” for the middle portion, and then switch back to diamond, 
always trying to present the minimum chord at the field’s edge. 


(b) F — IBl; = 2 B f^ a \/a 2 — x 2 dx (a = radius of circle). 

£ = -f = -2 By ^r^ Q = 2B v^/^y 2 = IR. 

I = ^7o 2 - y 2 \ 1/2 = 7a 2 - y 2 . So F = i jr i (a 2 - y 2 ) = mg. 
mgR 

"^circle = 


4 B 2 (a 2 -y 2 )’ 


f~ a dy AB 2 [ a , 2 2nj 

^circle — / — rj / ifi- V )^Z/ — 

J+a V m 9R J —a 


2 , , AB 2 2 1 3 


*1 

% 

hi ,/2 . 

c 

*r* 

V * 

4B! (1„ j ) 


16 B 2 a 3 

mgR 3 ' 


3 mgR 
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Problem 7.47 

(a) In magnetostatics 


V • B = 0, V x B = no J => B(r) = ~ [ 

47 r J 


Ho f J(r ') x i d ~, 


For Faraday electric fields (with p — 0), therefore, 

V • E = 0, VxE = -® => E(r, t) = — 


\ d ( B(r', t) xi 


4:7 r dt 


J 


dr' 


(with the substitution J -4 — — 7777 -) 

(b) From Prob. 5.50a, 

A ( r . 0 = jz 


V 1 


so E = — 


£A 

dt 


[Check: VxE = -|(Vx A) = -®, and we recover Faraday’s law.] 

(c) The Coulomb field is zero inside and 4^^- r = r = r outside. The Faraday field is — 

where A is given (in the quasistatic approximation) by Eq. 5.67, with u> a function of time. Letting lj = daj/dt, 


E (r,e,4>,t) 


( Ho RCa . - 

r sin 0 (p 


(r < R), 


oR? „ HcR^Co sin 6 - 


v e 0 r z 


r + 


4> (r > R). 


Problem 7.48 ^ 

7 B./? = mv (Eq. 5.3). If R is to stay fixed, then qR-j- = m — = ma = F = qE, or F = i?— — . But 

af at dt 

f d$ d$ 1 # dB 1/1 \ 

® E-dl = — — , so E2irR = — — , so - - — - = R—r~, or B = — - — — r4> + constant. If at time t = 0 
J dt dt 2 ttR dt dt’ 


dt 


dt 


2 VttF 2 


the field is off, then the constant is zero, and B(R) — ^ ^ (in magnitude). Evidently the field at R 

must be half the average field over the cross-section of the orbit, qed 

Problem 7.49^ 

Initially, I 2 y- = => T = |mu 2 = After the magnetic field is on, the electron circles in a 

new orbit, of radius n and velocity iq: 


mv 


1 qQ m 1 , 1 1 qQ 1 

— +qv 1 B =J> Ti = -mu? = 7777-—^ + -qv^riB. 


r 1 47reo 2 2 47reo ri 2 

, -1 


But ri = r + dr, so (ri) 1 — r 1 (l + ~ — r 1 (l — ~), while v\ — y + dv, B = dB. To first order, then, 


^ = - 
1 n 


1 qQ 


2 4neo r 


1 - 


dr 


+ lq{vr) dB, and hence dT =T X -T = ^ dB - i — 

2 2 2 47reo < 


dr. 


Now, the induced electric field is F = 1]^ (Ex. 7.7), so = qE — , or mdv = ^ dB . The increase in 

kinetic energy is therefore dT = d(^mv 2 ) = mvdv = ^ffdB. Comparing the two expressions, I conclude that 
dr = 0. qed 
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r 


Problem 7.50 

d q- 

£ = — = —a. So the current in Ri and f? 2 is I = — — ; by Lenz’s law, it flows counterclockwise. Now 

C it Ri Jt2 


the voltage across f?i (which voltmeter #1 measures} is Pi = I R\ = 
and P 2 = —IR 2 = 


aRi 


Ri + R 2 


(P;, is the higher potential), 


-aR 2 


R\ + 


(Pi, is lower). 


r 


Problem 7.51 

_ d/ _ _ dv cPv hB dl 

£ = vBh = -L—; F = IhB = m — ; -r-r = — 

dt dt dt 2 m dt 


hB (hB 


d 2 v 
dt 2 


— — u) v , 


with 


u> — 


hB 

y/rnL 


Problem 7.52 

A point on the upper loop: r 2 = (a cos 0 2 , osin 0 2 ,z); a point on the lower loop: ri = (6cos0i , 6sin0i , 0). 

>. 1 2 = (r 2 — ri) 2 = (acos0 2 — b cos0i) 2 + (rising — 6sin0i) 2 + z 2 

= a 2 cos 2 fa — 2 ab cos 02 cos <f> 1 + 6 2 cos 2 0i + a 2 sin 2 02 — 2 ab sin 0i sin 0 2 + 6 2 sin 2 0i + z 2 
= a 2 + 6 2 + z 2 — 2a6(cos 0 2 cos 0 1 + sin 0 2 sin 0 X ) = a 2 + 6 2 + z 2 - 2ofe cos(0 2 — 0i ) 

= (a 2 + 6 2 + z 2 ) [l - 2/9 cos(0 2 - 0i)] = ^ [l - 2/9 cos(0 2 - 0i)] . 

dli = 6d0i = 6d0i[— sin 0i x + cos0i y]; dl 2 = ad0 2 <0 2 = ad0 2 [— sin0 2 x + cos 0 2 y], so 
dli • dl 2 = abdcpi d0 2 [sin 0i sin 0 2 + cos 0i cos 0 2 ] = a& cos (0 2 — 0i ) d0i d0 2 . 


M = 


Mo 


dli • dl 2 /uq a& 


a& r r a 

W 1 1! ~JT - 


cos(0 2 - 01 ) 


47r // 4 4?r ^/a6//9 J J y 1 - 2/9 cos(0 2 - 0i) 

Both integrals run from 0 to 27r. Do the 0 2 integral first, letting u ~ 0 2 — 0i: 


d0 2 d0i . 


27T — <^>1 


/ 


cos u 


v 7 ! — 2 cos u 


du 


ZTX 

■/ 


cos u 


\/l — 2/3 cosi 


: du 


(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 — > 27r); Then the 
0i integral is just 2m, and 


M = ^-^abP 2 tt f 
4 tt do 


cos u 


rl-n 


cos u 


: du = ^ y ab(3 , 

-y/1 — 2/9 cos u 2 do \/l — 2/9 cosu 


du. 


(a) If a is small, then f3 <S 1, so (using the binomial theorem) 


vD — 2/9 cosi 


1 + (5 cos u, and 


f 

J 0 


cos u 


: du 




r 2?r 


-\/l — 2/3 cos u 

and hence M = /2)^J ab(3 z . Moreover, /3 = ab/(b 2 + z 2 ), so M = 


cos udu + /3 / cos 2 u du = 0 + /3m, 

Jo 

1 

(same as in Prob. 7.20). 


Mo 7ro 2 6 i 


2(6 2 + z 2 ) 3 / 2 


r 
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(b) More generally, 


(l +e )~ 1/2 = l4 £+ r 2 -^ 3 + - 


v/1 — 2/3 cos it 


3 5 

1 + (3 cos it + -/9 2 cos 2 u + ~p 3 cos 3 u + 


so 


M — \J abp I cos udu + P J i 


r*2 7T 


/•27T 


cos u du + -/? / cos J u dii + -/3 / cos 4 u du + 




0 + /3(») + ?/3 , (0) + ^ , (jn) + 


2 


V^(l + y/? 2 + 0/? 4 + ---) 


qed 


Problem 7.53 

Let 4> be the flux of B through a single loop of either coil, so that 4>i = Ni $ and $2 = A r 2 $. Then 

„ £2 AL 

= — A 1 —j - , £2 = -A ^2 — , so — = qed 

6 1 A' j 


Problem 7.54 

.(a) Suppose current p flows in coil 1, and / 2 in coil 2. Then (if $ is the flux through one turn): 

<I> l =hL l +MI 2 = N l $ ] $ 2 = I 2 L 2 + Mh = N 2 $, or^ = h^-+I 2 ~ =I 2 ^+h^-. 

ivi A'i /V2 /V 2 

In case /1 = 0, we have ^ if I 2 = 0, we have ^ = -N-. Dividing: , or LiL 2 = M 2 . qed 

(b) _ £l = sHo = Ll Ih. + M ih. = Vl cosM); -£ 2 = 0fr= L 2 ih. + M % = - I 2 R. qed 

(c) Multiply the first equation by L 2 \ LiL 2 ^p + L 2 ^-M = L 2 V\ cosot. Plug in L 2 ~^ = —I 2 R — M^R 


M 2 ^- MRI 2 - M 2 ^x = L 2 V i cos tot 


dt 


r ,,, L -V, 

h ^ = ~-MR C0SU,L 


L\^jf + M ( sin tot) — V\ cos cot. 


dh Vi ( L 2 

—7— = — cos tot — — to sm tot 
dt Li V R 


T , , Vi ( 1 L 2 

Pi (i) = — — sm tot + — cos tot 

Li \o R 


(d) 


V c 


out 


hR 


'MR 


cos tot R 


L 2 


N, 


N 2 


V\ n V\ cos tot Vi cos tot 
(e) Pin = Vinh = (V lC0S tot){^-) ^ 

r77 

Pout = v 0 u j 2 = ( I 2 ) 2 R = 


— — . The ratio of the amplitudes is — — . qed 

M N x Ni 


1 L 2 

— sin tot H — -- cos tot ) = 
to R 


(T 1) 2 (I L 2 2 

— — — sm tot cos tot + — cos tot 

Li \to R 


(LnV i ) 2 , 

cos 2 tot. 


M 2 R 


L 2 \ 
LiRj ' 


So (P m ) = ^(Vi ) 2 ( ^ ) ; (Pout) = A(Pi) : 


Average of cos 2 cut is 1/2; average' of sin cut cos wi is zero. 

W 1 


M 2 R 


= ^) 2 


(A 2 ) 2 


LiL 2 R 


(Pin) = (Pout) = 


(ViVL 2 
2 LiR 


Problem 7.55 

(a) The continuity equation says || = - V* J. Here the right side is independent of t, so we can integrate: 
p(t) = (— V* J)f+ constant. The “constant” may be a function of r — it’s only constant with respect to t. So, 
putting in the r dependence explicitly, and noting that V-J = — p(r,0), p(r, t) = p(r, 0)f + p( r, 0). qed 
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(b) Suppose E = J^dr and B — ^ f dr. We want to show that V-B = 0, VxB = /i 0 J+/i 0 eof|; 
V-E = ip, and VxE = — 4^, provided that J is independent of t. 

We know from Ch. 2 that Coulomb’s law ^E = f 0 drj satisfies V-E = ip and VxE = 0. Since B is 

constant (in time), the V-E and VxE equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45-5.48) we 
know that the Biot-Savart law satisfies V-B = 0. It remains only to check VxB. The argument in Sect. 5.3.2 
carries through until the equation following Eq. 5.52, where I invoked V' • J =0. In its place we now put 
V'-J = -p: 

VxB = p 0 J - — / (J • V)4r dr (Eqs. 5.49-5.51) 

4tt j 4 / 


(-JtpV')£ ( Eq - 5 - 52 ) 


Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is 
*V'-J = 4(-p). So: 



(b) 



, . , d$E 
(c) U = >0^- = 

As e -» 0, vt < e also -» 0, so Id -* f (2u) = A v = I. With an infinitesimal gap we attribute the magnetic field 
to displacement current, instead of real current, but we get the same answer, qed 

Problem 7.57 



d 2 (*f) 


s ds \ ds 


= 0 => — — ( s -j— j = 0 => s-j- = A (a constant) => 


A— = df => f = Aln(s/s 0 ) (so another constant). But (ii) =>■ f(b) = 0, so ln(6/s 0 ) = 0, so So = b, and 
s 


r 
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V(s,z) — Az In (s/b). But (i) => Az ln(a/6) = — (/pz)/(7ra * 2 ), so A — — 


Ip 1 
na 2 In (a/b) ’ 


V{s,z) = 


Ipz In (s/b) 
na 2 In (a/6) ' 


„ , „ „ t , dV . dV Ipz 

b) E = -W = -—s- —z = — ^ ~ , 2 i t ik\ 

os oz rra z sln(a/b) na z m(a/b) 


1 § ! !p Hs/b) g 




7ra 2 ln(a/6) V 5 


/z - , /s\ \ 

- s + In - z 
\s \hl 7 


(c) ct(z) = e 0 [£ s (a + ) - E s (a )] = e 0 


!p (z\ 

-0 


£o Ipz 

na 2 ln(a/6) \aJ 


na 3 * S, * \n(a/b) ’ 


Problem 7.58 


->/ 





/ 


(a) Parallel- plate capacitor: E = — a; V = E/i = — => C = ^ — 

Co £o w l Y h 


C = 


fO«J 


(b) B = = po — $ = Bhl = ^ hi - LI => L = 

w w w 


C = 


po h 
w 


(c) CC-poeo = (4tt x 10- 7 )(8.85 x 10" 12 * ) =1.112 x 10“ I7 s 2 /m 2 . 
(Propagation speed 1 / \fCC — 1/^/poeo = 2.999 x 1 * * * 0 8 m/s = c.) 

(d) D = a, E = D/e = a/e, so just replace eo by e; 

H — K, B = pH — pK, so just replace po by p. 


CC — ep\ v — 1/y/ep. 


Problem 7.59 

(a) J = a ( E + v x B); J finite, a — oo => E + (v x B) = 0. Take the curl: VxE + V x(v X B) = 0. But 

r, , , , T-, <9B „ <9 B _ . 

Faraday s law says VxE = — So — — = Vx(v x B). qed 

(b) V-B = 0 => § B • da — 0 for any closed surface. Apply this at time ( £ + dt) to the surface consisting of 

S, S' , and 1Z: 

I B(t + dt)-da + j B(f + dt) • da. — I B(£ + dt) • da. = 0 

JS' Jn JS 

(the sign change in the third term comes from switching outward da. to inward da). 

d$ = J B(£ + dt) • da — J B(£) • da = J QB (t + dt) — B(t)j - da — J B(t + dt) • da 

/(/ (It (for infinitesimal dt) 


d$ 


= {y ^5. . da | dt — j B(£ + dt) • [(dl X v) dt] (Figure 7.13). 


Since the second term is already first order in dt, we can replace B(£ + dt) by B(t) (the distinction would be 

second order): 


d$ 


= dt [ • da — dt <f B • (dl X v) = dt 

Js ot Jc' ' 

(v X B) • dl 


SB 

dt 


da— / V X (v X B) • da 

Js 
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d£ 

~dt 


■/.[ 


< 9 B 

< 9 i 


Vx(vxB) 


da = 0. qed 


Problem 7.60 

(a) 


1 


V • E' = ( V • E) cos a + c( V ■ B) sin a = — p e cos a + cp 0 p m sin a 

eo 

1 , . . 1 , 1 . , 1 , , 

= — (Pe cos a + c/i 0 €oPm sin a) = — (Pe cos a + - p m sin a) = — p e . / 

.Co Co c Co 

V • B' = (V-B)cosa (V - E) sin a = poPm cos a p e sina 

c cc o 

= Mo (Pm cos a p e sin a) = p 0 (p m cos a - cp e sin a) = p 0 p' m . / 

cp oco 

V x E' = ( V x E) cos a + c( V x B) sin a = MoJm — ~Qi^j cos a + c ^Mo Je + Moco s ’ n a 

d / 1 \ ^3/ 

= —Mo (Jm cosa — cJ e sin a) — ^ f Bcosa Esina j = — poJ' m — ^ 

V x B' = (V x B) cosa — -(V x E) sin a = f poJ e + Mo^o^r-^ cosa — - ( — UoJ m — -tt- ] sin a 

c \ at J c \ at J 


1 d dE* 

Mo(J e cosa + -J m sin a) + M0C0-57 (Ecosa + cBsina) = p 0 J' e + M0C0 ~wr- / 

C C/t C/t 


(b) 


F' = <7'(E'+vxB')+^(B'--vxE') 


= [ g e cosa + -<7 m sin a 

c 


+ (<7 m cos a — c<7 e sin a) 

= Qe 


(Ecosa + cBsina) + v x Bcos 


>a - -Esina ) 
c )\ 


Bcosa Esina^j -v x (Ecosa + cBsina) 


(E cos 2 a + cB sin a cos a — cB sin a cos a + E sin 2 a) 

+v x f B cos 2 a - -E sin a cos a + -E sin a cos a + B sin 2 a ) 
V c c ) 


+ B sin 2 a + B cos 2 a E sin a cos a 


/ i 

+q m -Esinacosa 

L \ c 

+v x ( -B sin a cos a -E sin 2 a rE cos 2 a B sin a cosa ]] 

\c c z c l c ) J 


= q e (E + v x B) + q m ( B - -^v x E } = F. qed 


• * 


r 


Chapter 8 

Conservation Laws 


Problem 8.1 

Example 7.13. 


E = - s ^ 

27T€o s 


2 ir s ^ 


. „ 1 A/ 1 . 

} S = — (E x B ) = — 2 j Zi 

1 Mo 47r 2 e 0 s 2 


0 t> 

P = / S • (fa = [ S2irsds - f -ds = In (6/a). 

J J 2ne 0 J s 2-ne 0 v 7 7 

a a 

b b 

But V — f E • dl = -A_ f-ds= — ln(6/a), so P = IV. 

J 2ne 0 J s 2neo K L— 


Problem 7.58. 


E = — z 
eo 


_ 1 / n . (7 1 

S = — (E x B) = y; 

u Q I 1 Mo t 0 w 

B = (iolfx = -j( 
w 


P= [ S ■ da — Swh = — , but V — [ E • dl = — h, so P = IV. 
J to J to 


Problem 8.2 

(a) E = - 2; <r = Q(t) = It =► E(t) = 
e 0 ’’’a 2 

_ „ 3E 2 Iks' 2 

B 2 ns = PoCo-r-TTS = MO^O X =* 

at 7reoaA 


It 


z. 


7T£oa 


m = 1 (> + A*’) = i 


^0 


1 


S = ^(ExB) = i(~) 

Mo Mo V^reoa^y \ 2 na 1 J 


\ire 0 a 
(-s) = 


+ 


Mo Is ■ 

n 

2tt a 2 

Mo As \ 2 



Mo 


\ 27ra 2 J 


Mo I 2 
2 ir 2 a 4 


[{ct? + (s/2) 2 ] . 


IH 


27 r 2 e 0 a 4 


ss. 


r 
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du e m Ho I 0 j _ 1 i 

"aT “ 2^vr c 


7r 2 eoa 4 : 


-V-S = 


7 2 f 


27T 2 € 0 a 4 
Mo/ 2 '* 


r-r f 9ll em 

V • (SS) = — n = -7—. / 

7T 2 € 0 a^ Ot 


(c) U em = J u em w2nsds = 2nw J K ) 2 + ( s / 2 ) 2 ]sds = 


Mow/ 


2 r 


s 2 Is 4 " 1 


(Ctr T + 4 4 


HowI 2 b 

2tt a 4 


2>,2 r 


(*> 2 + 15 


Over a surface at radius 6: Pi n = — / S • da 


/ 2 i 


27r 2 eoa 4 


[6 s • (27r6u/s)] = 


I 2 wtb 2 


7T60 a' 


4 ’ 


rft/em M0W/ 2 6 2 2 I 2 Wtb 2 


dt 


27ra 4 


2c 2 t = 


7T€oa H 


= P- m - / (Set 6 = a for total.) 


Problem 8.3 


f <-> d f 

F = w T • da. — Mo^o ^ / Sdr. 

The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need 

(T • da) z = T ZI da x + T zy da y + T zz da z — - — { da z + TIjHy da y + B Z B Z da z - -B 2 da z 

Mo \ 2 


1 

Mo 


7? Z (B • da) — -7? 2 da z 


Now B = “^/joctRloz (inside) and B = ^ ^ (2 cos 0 r + sin 0 0) (outside), where m = ^ 7rR 3 (aujR ). (From 

Eq. 5.68, Prob. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere — say a 
r hemispherical cap just outside r = R plus the equatorial circular disk. 

Hemisphere: 


B z = 


Hom 

4ttR 3 


2 cos 8 (r) z + sin 8 ( 9) z = [2 cos 2 8 - sin 2 0] = (3 cos 2 8 - l) . 

J AttR 3 1 J AitR 3 v ' 


da = R 2 sin 8 dd dp r ; B • da = — (2 cos 8)R 2 sin 8 dd d<p; da, — R 2 sin 8 dd dp cos 0; 

AttR 6 


B 2 

(T • da) 2 


(S) ( w " +sin2 "> = (!S) (W#+1 >- 

/ -/xom \ /g cog 2 q 1^2 cos 8R 2 sin 8 dd d<j> — ^ (3 cos 2 8 + l) 7? 2 sin 8 cos 8 d8 dtp 
\47tx? 3 / 2 

(12 cos 2 0 — 4 — 3 cos 2 0—1) 


J_ ( Hom 
Ho 

f ou)R\ 
110 {—) 


^ R 2 sin 0 cos 0 dd dp 


y ^ C ° s2 ^ ~ S4n ^ cos ^ d0 d</>. 

2 */ 2 


(Fhemi) z = y ( ^3 2?r /( 9 cos 3 0-5cos0)sin0d0 = Mo.(^f-) 


- - cos 4 0 + - cos 2 0 
4 2 


)r/2 


faojR 2 \ / 9 5 

\ 4 ~ 2 


^crwR? ^ 2 


r 
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B z — -noaRw, da. = rdr d<f) <f> = —r dr dcf> z\ 

O 

2 2 (2 \ 2 

B • da = — Rur dr d<j > ; B = {-poaRw J ; da z — ~rdrd<p. 

++ 1/2 \ 2 r 111/2 \ 2 

(T ■ da) z = — \--u 0 aRu) ~r dr d({) + -r dr dcf) = — - — -u 0 <7iJw rdrd<f>. 
Mo \3 / 2 J 2/i 0 V 3 ) 


(Fd\sk) z = ~2mo 2n J r dr - -2np 0 


ctu)R 2 \ 2 


Total: 


F = -7T/i 0 


^ \ / \ * 

2+-J z = -7T/i 0 ( — ^ ^ (agrees with Prob. 5.42). 


Problem 8.4 

( a ) (T ■ da) z = T zx da x + T zy da y + T zz da z . 

But for the xy plane da x = da y = 0, and da z = 
— r dr d<p (I’ll calculate the force on the upper charge) . 


(T • da) z = £ 0 [E Z E Z - - E 2 J (- rdrd<t> ). 

1 q t 

Now E = 2 — r cos 0 r, and cos 0 = so E z = 

47 TCO ^ * 

/ \ 2 o 


Z i 

+<?i 

v 

a 

\ 


r \a<9 


X 

a 

/ 

2/^ 

-a* 

[/ 


0, E 2 — ( - — — ) Therefore 

\2neoJ (r 2 + a 2 ) 3 


F z = -eo 


9 G / <y 

k / r 3 dr q 2 1 f u du 


2 \27reo 


) - / 


J (r 2 + a 2 ) 3 47re 0 2 J (u + a 2 ) 3 

o o 


4?reo 2 [ (u + a 2 ) 2 (u + a 2 ) 3 

. TT> ^ ■ ft - J . ■ /k 


(letting u = r 2 ) 

a 2 1 FT r 


iir 0 + 1 .^- 1 = / 

47re 0 2 [ a 2 2a 4 47T£o (2a) 2 


(b) In this case E = 2 Mr sin# z, and sin# = so 

47T£o 4 4 


£ 2 = £ 2 = / 


2neoJ (r 2 + a 2 ) 


eo / qa \ r dr dtf) 

2 \27reo / (r 2 + a 2 ) 3 


and hence (T • #a) r = — Therefore 

3’ v ,z O 0 9 , _9\3 




1 1 

°° g 2 a 2 

[ 0 + 1 1 


q 2 1 

4 (r 2 + a 2 ) 2 

o 47r£ ° 

L° + 4a 4 . 


47reo (2a) 2 
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Problem 8.5 

(a) E x = E y = 0, E z = -of to- Therefore 


r xy = T X z — T yz = • ■ • = 0; T xx =T yy = -^E 2 = T„ = e 0 ^ ^ j = §£ 2 = 



/ “I 

0 

0 \ 

*-> a z 

T = — 

0 

-1 

0 ] . 

2e 0 

V o 

0 

+lj 


(b) F = £ T • da (S = 0, since B = 0); integrate over the zy plane: da — —dxdyz (negative because 
outward with respect to a surface enclosing the upper plate). Therefore 


fa 2 F 

F z = T zz da z = — - — A, and the force per unit area is f = — = 
J 2eo A 


2eo 


(c) — T zz — <7 2 /2eo is the momentum in the z direction crossing a surface perpendicular to z, per unit 
area, per unit time (Eq. 8.31). 

(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is 


f = z 
2eo 


(same as (b)). 


Problem 8.6 


( a ) Pem = e o(E x B) = e 0 EBy- p em = e 0 EBAd y. 


(b) I = J Fdt = J J(lxB )dt = J IBd{i x ±) dt = (Bdy) dt 

= — (Bdy)[Q(oo) — Q(0)] = BQdy. But the original field was E — aft o = Q/toA, so Q — toEA, and hence 
I = 6qEB A dy\ as expected, the momentum originally stored in the fields (a) is delivered as a kick to the 


capacitor. 


(c) y E ■ dl = — = ~~yyld (for a length l in the y direction). — lE(d ) + IE( 0) ~ —ld~- => 


dt 


dt 


dt 


TD ( JJD roo 

E(d) - E{0) = d — . F = -aAE(d) y + aAE{ 0) y = -aA[E(d) - E{ 0)] y = -a Ad— y. I = / F dt = 
dt dt J 0 


f°° dB (J 

-( oAdy ) / dt = —(a Ad y)[B(oo) — B (0)] = a AdB y. But E =' — , so I = t^EBAdy, 
Jo dt eo 


as before. 


Problem 8.7 

B = /x 0 n/ z (for a < r < R] outside the solenoid B = 0). The force on a segment dr of spoke is 


dF = I'dl x B = I 1 nonl dr(r x z) = —I'fionl dr 4>. 


The torque on the spoke is 


N = 


n 

J r x dF = I'noTiI J rdr(— f x </>) = I' fj, 0 nl ^ [R 2 — a?) (— z). 






150 


CHAPTER 8. CONSERVATION LAWS 


Therefore the angular momentum of the cylinders is L = J N dt = -^Mo nI(R 2 —a 2 ) z J I'dt. But f I'dt = Q , 

(in agreement with Eq. 8.35). 


L = —~ii 0 nIQ{R 2 — a 2 ) z 


Problem 8.8 

(a) 



f °’ 

(r < R) ' 


§MoMz, 

(r<fi) 'I 

E = < 

1 Q . 

. 47T6o r 2 

(r > R) _ 

>; b = < 

[2 cos d r + sin 8 dj , 

1 

(r>i?) j 


(where m = -nR 3 M)\ p = 6q(E x B) 


Mo Q m 
(47 r) 2 r 5 


r x 6) sind, and (r. x 0) = so 


(Ex. 6.1) 


^ = r x p = sind(f x 0). 

(4tt) z r 4 

But (r x </>) = —0, and only the 2 component will survive integration, so (since ( 0) z — — sin0): 

2tt 

fiorriQ ^ f sin 


L (4tt) 2 Z 


J —j — (r 2 s\n 9 dr d8 d<f) . J d<j> = 2tt; J sm 3 9 d9 = - ; J — dr = 


1 

fT 


T RornQ „ , ^45) f 1 

L = U 


-iiqMQR" z. 


(b) Apply Faraday’s law to the ring shown: 


E • dl = E(27rrsind) = — — -Tr(rsind) 2 ( -fic>—r- ^ 

dt y 3 dt J 


E= "T^r (rsi "‘' ) ^ 



The force on a patch of surface (da) is dF = ctE da = — ^ — (r sin 9) dacp ( a = 

3 dt y 

The torque on the patch is dN = r x dF = ~ ^ s ^ n ^) da(r x 0). But (? x 4>) = — 6 , and we want 

O Q>Z 

only the z component (6 Z = — sind): 


Mo o dM „ 


3 dt 


IT Z7 r 

Here r — R\ J sin 3 9 d9 = — ; J dtp = 27r, so N = — 


N = — z 

2 

2p 0 


J r 2 sin 2 9 (r 2 sin 9 d9 d<f) . 




^M o ^ p2 dM~ 
9 W dt 


= J Ndt = - 2 ^QR 2 z j dM = 


M 


2mo 


MQR 2 z 


(same as (a)). 
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(c) Let the charge on the sphere at time t be q(t); the charge density is a = The charge below 

AnR 2 

(“south of’) the ring in the figure is 

7 r 

q s = a (27t R 2 ) J sin #' dO' = | (— cos#')|g = |(1 + cos 8). 


So the total current crossing the ring (flowing “north”) is I(t) = — -^-(1 + cos#), and hence 
K(t) — - — zr~ — -( — 0) = — t— ~ ^ + 0. The force on a patch of area da is dF = (K x B) da. 


2nRsin9 


4 TiRdt sin 0 

|/i 0 M z + ^ L- — (2cos#r + sin##) 
3 4 tt ir 


1 _ fi 0 M 
2 ~ 6 


[2 z + 2 cos 6 f + sin 8 0]; 


I< x B 


1 dq hqM (1 + cos#) 


dN = Hr x dF = 


47tH dt 6 sin # 
fipM ( dq\ (IT cos #) 


[2(0 x z) + 2 cos# (0 x r)]. 

-4> 


24tt \ dt 


sin ( 


2[ r x (0 x z) — cos#(r x </>)]H 2 sin # d# d</> 
0(f • z) - z (f • 0) -e 


/i 0 M fdq\ (1 + C os#)H 2 [cos#0 + cos#0]d#d<?!> = f ^ ) (1 + cos#) cos# d#d<60. 


1 2 7T V dt 


07T I dt 


The x and y components integrate to zero; ( 6) z — — sin 9, so (using J dcj) = 2n): 

o 

jipMR 2 f dq\ ( sm 2 9 cos 3, 
dt 


N, = - 


^ (27 r) [ (1 + cos#) cos# sin# d9 = 

07r \dt J J 3 


Therefore 


li 0 MR 2 (dq\ (2\ _ 2fi 0][/rD2 dq 

dt 


3 J 9 dt 


N = -&2a«A 

9 dt 


L = IN dt = 


2/j.q 


MR 2 z f dq= ^MH 2 Qz 


(same as (a)). 


(I used the average field at the discontinuity — which is the correct thing to do — but in this case you’d get the 
same answer using either the inside field or the outside field.) 

Problem 8.9 


d<L 


/ r = -l (,W n)& 


(a) E — — — T; $ = ixa 2 B\ B — /xo n/ s ; E = 7 r H. So 

dt i j 

d$ , dF, _ 1 dF, 7 „ UnF 6 2 

(b) j, E ■ rfl = -- => E(2„) = - wan— => E = 0. B = — --;- + 3/i 


z (Eq. 5.38). 


q _ ym _I (_to andlA ( Mo^r # 2 

0 O ( )_ 00 V 2 dt){ 2 ( 6 2 +z 2 ) 3/2 


(0 X z) 


1 •> „ dF a# 2 


-70o/, 


dt 


{b 2 + 


,2^/2 
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Power: 


P 


S - da = 


CO oo 

J (S){2na) dz = -^7r/x 0 a 2 5 2 n/ n ^ J 


( b 2 + 2 2 ) 3/2 


- dx 


The integral is 


i^njj,oa 2 n 


dl s 

dt 


z °° _ 1 

b 2 \/z 2 + b- -oo b 2 

) I r = ( RI T )I T = I* R 



2 

b 2 ' 


Problem 8.10 

According to Eqs. 3.104, 4.14, 5.87, and 6.16, the fields are 



' -~P, (r<R),' 

oC 0 


% 

O 

3. 
cn 1 cr 

(r < R), ] 

E = < 

, 3 [3(p • r) r p], ( r>R ), 

1 47re 0 7- 1 J 

> B = < 

Mo rn 

— — 3(m • r)r - nr , 
t 47r r J 

\ 

(r > R), j 


where p = (4/3)7ri? 3 P, and in = (4/3)7rP 3 M. Now p = £ 0 /(Ex B)dr, and there are two contributions, one 
from inside the sphere and one from outside. 

Inside: 

Pin = eo J x Q/ toM | dT ~ ~^Mo(P x M) J dr = -^Mo(P x M)^7rP 3 = ^fi 0 nR 3 (M x P). 


Outside: 

Pout = e o T— ;r [ 4 {[ 3 ( p ' f)? “ P] x [3(m • f) r - m]} dr. 

47T€o 47 rj r 

Now f x (p x m) = p(r • m) — m(r-p), so r x [f x (p x m)] = (r m)(f x p) — (f-p)(f x m), whereas using the BAC- 
CAB rule directly gives r x [r x (p x m)] = r [r • (px m)] - (p x m) (r r ). So {[3(p f) f - p] x [3(m ■ r) r - m]} = 
-3(p-f)(f xm) + 3(m-f)(r xp) + (pxm) = 3 {r[r ■ (p x m)] - (p x m)} + (pxm) = — 2(p x m) +3r[r • (p x m)]. 


Pout — 


Mo 

167T 2 


J — {— 2(p x m) + 3 r [? • (p x m)]} r 2 sin 9 dr d9 dtp. 


To evaluate the integral, set the 2 axis along (p x m); then r • (p x m) = |p x m[cos0. Meanwhile, r = 
sin 9 cos <p x + sin 9 sin <f> y + cos 9 z. But sin <f> and cos p integrate to zero, so the x and y terms drop out, leaving 


Pout 


Mo 

167 r 2 

Mo 

167T 2 

Mo 


dr 
r 4 


-2(p x m) / sin 9 d9 dp + 3|p x mj z / cos 2 9 sin 9 d9 d<f> 


1 

3r 3 

4 


R L 


Ptot 


127 rR 3 \3 
8 4 N 

27 + 27, 


-2(p x m)47r + 3(p x m) 


4mo 


477 


Mo 


12t ri? 3 


(P x m ) 


-7rl? 3 P x -7ri? 3 M = ^E 3 (M x P). 


27 


£ + 4 ) MoE 3 (M x P) = 


^MoE 3 (MxP). 
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Problem 8.11 

(a) From Eq. 5.68 and Prob. 5-36, 


2 e 

r < R : E = 0, B = -po <7 Rio z, with a = - — ■ 


* -*■**,. ^ ^ ^ "1 

_ _ 1 e _ _ Uo 

r > R : E = j r, B = — 

47T£o 47T 

The energy stored in the electric field is (Ex. 2.8): 


AttR 2 ’ 


-(2cos0r 4- sin##), with m = -ncrwR 4 . 


W B = 


8ne 0 R 


The energy density of the internal magnetic field is: 


1 d 2 1 f 2 n e V /i 0 o) 2 e 2 4 3 /j. 0 c 2 lj 2 R 

n ‘ = w» V 3 wR “s 7 pJ = so Ha - = r R = -ssr-- 


The energy density in the external magnetic field is: 


= 2^ i ^ ( 4 c “ ! 9 + si " 2 ''l = w 9 + ') • 


H 0 e 2 uj 2 R 4 

(18)(16)tt 2 


OO 7T 27T 

I ^ dr J (S Cos’ 9 + 1 ) sin OdO J # = (~ 


p 0 e 2 u; 2 .R 4 ( 1 \ ^ ii 0 e 2 u> 2 R 


= ^, + ^... = ^^(2 + 1 ) = ^^; 


rr- tic t.i 1 e 2 uve 2 ui 2 R 

W = We + W b = f- — . 

87TE0 /i 36 tt 


(b) Same as Prob. 8.8(a), with <5 — > e and m — » -ec nit 2 : L = 


/i 0 e 2 wfi „ 


. . no e2 n ^ n 97rfi (9)(7r)(1.05 x 10 34 ) r~~r r~T7; : 

(c) = 2 ^ = ( 4 xVio-n(i. 6 Q x io ~ 19 ) 2 - 


1 e 2 ^ 2 / tuii 

87T£o /? 9 v c 


2 ] , T 2 / wJA 2 ] , 2 / 9.23 x 10 1 

_ mc; l + -(— J -1+9 f- ;Vx Y^s- 


= 2.10 x 10 4 ; 


„ (2.01 x 10 4 )(1.6 x 10- 19 ) 2 r — — — tt 9.23 xlO“ 10 i — n 

^ ~ 8tt( 8.85 x 10- 12 )(9.11 x 10" 31 )(3 x 10 8 ) 2 “ | 2 - 95 x 10 m M w “ 2.95 x 10" 11 “ j 3 - 13 x 10 ra j /gZ 
Since ujR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly 
unrealistic. 

Problem 8.12 Zi 


4ire 0 r 3 ’ 

Mo^m r 


(r — di) 


47r r' 3 47r (r 2 + d 2 — 2rdcos#) 3 / 2 
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Momentum density (Eq. 8.33): 


P = £ 0 (E X B) - 

Angular momentum density (Eq. 8.34): 

l^oQeQmd r x (r x z) 


/^O *Ze Qm 


MX r x z) 


3/2 ' 


£ = (r x p) = 


(4 7r )" r 3 (r 2 + d 2 — 2rdcos#) 3j/2 
The x and y components will integrate to zero; using (r) z = cos 6, we have 

r 2 (cos 2 6 - 1) 


(47r) 2 r 3 ( r 2 4- (p _ 2rdcosd ) 


But r x (r x z) = r(r • z) — r 2 z = r 2 cos 9 r — r 2 z. 


L = 


Mo QeQmd * 
■ z 


/ 


(4tt ) 2 J r 3 (r 2 + d? ~ 2rd cos 9) 
1 00 , 

Mo QeQmd * /„ \ f f r (1 — u ) 


3/2 


r 2 sin 0 dr d9 d<j). Let u = cos # : 


(4'r) 2 


z (27 t) 


If 

-1 o 


(r 2 + d 2 — 2 rdu) 


3/2 


du dr. 


Do the r integral first: 

(X) 

r dr 


/ 


(ru — d) 


o 

Then 


(r 2 + d 2 — 2rdu) 3/2 d(l - u 2 )Vr 2 + d 2 - 2 rdu 


u d 

+ 


u + 1 


d(l — u 2 ) d(l— u 2 )d d(l — u 2 ) d(l — u)’ 


i l 

T Mo .1 f (1 - U 2 ) Ho q e q m - 

L = z - / — — du — z 

a J (1 - 


87 T 


■ du- 
ll ) 87T 

-1 -1 


J (1 + u)du = 


MO QeQm ~ U* 

-1ST* “ + Y, 




)f 

Z . 

47 T 


Problem 8.13 

(a) The rotating shell at radius b produces a solenoidal magnetic field: 

B = n 0 K z, where K — cq,ui(,6, and a b — So B = - z (a < s < b). 


2nbl 


2-kI 


The shell at a also produces a magnetic field (nou> a Q/2irl) z, in the region s < a, so the total field inside the 
inner shell is 

B = (w a - uj b ) z, ( s < a). 


Meanwhile, the electric field is 


^ 1 A „ Q - , , . 

E = s = — s, (a < s < b). 

2?T 6q s 2tt£ 0 Is 


p - e 0 (E X B) = e 0 


^5)(-^) (*»*> = Sw* ' — 


Now r x = (ss + 2z) x ^ sz-zs, and the s term integrates to zero, so 


L = 


Mo^A 
47 r 2 / 2 


z / dr 


Mo Lo b Q 2 
Ak 2 1 2 


(b 2 - a 2 )l z = 


MoW 6<3 2 (6 2 - a 2 ) 


4ttZ 


z. 
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by 
1 d$ - 

E2ns = — — => E = — — </>, and in the region a < s < b 

at 2ns at 

» UoQ ( S 2 Mo Q^b ( 2 2 \ Mo Q ( 2 2 \ pvi 1 MO Q ( 2 du) a 2 dw b \ J 

# = jw - “ i) ™ --srd* -“) = -2 r("*° - w > ;l!(,1 = -ta¥ ‘¥-4* 


In particular, 


E(a) = — • 


/i 0 Qa ( dw a dub 


47 rZ V dt dt 


<£, and E( 6 ) = -- 


/ioQ 2 * 2 


-b^U>. 


The torque on a shell is N = r x qE = gs-E z, so 


47t//j V dt dt 


w ^ ( HoQa\ f doj a dw b \ . r _ y 00 ^ ^ _ mo<3 2 g 2 , , . 

Na “ 4 tt/ J ( dt dt J ’ La_ y 0 Nad 4 tt/ (Wa W6)z - 


N 6 = -Q 6 - 


MO<n y 2 ^ a . T f TKT JJ. MoQ 2 / 2 i2 \ 

“¥r-' , ¥tj 2; Ll = / (1 N * * = 6 "*> 


T r 1 T MoQ 2 / 2 l2 „2 , „2 . \ _ t i oQ 2 ^ J b f ,2 2\ - 

Etot — L 0 “h Lf, — (a b oj b a Ld a 4- a cam z — . (o g j z. 

47t/ 47tZ 


Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum 
in the fields (a). / 


Problem 8.14 

q -t 

B = uqtiI z, ( s < R)~, E = n, where * = (x - a,y,z). 

47TC0 ^ 


P = eo(E x B) = € 0 (mog/) (t^) jj(* x 2 ) = - (x -a)yj. 


Linear Momentum. 


/ Uoqnl f yx. — (x — a) y , 

to dr = / 77 T 7 r rrr- 77 - ax ay dz. The x term is odd in y: it integrates to zero. 

s 4 tt J [(x - a ) 2 4 -y 2 + z 2 ] 3 / 2 y a, 6 

Uoqnl _ f (x - a) , , , _ , . , „ 

= -—7 y / 77 77 7 77777 - dxdydz. Do the z integral first : 

4 - 7 T J [(x — a) 2 4- jr + Z 2 ] 2 / 2 


[(x — a) 2 4- y 2 ] ^(x - o) 2 4- y 2 4- z 2 

_mn/ r (x- a) 

27r ^ J [(x - a ) 2 + y 2 l 


[(x - a ) 2 + y 2 ] ' 


y / 77 ¥7 dx dy. Switch to polar coordinates : 

J i(x-o) 2 +y 2 ] 


x = scos<£, y — ssin</>, dxdy => sdsdfa [(x — a ) 2 + y 2 ] = s 2 + a 2 — 2sacos<f) 


Uoqnl . r (s cos (j) - a) 

27r ^ ,/ (s 2 + o 2 — 2sacoscj)) S 

xr f 2n cos <t>d<t> 2n f / 

Now / — -7 = — 1 ?== 


A \ f 2n d<f> _ 2n 

2352 i ’ y 0 (A + Bcosy.) “ 


y 0 (.4 + B cos<p) B\ y/A 2 ~B 2 J ’ y 0 (-<4 + Bcos<f>) VA 2 - B 2 ' 

Here A 2 - B 2 = (s 2 + a 2 ) 2 — 4s 2 a 2 = s 4 + 2s 2 a 2 + a 4 - 4s 2 a 2 = (s 2 - a 2 ) 2 ; >/ A 2 - B 2 = a 2 - s 2 . 
Uoqnl. f [ y a 2 + s 2 \ 2 g 2 , Uoqnl . [ R , Uoqnl R 2 . 


> 
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Angular Momentum. 


uqQtiI . _ . \ *1 Hoyal f/ . „ *r/ \ *>i a ^ 

l = r x p = r x [yx - (x - a) y] = j - |z(:r - a) x + zyy - [x(i ~a)+y Jz) . 


L = 


4ir* 3 ' ” u, “ v ~ ~' JJ " 4 tt* 3 
The x and y terms are odd in z, and integrate to zero, so 

Hoqnl 


_ f £1 

4-7T J [(x - a 
Hoqnl . f 


2 +y 2 - xa 


) 2 + y 2 + z 2 ] 3 / 2 

2 , „2 


2t r 


x‘ +y‘ - xa no qnl . 

ax ay — z 


dxdydz. The z integral is the same as before, 
s — a cos <A 


[(x - a) 2 + j/ 2 ] 


2?r 


/ 


(is d(j) 


f s 2 f a 2 + . 

= [jnzzr + (‘ - 


(s 2 + a 2 — 2sacos<A) 

f R s 2 - s 2 f , 

sds = —aoqnIz / — r 77 s ds — zero. 

y 0 a 2 - 


Problem 8.15 

(a) If we’re only interested in the work done on free charges and currents, Eq. 8.6 becomes 


dW 

dt 


= / (E • J/) dr. But J / = V x H — — (Eq. 7.55), so E • J/ = E • (V x H) — E • . From product 

Jy C/t (jt 

_ .. dB 


rule #6, V • (E x H) = H(V x E) - E - (V x H), while V x E = - — , so 

at 

OTJ AT) OTA 

E • (V x H) = -H • — - V • (E x H). Therefore E • J, = -H • — - E • — - V ■ (E x H), and hence 


dW 

dt 


-X 


3D 3B\ 

E • + H • 1* 1 dT 
y \ Ot Ot 


| (E x H) 


da. 


This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per 
unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density 
. 3u em „ 3D „ 3B 


is 


dt 


E W +H ar 


1. 


For linear media, D = eE and H = — B, with e and y constant (in time); then 

= cE -f + 4 B -f = 54 (E ' E) + ^I< B ' B > = 5S< E ' D + BH) ' 

so u em — |(E ■ D + B • H). qed 

(b) If we’re only interested in the force on free charges and currents, Eq. 8.15 becomes f — p/E + J/xB. 

But pt = V • D, and J { = V x H — , so f = E(V • D) + (V x H) x B - [ | xB. Now 

at 


dt 


|(DxB) = f xB + Dx(f), M af = -VxE,sof x B = |(D x B) + D x (V x E), and 

0 

hence f = E(V • D) — D x (V x E) — B x (V x H) - — (D x B). As before, we can with impunity add the 
term H(V • B), so 

r \ 

f = {[E(V • D) - D x (V x E)] + [H(V • B) - B x (V x H)]} - J^(D x B). 

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.21), and the last 
term is (minus) the rate of change of the momentum density, p = D x B. 



r 


Chapter 9 

Electromagnetic Waves 


r 


Problem 9.1 

dh 

dz 

dh 

dt 

dh 

dz 

dh 

dt 

dh 

dz 

dh 

dt 

dh 

dz 

dh 

dt 
dh 

dz 

d~ h 

dt 2 


-b(z-vtf . 

d 2 fi 


dz 2 

b(z— vt ) 2 . 

d 2 f\ _ 

> 

dt 2 

2 

= - Ab' 


= 2Abv \-ve- biz ~ vt)2 + 2 bv(z - vt) 2 e~ b(z - vt d | = v 2 


-2Ab{z - vt)e- b(z ~ vt)2 ; = -2Ab _ 2 b(z - vt ) 2 e -‘ ( *- rt)3 ] ; 

2Abv(z — vt)e 
Abcos[b(z — uf)]; 

— Abv cos[6(z — vt)]; = — Ab 2 v 2 sin[6(z — uf)] = v 2 . / 

2 fa -2 Ab 

+ 

+ 


d 2 f. 


dz 2 


i ✓ 


d 2 h 


dt 2 

-2Ab(z — nt) <9 2 / 3 


dz 2 

8Ab 2 {z-vt) 2 


[b(z — vt) 2 + l] 2 ’ dz 2 [b{z - vt) 2 + l] 2 [5(z — vt) 2 + l] 3 ’ 

2Abv(z — vt) d 2 h _ —2 Abv 2 t 8Ab 2 v 2 (z — vt) 2 2 c ? 2 h 


— v 


[b(z — vt) 2 + l] 2 ’ dt 2 \b{z — vt) 2 + l] 2 [ b(z — vt) 2 + l] 3 " dz 2 

= -2 Ab 2 ze~ b ^ +V d; = -2 Ab 2 [ e -*<‘* a +»‘> _ 2b 2 z 2 e - b ^ +vt) ] ; 

OZ z J 

= -Abve- b ^ +vt) ; = Ab 2 v 2 e~ b ^ +V d / v 2 ^fy. 

dt 2 dz 2 


. / 


= Ab cos (bz) cos (bvt ) 3 ; 


d 2 h 

dz 2 


= — Ab 2 sm(bz) cos(bvt) 3 ; = —8Ab 3 v 3 t 2 sin(bz)sm(bvt) 3 ; 


-QAb 3 v 3 tsin(bz)s\n(bvt) 3 -9Ab 6 v 6 t 4 sin (bz) cos (bvt) 3 ^ v 2 ~r . 

dz 1 


Problem 9.2 


Of eft f 

— = Akcos(kz) cos(kvt); ——r — —Ak 2 sin(kz)cos(kvt); 

dz dz 2 


v Ql f 

—■ — —Akvsin(kz)sin(kvt); — — Ak 2 v 2 sin(kz) cos(kvt) = v 2 -^—z- A 


dj_ 

dt 


d lL 

dt 2 


dz 2 ' 


Use the trig identity sin a cos/? = |[sin(a + P) + sin(a - /?)] to write 


/ = 


{sin[A:(z + vt)] + sin[A:(z — ut)]} , 
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which is of the form 9.6, with g = (A/2) sin[fc(z — uf)] and h = (A/2) sin[fc(z + vt)]. 


A 3 e' 


Problem 9.3 

(A 3 ) 2 = (. A 3 e iS 3 ) (A 3 e~ i6 >) = (. A ^ + A 2 e i5 >) ( A ie ~ iS ' + A 2 e ~ iS 2 ) 

_ , A .\ 2 , , A .\ 2 , a, An ( P ^ p -i 6 ^ p -is, e is^ = ^2 + (a 2 )2 + AiA22cos( ^ Si _ S2 ). 


(Ai ) 2 + ( A 2 ) 2 + AiA 2 (e Hl e"" a + e' 
(Ai )' 2 + (A 2 ) 2 + 2A\A 2 cos(<5i — <5 2 ). 


■ lS[S = A 3 (cos S 3 + i sin 

= (Ai cos<5i + A 2 cos5 2 ) + i(A\ sin <5i 


* J ’ ± - -x. y-x | 

iin (53 ) = A\ (cos < 5 i + i sin (5i ) + A 2 ^cos 02-1-1 sin 02 j 

A 3 sin S 3 Ai sin Si -I- A 2 sin S 2 

1- = , ---r ■ - ---£ 


S3 = 


tan 


Ai sin«5i -I- .4 2 sin <5 2 
Ai cos<5i -I- A 2 cos S 2 


(cos S 2 + i sin S 2 ) 

, , . r , r A 3 sin <5 3 Ai sin (5] -I- A^> sin<S 2 

S\ + A 2 sind 2 ). tan <5 3 = — = — F ; 

A 3 cos 03 A 1 cos Oi + A 2 cos 62 


Problem 9.4 

d 2 f 1 d 2 f 

The wave equation (Eq. 9.2) says —~r = - 5 -— — - . Look for solutions of the form f(z,t) = Z(z)T(t). Plug 

dz 2 v z at 2 

, d 2 Z 1 d 2 T 1 d 2 Z 1 d 2 T 

this in: T — ; — — = — Z— — . Divide by ZT : — = -^-rpr- The left side depends only on z, and the 


dz 2 


dt 2 


Z dz 2 v 2 T dt 2 


right side only on t, so both must be constant. Call the constant ~kr 


( (£Z_ 

dz 2 


d 2 T 


= ~k 2 Z 


=> Z(z) = Ae ikz + Be~ ikz , 


dt 2 


= —(kv) 2 T => T(t) — Ce ikvl + De~ 


ikvt 


(Note that k must be real , else Z and T blow up; with no loss of generality we can assume k is positive.) 
f(z,t ) = (Ae ikz + Be- ikz ) (Ce ikvt + De~ ikvt ) = A 1 e i{kz+kvt) + A 2 e i{kz - kvt) + A 3 e i( -~ kz+kvt) + A 4 e i( -- kz ~ kvt) . 
The general linear combination of separable solutions is therefore 

f°° 1 

f(z,t) = J ]Ai(k)e i{kz+wt) + A 2 (k)e i{kz ~ ut) + A 3 (k)e i{ ~ kz+ ^ + A 4 (lfc)e i( -*‘- wt )J dk, 

where u> = kv. But we can combine the third term with the first, by allowing k to run negative ( u> = |fc|u 
remains positive); likewise the second and the fourth: 


f(z, 


/ OO 

Ai(k)e likz+Wt) + A 2 (k)e iikz ~ ut) 

-OO 


dk. 


Because (in the end) we shall only want the the real part of /, it suffices to keep only one of these terms (since 
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either 
would do). Specifically, 

/ OO 

[Re(Ai) cos (kz + tot) — Im(v4i) sin(fcz + ut) + Re(j4 2 ) cos(fcz — u>t) — Im(j4 2 ) sin(fcz — ut)] dk. 

-OO 

The first term, cos (kz -I- uit) = cos (—kz — tot), combines with the third, cos (kz — wt), since the negative k is 
picked up in the other half of the range of integration, and the second, sin(fcz + wf) = — sin( — kz — wt), combines 
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form 


f(z,t) = / A(k)e t< ' kz wt ' > dk qed (the tildes remind us that we want the real part). 
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Problem 9.5 

r ^ t ^ , * AT d 9i 1 d 9i dh R 1 dh R dg T 1 dg T 

Equation 9.26 =>• gi(-Vit) + h R (Vit) - gT(-v 2 t). Now — — = —■ — — = — ; ~ = - — . 

dz vi at dz v x at dz v 2 at 


_ . 1 dgi(-v\t) 1 dh R (v x t ) 

Equation 9.27 =>• — + 

t>i oi v\ at 
(where k is a constant). 

Adding these equations, we get 2gj(—v x t) = ( 1 + — ) Or( — v 2 t) + K, orox(— n 2 t) = I — — — • 

\ v 2 J \Vi+V 2 , 

1)2 

(where «/ = — k— ). Now gj(z,t ), gr{z,t), and h R (z,t ) are each functions of a single variable u (in the 

Ul + V2 

first case u = z — v x t, in the second u = z — v 2 t, and in the third u = z + v x t). Thus 


l^ dg T ( v 2 t) gr (- Vl t) - h R (vit) = —gr{-V 2 t) + k 
i >2 at v 2 


9 i(-vit) + n' 


9t(u) -- 


2v 2 

V\ + v 2 


g r (v x u/v 2 ) + k. 


Multiplying the first equation by v x lv 2 and subtracting, ( 1 ) gj(—v x t) — ( 1 + — 1 I h R (v x t) = k 

v 2 J V v 2/ 


h R (vit) 


-( 


v 2 - V X 


gi(-vit) - k 


V2 


or 


h R (u) 


-( 


E2 ~ ^1 
Wl + V 2 


9i(-u) + K. 


,Vi + V 2 J'"' ‘ V W 1 + w 2 , 

[The notation is tricky, so here’s an example: for a sinusoidal wave, 

gi = Aj cos(k x z — u>t) = A; cos[fci(z — wit)] =>■ 9 i(u) = A/ cos(kiu). 

g T = At cos(k 2 z — ut) = At cos[k 2 (z — v 2 t)] => 9t{ u ) — ^4r cos(k 2 u). 

h R = A r cos(— k\z — Lot) — A r cos[— k x (z + mt)] => h R (u) = A R cos( — fciu). 


Here /c' = 0, and the boundary conditions say 
(consistent with Eq. 9.24).] 


At 2v 2 A r v 2 — v x 
Aj vi +v 2 ’ A/ vi + v 2 


v\ 


(same as Eq. 9.32), and — -k\ — h 


roblem 9.6 

(a) T sin 9 + —T sin 9- = ma =>■ 


(b) Aj + A R = At\ T{ik 2 AT — ik x (Aj 


r/'fi/ 




0 + 

dz 


0 - 


m 


d 2 f 
’ dt 2 


, .mu’ 
+ k 2 - 1 


k\{Aj - A r ) 
At, or At = 


imuj 2 

T 

2 ki 


At- 


ki + k 2 — imw 2 /T / 1 


lltiply first equation by k\ and add: 2k x Aj — ^k x , " j> 

- - 2k x — (fci + k 2 — imuj 2 /T) - _ / k x — k 2 + imw 2 /T 

1 T 1 k x + k 2 — imw 2 /T 1 \k x + k 2 — imu> 2 /T 

If the second string is massless, so v 2 = sjTj\i 2 — 00 , then k 2 /k x = 0, and we have At = ^ j Aj, 
M + 9 " ' 9 ’ 1 


- , „ mw 2 m(k\V\) 2 mki T 

A„ where ^ 


1 - i/3 
1 + i/3 \ / 1 — i/3 


T fii 


, or 


/3 = m — 

Mi 


Now 
l + 2i/3-/3 2 _ 

rr^ 2 ^ 


1 — i/3, 

Ae^, with 


Thus = e^Aje 15 ’ 

\ — p 1 



imilarly, 


_jy = = (rn?) = 


4 2 
+ /? 2=> \/rT^' 
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r 


r 


n 


AC* 


2(1+ ip) 


(\-i0)(l+iP) (1 + P 2 ) 


2(1 + lp) ^ tan( p = p. So Are iSr _ 2 e i* Aje iS t . 


VT+W 


At = fr~7v Ar ’ 

St = Si + tan 1 p. 

V 1 + P 



Problem 9.7 




9f 


a 2 / 


a 2 / av a/ 
T a 2 2 >L dt 2+1 df 


^ F = T d? Az ~ J -di Az=z ^ Az W' OT 

(b) Let f(z,t) = F(z)e- <lW ; then T = n(-u 2 )Fe- lu,t + j(-iu)Fe- lu,t => 

T — ^ = —u(/jui + i 7 )F, ~~ — - k 2 F , where k 2 = %(nw + ij). Solution : F(z) = + Be~' kz . 

dz z az z T 

Resolve fc into its real and imaginary parts: k = k + in =$■ k 2 = k 2 — n 2 + 2ikn = —(jiuj + i 7 ). 

,2 


W 7 _ ,2 2 ,2 / w 7\ 2 1 ,4 .2/ 2/^\ , /om\2 n . 

' K = fc “ ( TF 17 = “Ft-; or k* - k (fib) /T) - (cJ'y/2T) 2 = 0 => 


2kn = — — =7 k = — — ; fc 
T 2kT 


\2 T> k 2 T 
,2 


k 2 = - (/iu> 2 /T) ± \fQ 1 u) 2 /T) 2 + 4 (cu 7 / 2 T ) 2 = — 1 ± -y/T + (7 /law) 2 . But fc is real, so A ; 2 is positive, so 

2 J 2i L 


I j .. u'y *y r 1 — 1/2 

we need the plus sign: k=u) s j — \J 1 + \/l + (llft^) 2 . k =■ — = ~ ^ === [l + \/l + ( 7 /m^) 2 J 

Plugging this in, F = J 4 e , ( fc+,,i )- 7 Q e ~< k + tK )~ — Ae~ KZ e lkz + Be KZ e~ lkz . But the B term gives an expo- 
nentially increasing function, which we don’t want (I assume the waves are propagating in the +z direction), 

so B — 0, and the solution is 


f(z,t) = Ae KZ e'( kz wt K (The actual displacement of the string is the real part 


of this, of course.) 

(c) The wave is attenuated by the factor e ~ KZ , which becomes 1/e when 


1 

z — — 

K 


2TlJ \J 1 + \A + 


this is the characteristic penetration depth. 


' f Cl — k — in' 

(d) This is the same as before, except that A 2 H ► k + in. From Eq. 9.29, An — ( - — — — ; — — ) Aj\ 


k\ + k + in 


An 

Ai 


k\ — k — in\ ( k\ — k + in\ (k 1 — k) 2 + k 


ki + k + in J \ki + k — in J (k 1 + k ) 2 + k 2 


An — 


‘ (fci - k) 2 + k 2 
( ki + k) 2 + n 2 


(where ki = w/v\ = W\Jn\/T, while k and k are defined in part b). Meanwhile 
ki — k — in\ (k\ — k — in)(k\ + k + in) (k\) 2 — k 2 — k 2 — 2ink\ 


k\ + k + in 


( ki + k) 2 + 1 


(k\ + k ) 2 + k 2 


Sr = tan 


-1 


—2k\K 


(A 7) 2 — k 2 — k 2 


Problem 9.8 

(a) f v (z,t) = Acos(kz - wt) x; f/,(z,f) = Acos(kz - wt + 
90°) y = — Asm(kz — wt)y. Since /, 2 + f 2 = A 2 , the vector 
sum f = f v + fh lies on a circle of radius A. At time t = 
0, f = Acos(kz)x — Asm(kz)y. At time t = ir/2uj, f = 
A cos(/cz— 90°) x- Asin(fcz— 90°) y = Asin(A:z)x+Acos(A:z)y- 


at 

v 


/ 


at. (=0 


Evidently it circles | counterclockwise | . To make a wave circling 
the other way, use 5^ = —90°. 



v 
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(c) Shake it around in a circle, instead of up and down. 

Problem 9.9 


(a) 


k = x; n = z. 


k • r = ( - — x ) -(xx + yy + zz) = — — x; k x n = — x x z = y. 
\ c / c 


E(x, t) = Eq cos ] 

f — x + u)t)z; B(x, £) = — cos | 
\ c / c 

{ — X + wt) 
\c / 

ly- 



since n • k = 0,/3 = —a; and since it is a unit vector, a = l/y/2.) 


k • r = — -(x + y + z) • (xx + yy + zz) = +=-{x + y + z)] kxn=^ 
V3c \/3c V6 


x y z 

1 1 1 

1 0 -1 


= _ ( _, + 2ji _ 2) . 


E(x, y, z, t) 

— Eq COS 

U) , 

( x + y + z ) U)t 

.woe 


B (x,y,z,t) 

E 0 

= — cos 

c 

UJ , 

— (x + y + z) -ut 
. v 3c 

f -X + 2y - z 

l VS 


Problem 9.10 

/ 1.3 x 10 3 

~ c~ 3.0 x 10 8 


4.3 x 10 6 N/m 2 . For a perfect reflector the pressure is twice as great: 

8.6 x 10 -6 N/m 2 . 1 Atmospheric pressure is 1.03 x 10 5 N/m 2 , so the pressure of light on a reflector is 


(8.6 x 10 6 ) /(1 .03 x 10 5 ) = 8.3 x 10 11 atmospheres. 


r 
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Problem 9.11 


i r 

(fg) — / acos(k • r - uit + <5 a )6cos(k • r — tot + 6 b ) dt 

L Jo 

= ~ J [cos (2k ■ r - 2ut + 6 a 4- S b ) + cos (5 a - J ft )] dt - ^ cos(£ Q - 5 b )T = iafecos(J a - S b ). 

Meanwhile, in the complex notation: / = ae4 c ' r ~ a '^, g — be^' r ~ UJt \ where a — ae lSa , b = be lSt . So 
\f? = Iae‘< k - r — = \ab* = Re (±fA = ~abcos(6 a - S b ) = ( fg ). qed 


Problem 9.12 


Tij — eo (^EiEj — — 6ijE ^ B{Bj — -6ijB 2 


With the fields in Eq. 9.48, E has only an x component, and B only a y component. So all the “off-diagonal” 
( i ^ j) terms are zero. As for the “diagonal” elements: 

T xx = to(E x E x -lE 2 )+—(-lB 2 ) = l(e o E 2 -±B 2 )=0. 


T yy = e 0 [- 7 ;E‘)+-lB y B y --B*] = -[-eoE‘ + —B<)= 0. 


T “ = e ° [~'2 E J + 7o 


fio \ 

1 ( 1 




So T zz — — €o Eq cos 2 (kz — ujt + 6) (all other elements zero). 

The momentum of these fields is in the z direction, and 
it is being transported in the z direction, so yes, it does make 
sense that T zz should be the only nonzero element in T^. Ac- 
cording to Sect. 8.2.3, — T - da is the rate at which momentum 
crosses an area da. Here we have no momentum crossing areas 
oriented in the x or y direction; the momentum per unit time 
per unit area flowing across a surface oriented in the z direc- 
tion is — T zz — u = pc (Eq. 9.59), so A p — pcANt, and hence 
Ap/Ai = pcA = momentum per unit time crossing area A. 
Evidently momentum flux density = energy density. / 

Problem 9.13 




(Eq. 9.86) => R=(- -) (Eq. 9.82), where 0= 

\1 + PJ P2^2 



=► T-0 

T + R — 


(Eq. 9.82). [Note that 



T = 

C2f2 

(EotY 



eiui 

UoJ 

flu 

f- 

\ 2 v 2 

_ P\V\ 

M2 

\v 2 

) v i 

T2V2 


tF (Eq. 9.87) 




r 
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Problem 9.14 

Equation 9.78 is replaced by Eq,Sl + E 0R nji = E 0j .nr, and Eq. 9.80 becomes E 0l y - E 0r ( z x n/j) = 
pEo T (z x n x)- The y component of the first equation is Eo R sin9fi = Eq t smOr', the x component of the 
second is Eo R sm9n = — ft E 0t sin 9r- Comparing these two, we conclude that sind^ = sin0r = 0, and hence 
9r = 0t — 0. qed 

Problem 9.15 

Ae iax + Be lbx = Ce lcx for all x, so (using x — 0), A + B = C. 

Differentiate: iaAe iax + ibBe lbx = icCe lcx , so (using x — 0), aA + bB — cC. 

Differentiate again: -a 2 Ae iax — b 2 Be lbx = —c 2 Ce tcx , so (using x — 0), a 2 A + b 2 B = c 2 C. 
a 2 A + b 2 B = c(cC) = c{aA + bB ); (A + B){a 2 A + b 2 B ) = (A + B)c{aA + bB) = cC(aA + bB)\ 
a 2 A 2 + b 2 AB + a 2 AB + b 2 B 2 = ( aA + bB) 2 = a 2 A 2 + 2abAB + b 2 B 2 , or ( a 2 + b 2 - 2 ab)AB = 0, or 
(a — b) 2 AB = 0. But A and B are nonzero, so a = b. Therefore ( A + B)e iax = Ce icx . 
a(A + B) = cC, or aC = cC, so (since C 0) a — c. Conclusion : a = b = c. qed 
Problem 9.16 

f E ; = Eo.e* k '- r - w ‘)y 1 ] 


B/ = 


-E 0l e l ^ k ‘ T u '^(— cos0i x + sin 0i z); 


En = E 0fi e’ (k «' r - Wt ) y, 1 

B fi = — E 0R e l ^ R ' r ~ u '* ) (cos 0 X x + sin0 x z); f 

v i ) 

E r = Eo T e i(kT ' r_w0 y, 

B t = — Eo T e l(kT ' r_u ' t) (- cos0 2 x + sin#! z); 


Boundary conditions: 


(i) c,Et = £2^, (iii)Ef. = Ej{, 


(i i)Bt=B£, (iv) T B » = j-B" 


y B R 

k r 

\ B 

K? 


k . / 


> 

© 

© 


Law of refraction: ■ = — . [Note: kj • r — ut = • r — wt = kx • r — t ot, at z = 0, so we can drop all 

sin 0 i Vi 

exponential factors in applying the boundary conditions.] 

Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): E 0l + E 0r = Eq t . 

Boundary condition (ii): — Eq, sin0i + — Eq„ sin 9\ — — Eq t sin 62 => Eq, + E 0 „ = ) Eo T . 

Vi Vi v 2 \V2sm9iJ 

But the term in parentheses is 1, by the law of refraction, so this is the same as (ii). 

Boundary condition (iv): — — E 0 (— cos0i ) + — E 0 cos0i = — Eo x (— cos 02) => 

Ab [Ti «i J M 2 W 2 

a a ( fiiVi cos9 7 \ - _ COS 02 a _H\V\ rpi Fa 5 Fa 

E 0i - E 0r = { — E 0t - Let a = — ; fl = . Then E 0l - E 0r = a/?£ 0T - 

\P2^2 COS 01 / COS 01 P2W2 1 - 

Solving for E 0r and E 0t : 2 E 0 , = (1 + afl)E 0r =*> E 0t = ^ + flfp j ^o,', 
a A a _ ( 2 1 + a/A a . a _ a 


•Eor — -Eo T _ -^ 0; — 


Eqj ^ — 


1 “ U7 ' Vl + Q^ l + apj vr Uft Vl+a/?y 

Since a and /3 are positive, it follows that 2/(1 + a/1) is positive, and hence the transmitted wave is in phase 

n 7 2 M„ .. . 


with the incident wave, and the (real) amplitudes are related by E 0t = ( I E 0t . The reflected wave is 

+ ocflj 
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in phase if a/? < 1 and 180° out of phase if a / 3 < 1; the (real) amplitudes are related by Eq h — - — E 0r . 

1 + a/3 

These are the Fresnel equations for polarization perpendicular to the plane of incidence. 

J 1 - sin 2 #//? 2 J Q 2 _ s j n 2 q 

rr» j- „ 1 . . O _ /5 V ' V A' _ i /I • J.V _ _ . l _ _ r • - 1 . . 


To construct the graphs, note that a(i — 0- 


, where 6 is the angle of incidence, 


so, for (I = 1.5, a/3 = 


'2.25 - sin 2 6 



O’ 10 20 30 40 50 60 70 SO <J0 0, 


Is there a Brewster’s angle? Well, E 0r - 0 would mean that a/3 = 1, and hence that 

yj 1 ~ ( v 2 / v l) 2 sm 2 6 1 y 2 f w\ 2 ■ 2n f R2V 2 \ 2 2n 

COSO 0 filVi \Vi J \PlVi ) 

- [sin 2 # + (/X 2 // 41) 2 cos 2 d]. Since « p. 2 , this means 1 re (V 2 /V 1 ) 2 , which is o: 


■ 2 Q ( R2V2 \ 2 0 

sin 9 — \ cos a, so 


1 = \ ~~J [ s ' n2 ^ + (t i 2 //ri) 2 cos 2 6]. Since « P 2 , this means 1 (v 2 /vi) 2 , which is only true for optically 

indistinguishable media, in which case there is of course no reflection — but that would be true at any angle, 
not just at a special “Brewster’s angle”. [If p 2 were substantially different from /q, and the relative velocities 
were just right, it would be possible to get a Brewster’s angle for this case, at 


= l-cos 2 «+ ( — j cos^cos 2 0 = ptpLzl = faisZgjg) - 1 = M EfMpL . 

\V2/ \Mi ) \RiIp\Y-I (M2/P1) 2 - 1 (P2/M1) - (Mi/^2) 

But the media would be very peculiar.] 

By the same token, 5r is either always 0, or always n, for a given interface — it does not switch over as you 
change 6, the way it does for polarization in the plane of incidence. In particular, if /? = 3/2, then a/3 > 1, for 

a/3 = — ■ f-- 1 - > 1 if 2.25 - sin 2 9 > cos 2 9, or 2.25 > sin 2 9 + cos 2 9 = 1./ 
cos 9 


In general, for 0 > 1, a/3 > 1, and hence 5 R = n. For /3 < 1, a0 < 1, and 6 R — 0. 

f 2 

At normal incidence, a = 1, so Fresnel’s equations reduce to E 0r = I - — — 


consistent with Eq. 9.82. 

Reflection and Transmission coefficients: R ■ 


Eo,\ Eq r -- 


n-OL 0 \ 

2 

\1 + 0-0 ) 

• 


1+PJ |lf 

Referring to Eq. 9.116, 


r 
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T= ‘ja. a (&r 

eivi \E 0l 


a/3 


1 + a/3 


R + T = 


(1 - a/3) 2 + 4a/3 1 — 2a/3 + a 2 /3 2 + 4a/3 _ (1 + a/3) 


(1 + a/3) 2 


(1 + a/3) 2 


(1 + a/3) 2 


= 1. / 


Problem 9.17 

Equation 9.106 => (3 = 2.42; Eq. 9.110 
V'l - (sin 0/2. 42) 2 


a — 


(a) 0 
1 - 2.42 

1 + 2.42 

E 0t 

Eq, 


cos 0 

0 =>■ a = 1. 
1.42 


Eq. 9.109 


(«- 


a - / 3 
a + /3 


3.42 

2 


-0.415; 


2 

3/42 


0.585. 


a + /3 

(b) Equation 9.112 => 9b — tan _1 (2.42) = 67.5°. 

(c) -®0 h = -®0t =+a-/3 = 2;a = /3 + 2 = 4.42; 

(4.42) 2 cos 2 0 = 1- sin 2 0/(2.42) 2 ; 

(4.42) 2 (1 - sin 2 0) = (4.42) 2 - (4.42) 2 sin 2 0 

= 1 - 0.171 sin 2 0; 19.5 - 1 = (19.5 - 0.17) sin 2 0; 
18.5 = 19.3 sin 2 0; sin 2 0 = 18.5/19.3 = 0.959; 
sin 0 = 0.979; \ 0 = 78.3°. 



r 


Problem 9.18 

(a) Equation 9.120 

refraction is typically around 1.5, so£« (1-5) 2 x 8.85 x 10 -12 = 2 x 10 -11 C 2 /N m 2 , while a — 1/ p tv 10 -12 fi m 


t = (.jo. Now e = e 0 e r (Eq. 4.34), e r — n 2 (Eq. 9.70), and for glass the index of 


(Table 7.1). Then r = ( 2 x 10 -11 )/10 -12 = 20 s. (But the resistivity of glass varies enormously from one 
type to another, so this answer could be off by a factor of 100 in either direction.) 

(b) For silver, p = 1.59 x 10~ 8 (Table 7.1), and e tv 6 0 , so ive — 2ir x 10 10 x 8.85 x 10~ 12 = 0.56. 

Since a = 1/p = 6.25 x 10 7 3> ute, the skin depth (Eq. 9.128) is 


d= - “ 

K 


uiap. 


2tt x 10 10 x 6.25 x 10 7 x 4 tt x 10" 7 


= 6.4 x 10 7 m = 6.4 x 10 4 mm. 


I’d plate silver to a depth of about 0.001mm; there’s no point in making it any thicker, since the fields don’t 
penetrate much beyond this anyway. 

(c) For copper, Table 7.1 gives a = 1/(1. 68 x 10 -8 ) = 6 x 10 7 , ueo = (27r x 10 6 ) x (8.85 x 10 -12 ) = 6 x 10 -5 . 


Since a > we, Eq. 9.126 => k 




, so (Eq. 9.129) 


A = 2? r 


= 2tt 


Loop 0 


27r x 10 6 x 6 x 10 7 x 47r x 10 -7 


= 4 x 10~ 4 m = 


c 3 x 10 8 
A _ v ~ 10 6 


w 

k 


w , 
2u' 


; 0.4 mm. 





i 

400 m/s. 


300 m; 


v = c — 


3 x 10 8 m/s. (But really, in a good conductor the skin depth is so small, 


compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.) 


r- 


i 
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Problem 9.19 

(a) Use the binomial expansion for the square root in Eq. 9.126: 

-1 1/2 


K = U> 


i + - (~y ~ i 

2 \ewJ 


£(1 1 (T <7 hi 


2 y/2 2 y € 


So (Eq. 9.128) d = - = qed 

k a v p 


e = e r eo = 80.1 eo (Table 4.2), 

For pure water, ( p = po(l + Xm) = Po(l ~ 9.0 x 10 -6 ) = po (Table 6.1), 
cr = 1/(2. 5 x 10 5 ) (Table 7.1). 


So d — (2) (2.5 x 10 5 ) 


5 i (80.1)(8.85 x 10- 12 > 


47r x 10~ 7 


1.19 x 10 4 m. 


(b) In this case (a/ew) 2 dominates, so (Eq. 9.126) and hence (Eqs. 9.128 and 9.129) 

s 2n 2n n , , A , 

A = — = — = 2tt d, or d — — . qed 

k k 2n 


[ql Hr luncr /(10 15 )(47r x 10~ 7 )(10 7 ) 7 1 1 

Meanwhi e k = = \ x = 8 x 10 7 ; d = - = — = 

y 2 ]/ euj 2 V 2 k 8 x 10 7 

1.3 x 10“ 8 — 13 nm. So the fields do not penetrate far into a metal — which is what accounts for their opacity. 


(c) Since k = k, as we found in (b), Eq. 9.134 says <f> = tan '(1) — 45°. qed 

Bn / V 

Meanwhile, Eq. 9.137 says — = wep — : 

Eq V tu 


For a typical metal, then, 


Bo 

En 


(10 7 )(4tt x 10~ 7 ) 


10 15 


10 7 s/m. (In vacuum, the ratio is 1/c = 1/(3 x 10 8 ) = 3x 10~ 9 s/m, so the magnetic field is comparatively 


about 100 times larger in a metal.) 


Problem 9.20 

(» « = \ + ~ B ! ) = 


over a full cycle, using (cos 2 ) = 1 and Eq. 9.137: 


cEq cos 2 (kz -u>t + 5 b) H — Bq cos 2 (kz - ut + 5 e + <t>) 


Averaging 


<«> = 2 &2ftZ 


e -2 1 
2^° 


tt»2 . ^ d 2 x „—2kz 

Eo + —B o - 


2 p 


e£ 0 2 + 1 + (£) 


= ^-es 2 


i + i/i 


vet u/ 


L J L 

/i+l 

^ eo>/ 

i 2 2 fc 2 , . 1 2 2 k 2 

| = so ( u ) = 7 e e£; o a = 

p 

K ir2 -2 kz 

2pw 2 • 


So the ratio of the 


magnetic contribution to the electric contribution is 

Jl + (-)' = \/l + (-)’ > 1. qed 

(u.elec) V 'au/ V V€W/ 

(b) S = — (ExB) = iE 0 i?oe _2 ' iZ cos(fcz — tut+Ag) cos(/c 2 — wt+d/;4-0) z; (S) = cos</>z. [The 

p p 2p 

average of the product of the cosines is ( 1/ 2zr ) f^ n cosd cos(9+<j)) dd = (1/2) cos<(>.] Sol = ~Eo.Boe~ 2fc2 cos0 = 

£fJL 

— Ele~ 2KZ ( — cos</> ) , while, from Eqs. 9.133 and 9.134, K cos 4) — k, so 
2p \u> J 


I = ~E 2 e 

2pto 


2 _ — 2 /cz 


qed 
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Problem 9.21 


According to Eq. 9.147, R = 


E 0r 2 = 1_£ 2 = ( ( 1 - P” 
Eq, 1 + P ll + / 3 yll+/?‘ 


^ 14 ,where^^ 2 


-(fc 2 + in 2) (Eqs. 9.125 and 9.146). Since silver is a good conductor (a 2> ew), Eq. 9.126 reduces to 


K2 = ki = w \l~]/^-y~ 2 ~’ so> -^v~ ( ’■ 

^ 7 = rn = wc or = c re = (3 * io»),/ ( 6 *l°!> (4 ** ^ = 29. T he„ 

’ P V 2p 2 w P V 2p 0 w V 2 w v 'Y (2)(4 x 10 15 ) 

ii = f 1 - ~ 7 ~ - ! 7 ") f 1 ~ 7 + iT > ) = S" - ~ 7 | - -- 7 ^ = | 0.93. | Evidently 93% of the light is reflected. 
\1 +7 + 27/ V 1 +7 ~ *7/ (l+7) 2 +7 2 

Problem 9.22 

(a) We are told that v = aVX, where a is a constant. But A = 27r / A: and v = w/fc, so 


= ak^hPJk — a.'J'l'K k. From Eq. 9.150, v g = — ct\pbn — p = -qJ = -zOl\F\ — ~v, or n = 2w a . I 

CLK 2vk 2 \ K 2 2 

i(px - Et) p E p 2 hk 2 w E p hk 

(b) h = S . »= jr = ^ Therefore = - = — = 


dw 2hk hk p 

dk 2m m m 


So v = -v g . Since p -- mVc (where v c is the classical speed of the particle), it 


follows that v g (not v) corresponds to the classical veloctity. 


Problem 9.23 

E = —— — => F = -qE = - 


47reo a 3 


47T£o a 3 


= -A'spring^ = —mvj 2 x (Eq. 9.151). So Wo = 


47re 0 ma 3 


wo 1 
= 7^ = ;r 


(1.6 x 10- 19 ) 2 


2?r 27 t Y 4tt(8.85 x 10- 12 )(9.11 x 10“ 31 )(0.5 x lO" 10 ) 3 

^From Eqs. 9.173 and 9.174, 


= 7.16 x 10 15 Hz. This is ultraviolet. 


nq 2 f ( N = # of molecules per unit volume = 


2to£q w 2> \ / = # of electrons per molecule = 2 (for Ho). 


22.4 liters — 22.4x10 


ilTF = 2-69 x 10 25 , 


(2.69 x 10 25 )(1.6 x 10~ 19 ) 2 
(9.11 x 10- 31 )(8.85 x 10- 12 )(4.5 x 10 16 ) 2 


= 4.2 x 10 5 (which is about 1/3 the actual value); 


B = 


2?r x 3 x 10 E 
4.5 x 10 16 


= 1.8 x 10 15 m 2 (which is about 1/4 the actual value). 


So even this extremely crude model is in the right ball park. 

Problem 9.24 

Nq 2 (wn — w 2 ) 

x? 4- : ^ ^ n i7fi i i y ' 0 ' T 


Equation 9.170 => n = 1 + 


2 to£q [(wq - w 2 ) 2 + 7 2 w 2 ] 


Let the denominator = D. Then 


X, = S77 { XT ~ f 2(u, « - “ 2 K- 2 ") + l’ 2 "l j = 0 => 2o,D = W} -X) [2 M - J) - .,*] 2w; 

(w 2 -w 2 ) 2 + 7 2 w 2 = 2 (wq - w 2 ) 2 -7 2 (wq -w 2 ), or (wq -w 2 ) 2 = 7 2 (w 2 +Wq -w 2 ) = 7 2 Wq => (wq -w 2 ) = ±w 0 7i 
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- Wq T w o 7 i w = us oyTr 7/^0 — a> 0 (1 T 7/2^0) = W 0 T 7/2- So w 2 = wo + 7/2, wi = u> 0 - 7/2, and the 


width of the anomalous region is Aw = w 2 - 07 =7 

Nq^oj 2 


Prom Eq. 9.171, a = 


7 

meoc (wq - w 2 ) 2 + 7 2 w 2 


, so at the maximum (w = wq), a max = 


Nq 2 

meoC'y 


At u>\ and w 2 , w 2 = Wq T W 07, soq = 


N<Tw- 7 _ _ ( w" , „ _ 

2 o j 2 — ^max 2 2 I - tiUt 

meoc 7 2 Wq + 7 2 w 2 \w 2 +Wq_ 

7 


us 


TCJ07 _ 1 (1=F7M) gift 7\ Ul. 


"h c^q ^ c^o7 2 (1 ^ ''y/ 2 ^ 0 ) 2 y cjq 

SoaS |a ma x at 07 and w 2 . qed 


2 wq 


2cjq J 2 


Problem 9.25 


k = - 


1 + 


Ji 

2 me 0 ^ {u> 2 - w 2 ) 


dk 1 

duj c 


1 + V' 7- 2 ^ ■ 2 . +wV/j — 2 2 

2 meo 2 — / (wr — w 2 ) J ^'■> 2 — '-> 2 ^ 2 


j 

/i 


dus 


dk ( dk/dw ) 

-(-2w) 


iVg 2 f K ? + 

2me 0 ^ 2 (w 2 - w 2 ) 2 


Ntf 2 (w? + w 2 ) 

/j (w 2 -w 2 ) 2 


1 + 


(cj 2 — CJ 2 ) 2 

Since the second term in square brackets is positive , it follows that 


1 

1 

whereas t; = — = c 

1 AC 

j 

1 + N « 2 y h 

2 me 0 ^ (w? - w 2 ) 

-1 

is greater than c or less than c, depending on u* 

< c, 1 

Problem 9.26 


(a) From Eqs. 9.176 and 9.177, VxE=-® = twBoe*** - "* 5 ; VxB=~ = -^E 0 e i( * 2 - W<) . 


dt 


In the terminology of Eq. 9.178: 

x E), = ^ - ft = So Oi- aE 


c 2 dt 


(V 


% <9z I dy 


11) — ikE y = iu>B x . 

dy 


tTJ dE x dE z dE 0 

(V x E) y = — — = ( ikE 0 , - 


(VxE),= 
(V x B), = 
(V x B), = 
(V x B) z = 


dz 

dx 

dEy 

dE x 

dx 

dy 

dB z 

dBy 

dy 

dz 

dB x 

dB z 

dz 

dx 

dBy 

dB x 


dx 


e^kz-ui) Sq pjjj ikEx _ 


dx dy 


9E > ■ R 


iuiB , 


ikB 0y J So (v) ~ - ikBy = -™E X . 


dy 


y c 2 


ikB t 


0. - 1 e <(k *- wt) . So (vi) ikB x -^ = -%E y . 


dx dy l dx dy 


dx 

So (iv) f* - 

dx ay cr 


dB 

This confirms Eq. 9.179. Now multiply (iii) by k, (v) by us, and subtract: ik 2 E x -k-~ - w— T + iuskB y = 

oa; ay 

2 \ ar i ( qe z dB 

dy ’ vv ~ x (ca/c) 2 - fc 2 \ the + ^ dy J 

Multiply (ii) by fc, (vi) by w, and add: k^^-—ik 2 E y +iu)kB x —u >- — T = iuikB x — —r-E y => i ( —? — fc 2 ) = 

ay ai c \ c } 


iuJ 2 ( 9 w 2 \ . _ 

ifcwB y + i f k 2 - — J E x = , or (1) E : 
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r 


r 


, dE z , dB z , ::N „ i f, 8E Z dB z 

k dy +U dx ' ° T (U) Ey (w/c) 2 - A 2 V 3y W dx 

w dE z . u>k 


Multiply (ii) by w/c, (vi) by A, and add: 


i ( A 


-$)*■ 


= k 


dB z 


u dE, 


c 2 dy 


E u + ik?B x - k 


,2 “v 


dB z 

dx 


. u> 


u>k 


dx c 2 dy 


, or (iii) B x = 


dB z lj dE z 


(w/c) 2 — k 2 \ dx c 2 dy / 


wA 


Multiply (iii) by w/c , (v) by k, and subtract: i — E x — 


~ ^2 Bx 2 „2 E y 


iuk 


LJ 


c 


■ 2 I v c 2 dx 


w d£ z , , 9J5 2 \ n _ * A dB z _ cj d£ z 

+ A ^ , or (iv) „ (w / c )2 _ p Qy + c 2 


uj 0E Z .0B Z 2 .or ^ 


This completes the confirmation of Eq. 9.180. 

ax ay az \ ax ay / ax ay 


lising Eq. 9.180, (w/c) Lp (*^r +W ^J + 

orS + ^r+Nc) 2 -^ 2 ]^=0. 


o. 


dx 2 d 2 y 

dB OB 

Likewise, V • B = 0 => — — + + iAB z = 0 => 

ax dy 

,d 2 B z oj 8 2 E z \ , i /,_d 2 B z , cu 

^ /a o o rv a I T / / \ 2 ^ 2 I ^ r\ o T 


i ( (TBi OJ a XL Z \ i 

(ca/c) 2 — A 2 V dx 2 c 2 dxdy / + (w/c) 2 

d 2 B z d 2 B 


dE z \ 


dy 2 c 2 dxdy / 


+ iAB z = 0 


This confirms Eqs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).] 

Problem 9.27 

Here E z = 0 (TE) and uj/c — A (n = m = 0), so Eq. 9.179(h) => E y = —cB x , Eq. 9.1 79(iii) => E x = cB y , 
d.B z . ( , „ w „ \ . , w „ ^ „ „ ... dB z 


i [kB x + ^ E y j — 


Eq. 9.179(v) => = i ^AH y - = » ^A.7 y - — -B y j = 0, Eq. 9.179(vi) g y 

/ u \ dB z dB, 

i \ kB x B X J = 0. So -yy = -y 21 = 0, and since B z is a function only of x and y, this says B z is in fact 


dx 


constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says j) E • dl = - J ^ • da, 
nc 

j) E • dl = J B.da — iu)B z e l< ' kz ~' Jj1 ^ (ab) (since B z is constant, it comes outside the integral). But 


and Eq. 9.176 => = —iu B, so j> E • dl = iw f B • da. Applied to a cross-section of the waveguide this gives 

E • dl = iLje i{k2 - ut) 

if the boundary is just inside the metal, where E = 0, it follows that | B z = 0. j So this would be a TEM mode, 
which we already know cannot exist for this guide. 


Problem 9.28 

Here a = 2.28 cm and b — 1.01cm, so o 10 


-Loj 10 = = 0.66 x 10 10 Hz; u 20 = 2^- = 1.32 x 10 10 Hz; 

27r 2a 2a 


!/ 3 o = 3^- = 1.97 x 10 10 Hz; u 01 = = 1.49 x 10 lo Hz; o 02 = 2^ = 2.97 x 10 lo Hz; u n = ^ = 

2 a 2b 2b 2 V a o 


1.62 x 10 u Hz. Evidently just four modes occur: 10, 20, 01, and 11. 


To get only one mode you must drive the waveguide at a frequency between x? io and x/ 20 : 

c 

A — — , so A io — - 2a; A 20 7=1 
v 


0.66 x 10 10 < v < 1.32 x 10 1U Hz. 


2.28 cm < A < 4.56 cm. 


r 


( 
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Problem 9.29 

From Prob. 9.11, (S) = (E x B*). Here (Eq. 9.176) E = E 0 e i(fa - wt) , B* = and, for the 

2/i 0 

TE mn mode (Eqs. 9.180 and 9.186) 


K 


B 'v 


b: 

E x 


E„ = 


— ifc 1 

7 —mi:'' 

j Bo sin 

/m7rx^ 

\ ros r n7r ^\ 

{u/c ) 2 — fc 2 ' 

< Q y 

V a > 

' l fc J 

—ifc | 

f —Tin \ 

B 0 cos ( 


sin ( nmj ) ■ 

(w/c) 2 - fc 2 ' 

v & J 

< a / 

Sm l fc 


/ rmrx \ ( mry \ 

= Bocos (—) cos (—)' 


iu j 

' — n 7 r^ 

Bo cos | 

<mnx \ 

. (riny\ 

(cj/c ) 2 — A; 2 1 

V 6 J 

< a J 

sm \~Y) : 

—to; j 

f —mn' 

j B 0 sin 

(m 7 TX' 

\ cos / n7r ^) 

(w/c) 2 — fc 2 ' 

V « y 

\ a / 

) co H fc J 


E z = 0. 


So 


<S) = 


/ 


(S) ■ da. 


1 j 

f imvB 2 

2/xq ' 

l (w/c) 2 - fc 2 


m \ . / rmrx\ r rmrx\ , /n7ry\ „ 

7 / bm ( a ) C ° b V a / C ° S ) X 


+ 

+ 


77707 B 2 (7 1 


(w/c ) 2 
u>kn 2 B 2 

[(^/c) 2 - fc 2 f 


do /ri\ 2 fmnx\ . 

^(fcH (— ) Sm 


(7) cos (7), 


Q) 2 cos 2 ( 22 E) sin 2 (^) + (- 


cos 


✓ rt7ry \1 


1 Ulkn' 2 Bq 

8 W)[(w/c) 2 -fc 2 ] 2 


rafc 


(?) ♦ 


f- 

Vfc 


/m\ i . , (rrvnx \ 

( 7 ) Sm V 6 

[In the last step I used 


) •}■ 


/“ sm 2 (rmrx/a) dx = J 0 ° cos 2 (rmrx/a) dx — a/2; / Q 6 sin 2 (n7rj//6) ch/ = / Q 6 cos 2 (nny/b) dy = 6/2.) 
Similarly, 


<u) = 7 fe 0 E-E* + — B B* 

4 V Po 


e 0 oj 2 tt 2 BI 
4 [(w/c) 2 - fc 2 ] 

+ 


n \ 2 9 /rmrx\ . , smry\ ( m \ 2 . , / mnx\ 0 /nny\ 

b) cos (— ) sm (-r) + U) sin (— ) cos (— ) 


1 J R 2 rns 2 | 

(m 7TX\ 0 

I 1 1 

/ Tiny \ 

< -Oq C0S ' 
4/io [ 

1 1 btlo 1 

V a / 

l fc ) 


+ 


fc 2 7T 2 Bq 


[(w/c) 2 - A: 2 ] 


'tl \ 2 9 /mnx 

J “ s ( 




(?)’-’ (=?)]}■ 


f <«>*.= J (;)%(-)1 

J 4 I 4 [( w /c ) 2 - fc 2 ] |U/ Vo/ 


B 2 1 
+ — + 


k 2 ix 2 B 2 


4/io 4/io [( 07 /c ) 2 — fc 2 ] 


n\ 2 /m\ 2 

fc) + W 
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These results can be simplified, using Eq. 9.190 to write [(ui/c) 2 — A; 2 ] = (w mn /c) 2 , eoPo — 1/c 2 to eliminate eo, 
and Eq. 9.188 to write [(m/a) 2 + (n/6) 2 ] = (tu mn /7rc) 2 : 


/<S) 


■ da — 


wkabc 2 
8 Mo 




;; /(«) 


da 


arab 


Spotp 


<2 * 2 ' 


Evidently 


energy per unit time _ J(S) ■ da _ kc 2 _ c 


energy per unit length /(u) da 


= - \/w 2 - u^ n = (Eq. 9.192). qed 

LJ U! 


r 


Problem 9.30 

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E z 0 ,B Z — 0, subject to the boundary 
conditions 9.175. Let E z (x,y) = X(x)Y(y)-, as before, we obtain X(x) = Asin(fc I i) + Bcos(k x x). But the 
boundary condition requires E z — 0 (and hence X = 0) when x = 0 and x = a, so B = 0 and k x = mn/a. 
But this time m = 1, 2,3, . . . , but not zero, since m — 0 would kill X entirely. The same goes for Y(y). Thus 


E x = E 0 sinf^) sin (^) 


\ a 


\ b j 


with n,m = 1, 2, 3, . . . 


The rest is the same as for TE waves: 


U) rl 


= C7r-\/(m/a) 2 + (n/6) 2 


is the cutoff frequency, the wave 


velocity is v = cj \/l — (tu mn /w) 2 , and the group velocity is v g = C\J 1 — (tUmn/cu) 2 . The lowest TM mode is 
11, with cutoff frequency Wn = CK\/{\/a) 2 + (1/6) 2 . So the ratio of the lowest TM frequency to the lowest 
C7r % /(l/a) 2 + (1/6) 2 


TE frequency is 


(or/ a) 


y/1 + (a/i) 2 . 


Problem 9.31 

. . _ _ 1 3 , , „ , _ „ 13. _ . - . — dE s - 1 3E S E 0 ksm(kz — wt) ~ ? 

(a) V-E = - — {sE s ) = 0 /; V-B = - — ( B 0 ) = 0/;VxE = — <f> z = 4> = 

s os s o<p OZ S 0(f> s 

dB E 0 ui sm(kz - ut) - . dB^ . 1 3 „ sin(/c.z - wt) . ? 

— -T- = d> / (since /c = cu/c); V x B = — — - s + - — (sB,*) z = — -s = 

at c s oz s os c s 

— § /. Boundary conditions: = E z = 0 /; B 1 - — B s — 0 /. 

cr at c L s 

(b) To determine A, use Gauss’s law for a cylinder of radius s and length dz: 

„ , „ cos (kz — u>t) . 1 „ l . n = r 

E • da = Eq — — — — (27ts) dz = — Q e nc = — A dz A = 27reoEo cos (kz — tot). 

S €q €q 1 


To determine I, use Ampere’s law for a circle of radius s (note that the displacement current through this 

Eq cos (kz — iot) 


loop is zero, since E is in the s direction): j) Bdl = 


-(27ts) = p 0 4. 


T 27TEo Hr A 

1 = cos (kz — ut). 

P0 C 


The charge and current on the outer conductor are precisely the opposite of these, since E = B = 0 inside 


the metal, and hence the total enclosed charge and current must be zero. 

Problem 9.32 

/ OO roo 

A(k)e ikz dk => /(z,0)* = / A(k) m e- ikz dk. Let l = -k; then f(z, 0)* = 

■oo J — OO 

r — CO r OO r OO 

/ A{—l)*e llz (—dl)— / A{—l)"e lLz dl— / A(—kye tkz dk (renaming the dummy variable l — > k). 

J OO J — OO J —oo 

}{z, 0) = Re [/(z,0)] = i [/(*, 0) + f(z, 0)*] = j°° \ + A(-A)*] e ikz dk. Therefore 


r 
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r 


r 


\ [i(fc)+A(-fc)'] = ^/°° f(z,0)e~ ikz dz. 

r oc°° . roo 

Meanwhile, f{z,t) — I A(k)(—iui)e^ kz ~ ui ^dk=>f(z i 0 ) = / [— iuM(fc)]e tfc;! dfc. 

*7 —CO *7—00 

(Note that w = |fc|u, here, so it does not come outside the integral.) 

/ OO rOO r — CO 

[iu>A(k)‘]e~ ikz dh = / [i|fcM(A:)*]e- ifcz dfc = / [r|/M(-/)*]e i ' i (-rf/) 

-OC *7—00 *7 OO 

/ OO COO 

d/fc = / [iwi(-fc)*]e ifcz dfc. 

-OO *7—00 

/(2,0) = Re [/(2,0)] = i /(z,0) + /(z,0)’] = J ^\-iu>A(k) + iu>A(-kY}e ,kz dk. 

~ [yi(fc) - i(-fc)*] = ~ y°° /(z,0) e -’ fcz dz, or 1 [A(fc) - A(-fc)*] 

Adding these two results, we get 


-/(*, 0) 


e~ ikz dz. 


= b j 

j'OO 
— OO 

/(z,0) + —j{z, 0) 

CJ 

e- lkz dz. 


qed 


Problem 9.33 

(a) (i) Gauss’s law: V • E = — 7 — — 0 . / 


(ii) Faraday’s law: 

_dB 

dt 


= V x E 


rsin0 d<p 

1 5 


rsin0 90 


1 p 

(sin 0E^) r — ( rE 6 

r or 


1 d 

’ sin 2 0 

/ 1 . \] 

. 1 d 

‘ 

f 1 - M 

rsin0 d9 

^0 

r 

1 cos u — — sinu I j 

r dr 

Eq sin 0 | 

[ cos u — — sin u 1 


r> d , . 8 . 

But — cos u = — k sin u; — - sin u = k cos u. 
or or 

— i-— — 2 sin 9 cos 6 ( cosu - sinu ) f — -E 0 sin 0 [ -ksinu + —7 sinu - - cosu ) 9. 

rsinl) r V kr j r \ kr 1 r 


Integrating with respect to t, and noting that [ cos udt — sinu and 

J w 


sin udt — — cosu, we obtain 

U) 


2E o cos0 f . 1 \ £osin0 / 1 1 . . „ 

B = — - — - — — I sin u 4 - — cos u r A ( — k cos u + 7— - cos u - 1 — sin u j U. 

kr j uir 


uir* 


kr 2 


(iii) Divergence of B: 

V S = + 

1 d [ 2 E q cos 0 ( 1 

— — - - — — sinu+ 7 — cosu 

r l or u> V kr 


+ 


1 d 
r sin0 86 


Eq sin 2 8 f . 1 1 


uir 


—k cos u + 7 — x cos u H — sin u 
kr z r 


1 2£ o cos0 (, 1 1 . 

k cos u — 7 — 7- cos u sin u 


ui 


kr 2 


1 2E 0 sin 9 cos Of, 1 1 . 

-I —k cos u + 7-7- cos u- 1 — sin u 

r smO uir V kr 1 r 


r 
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2£ o .cos0 /, 1 1 . 1 1 \ 

r— k cos u — - — ~ cos u sm u — k cos u + - cos u H — smu =0. / 


(iv) Ampere/Maxwell: 


VXB = 


■H 


d Eo sm # / , 1 1 

— — k cos u + - — — cos u H — sinu 

or uj \ kr 2 r 


d [ 2E 0 cos 0 / . 1 Ml- 

m ~Z?^( smu+ Tr' :0 ‘ u I* 


Eo sin { ,o 2 1.1 k 2 2 \ - 

I k sm u — — - cos u sm u rsmtiH — cos u + — sm u + cos u d> 

cur \ kr J r 2 r 2 r r 2 kr J j 

k E 0 sin 0 ( 1 \ - l E 0 s\nd f 1 \ 2 

k sin u ^ — cos u I cp — k sm u H — cos u d>, 

uj r \ r J c r \ r J 


1 9E 1 E 0 sm8 

c 2 dt c 2 r 

1 Eq sin# 


( . uj \ ~ 1 uj Eo sin # ( . 1 \~ 

I uj sm u + — cos u] cp = — — I k sm u + - cos u j <p 

\ KT J C K T \ T J 


fcsin u + - cosuj <p — V x B. / 


(b) Poynting Vector: 


_ 1 txi E 0 sin# ( 1 . \ 2Eocos9 ( 1 \ - 

S = — (E x B) = cos u — —sin u -z — sinu + — cosu tf 

Po po r \ kr J cur 2 \ kr j 

Eq sin 6 ( 1 1 . \ ’ 

H -kcosu + r cosu H — smu (— r) 

u>r \ kr 2 r ) 

E% sin 9 f 2 cos 9 f . 1,9 .9, 1 1 - 


— — — < sin u cos u+ — (cos 2 u — sin 2 u) — — — sin u cos u 0 

u 0 ujr 2 ( r [ kr k 2 r 2 

. n ( , 2 1 2 1 . 1 . 1 . 1 . 2 \ * 

sm 8 I — k cos u + cos u H — sm u cos u H — sm u cos u — - sm u cos u — - — - sin u r 

\ kr- r r k-r 2 kr 2 / 

Eg sin 0 f 2 cos 0 ( 1 \ . 1 2 . 2 J a 

— — — — < 1 - I sm u cos u H (cos u — sin u) 6 

pour 2 ( r \ k 2 r 2 J kr 


+ sin# I h ■ ) sin u cos u + fc cos 2 u + — » (sin 2 u — cos 2 u) fl. 

V r / fcr 2 


Averaging over a full cycle, using (sinu cosu) = 0, (sin 2 u) = (cos 2 u) = we get the intensity: 


I =( S) = Si!^(t slne ') f= 

Po<xr 2 \2 J 2 p 0 cr 2 


It points in the f direction, and falls off as 1/r 2 , as we would expect for a spherical wave. 


(c)E= fl da= f ^l r 2 sin 9 d9d4>= ^~2 tt f sin 3 9d9= % 
V ; J 2/zqC J r 2 r 2 p Q c J 0 3 


4tt E 2 
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Problem 9.34 


X 



z < 0 : 


0 < z < d : 


f E r {z,t) = Eie i ^ 2 ~^x, 

\ E R (z,t) = E R e*- k ' z - ut ' x, 

f E r {z,t) = E r e% k **- Ut )x, 

| E ,(z,t) = Eie i l- k * x ~ ut )x, 


B I (z,t) = -f-E/e^ 1 * - " 0 y 
B R (z,t) = -^E R e^- k ' 2 ~^y. 

B T {z,t) = TE r e^ 2 -^) y 
B i(z,t) = y. 


z>d: | Er(-z, f) = E T e i ^ z '~^ x, B r (-M) = ^Eye^ 3 *-^ y. 

Boundary conditions: Ej = Eji, Bf = b|, at each boundary (assuming /xi = /x 2 — /x 3 = /x 0 ): 

( £/ + En — E r + Ei ; 

2 = 0 ; 1 1 ~ 1- 1- 1- 

— E/ Er = — E r Ei Ei - Er = 0(E r - E t ), where 0 = v\jv 2 . 

V. Ui iq u 2 n 2 

” E r e'* 2d + Ete- ik2d = E T e ik3d ; 

z ~ d : < 1 1 1 

—E r e ik * d Ee-^ 2d = —Ere ik * d => E r e ifc2d - E,e- it2d = aE T e ik3d , where a = u 2 /v 3 . 

v u 2 U 2 V3 

We have here four equations; the problem is to eliminate Er, E r , and Ej, to obtain a single equation for 
Ey in terms of E/. 

Add the first two to eliminate E/* : 2E/ = (1 + 0)E r + (1 — 0)Et; 

Add the last two to eliminate E; : 2E r e lk2d = (1 + a)Eye lk3d ; 

Subtract the last two to eliminate E r : 2 Eie~ lk2d = (1 — a)E T e' k3d . 

Plug the last two of these into the first: 

2 E/ = (1 + /?)^e~ ,7:2d (l + a)Eye ik3d + (1 — /0)^e‘ fc2d (l - oi)Eye ik3d 

4 Ei = [(1 + a)(l + 0)e~ ik2d + (1 — a)(l — j3)e‘* 2d ] Eye ik:>d 

= [(1 + a0) (e- ik2d + e ik2d ) + (a + 0) {e~ ik2<i - e ik2<t )] E T e ifc * d 

— 2 ((1 + a0) cos (fc 2 d) - i(a + 0) sin(fc 2 d)] Eye lk3<1 . 
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[ r 


M . • - ax ■ l • r V3 ^Ej- 0 V 3 ( fJ. Q e 3 \ \Et\ 2 V, \E T \ 2 J£ T | 2 

Now the transmission coefficient is T = = — — — - = — = ad ■ 

Vi \/J. 0 eJ \E,\ 2 v 3 |E/| a |£/| 2 

\Ei\ _ 1 1 ^ _|_ a p^ cos(/c 2 <l) - i(a + P) sin(fc 2 d)] e' kzd 


T ~ 1 = 


ap \E t \ 2 <*P 

[(1 + ap ) 2 cos 2 (fc 2 d) + (a + p) 2 sin 2 (A: 2 cZ)] . But cos 2 (k 2 d) = 1 - sin 2 (lc 2 d). 
[(1 + aP) 2 + (a 2 + 2 aP + p 2 - 1 - 2a/3 - a 2 P 2 ) sin 2 (fc 2 d)] 

[(1 + - (1 ~ a 2 )(l - P 2 ) sin 2 (fc 2 rf)] . 

D . C c c n 3 n 2 

But 7i i = — , n 2 = — , ri 3 = — , so a = — , P = — . 

u 2 v 3 n 3 ni 


1 


4n! n 3 


, . 2 (n 2 - n 2 )(n§ - n\) . 2 

(Til + 71 3 ) 2 + IL sin 2 (fc 2 rf) 


Problem 9.35 

T — 1 =>■ sin kd = 0 =+ led = 0, 7r, 277 . . . . The minimum (nonzero) thickness is d —jrjk. But k = u/v — 

2nis/v = 27n/7i/c, and n = y/en/e 0 ii 0 (Eq. 9.69), where (presumably) /i fa /io- So n = yjtjt o = -y/e^, and hence 

7TC C 3 X 10 8 3 I 

= 9.49 x 10 m, or 


d = 


270/^?; 2i jJT t 2(10 x 10 9 )\/2^5 


9.5 mm. 


Problem 9.36 
From Eq. 9.199, 


-.-l 


1 


4(4/3) (1) 

£ 

16 




(9/4) 


49 , (-17/36) (-5/4) 
9 


+ - — sin 2 (3wd/2c) 


(9/4) 


_49 


85 


48 (48) (36) 


T = 


48 


49 + (85/36) sin 2 (3ud/2c) 


Since sin 2 (3wd/2c) ranges from 0 to 1, T m j n = 


48 


49 + (85/36) 


0.935; 


sin 2 (3wd/2c). 


48 


49 


Tin ax = — = 0.980. Not much 


variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you 


switch 1 and 3, the transmission is the same either direction, and the | fish sees you just as well as you see it. 


Problem 9.37 

(a) Equation 9.91 => E;r(r,t) = E 0r e^ k7 " r ~ 1J ^; k r • r = ^(sinflyx + cos 0 T z) ■ (xx + yy + zz) = 


xkr sin dj- + izkr\J 

sin 2 6t — 1 = kx + inz, where 

, . a /wti 2 n 

kr sin dr = 

l ni uni . 

— sind/ = sind/, 

V c > 

' n 2 c 

?r 

H 

5* 

N3 

H 

1 

i— 1 

II 

— V(n 1 /n 2 ) 2 sin 2 d/ - 1 = - 
c v < 

E 0 T e~ KZ e^ kx ~ wt) . 

qed 


So 
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(b )R = 


eo r 

2 

a - 0 

Eq, 


a + P 


with .real: R = ^ ~ ^ 


(c) From Prob. 9.16, Eq r = 


. Here 0 is real (Eq. 9.106) and a is purely imaginary (Eq. 9.108); write a = ia, 

= 0 

1 - a0\ 2 


ia + 0 J V — ia + 0 J a 2 + 0 2 

1 - Oc0 


1 + a0 


Eq, , so R — 


1 + a0 


1 — ia0 


1 4- iaP 


(d) From the solution to Prob. 9.16, the transmitted wave is 

1 - 


(1 — ia0)( 1 + ia0) 
(1 + ia0)( 1 — iap) 


-0 


E(r,t) = E 0r e i(kr r - a ' t) y, B(r,£) = -E 0T e i(kr - r - a ' i) (- cos6> T x + sin6> T z). 

Vo 

Using the results in (a): kr • r = kx + inz — ut , sin # 7 - = — — , cos Bt = i~—: 

un 2 un 2 

E(r, t) = E 0T e~ KZ e i{kx ~ wt) y, B(r,£) = — E 0T e- KZ e^ kx - ut) ( -i— x+ 0 


V2 


un 2 ton? 


We may as well choose the phase constant so that Eq t is real. Then 
E(r,i) = Eoe~ KZ cos(kx — ut) y; 

1 _ T C 

B(r,£) — — E 0 e~ KZ Re {[cos(/ca: — ut) + is\n(kx — wt)] f-itcx + kz]} 

V 2 un 2 

= — Eoe~ KZ [iism(kx — ut) x + k cos(kx — ut) z] . qed 


(I used v 2 = c/n 2 to simplfy B. 

d 


(e) (i) V • E 

(ii) V • B 


9B 

dt 


dy 

d_ 

dx 


[. E 0 e KZ cos {kx - ut)] — 0. / 


J? 

— e~ KZ KS\n(kx — ujt) 

U 


d 

+ dz 


— e~ KZ k cos{kx - ut) 
u 


= — - [e KZ nk cos(kx — ut) — kc KZ k cos(kx — ut)] = 0. / 


(iii) V x E = 


x y z 
<9 /< dx d/dy djdz 
0 E y 0 


dEy . dEy . 

dz* dx * 


— nEoe Kz cos(kx - ut) x — E 0 e KZ ksin(kx — ut)z. 
JEq 

= e~ KZ [—/ten cos {kx — ut) x + A:cusin(A:a: — ut) z] 


(iv) V x B = 


nE Q e KZ cos {kx — ut) x — kEoe KZ sin(A:x — ut) z = V x E. / 

y 


x y z 
d/dx d/dy djdz 


B x 0 B z 


(dB x 


V dz 

_ 

dx J 


Ec\ Rr\ 

K 2 e~ nz sinikx — ut) -1 e~ KZ k 2 sinikx — ut) 

u u 


y = (/c 2 — k 2 )— e KZ sm(kx — ut) y. 


Eq. 9.202 => k 2 — k 2 = j [n 2 sin 2 dj. - (nj sin 8i) 2 + (n 2 ) 2 ] = = w2 t 2 M 2 - 


177 


r- 


r 


= e 2 jJ. 2 ^>Eoe KZ sin (kx — u>t) y. 


dE 


= H 2 C 2 E 0 e KZ uisin(kx - wt)y = V x B /. 


(0 


S = 


— (E x B) = — ^-e~ 2KZ 
H2 M2 w 


X 

0 


Ksin(fca; — uit ) 


cos(kx — ujt) 

0 


z 

0 


k cos (kx — u>t) 


j? 2 

— ( L e ~ 2KZ \kcos 2 (kx — u>t) x — Ksinffca; — wf) cosf kx — tuf) zl 
/u 2 w 


E 2 k o 

Averaging over a complete cycle, using (cos 2 ) = 1/2 and (sin cos) = 0, (S) = — - — e -2 * 2 x. On average, 

2 fi 2 u) 

then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface), qed 
Problem 9.38 

Look for solutions of the form E = E 0 (x,y, z)e~ lljt , B = B 0 (x,y, z)e~ tut , subject to the boundary condi- 
tions E^ = 0, B l = 0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give 
V-E = 0 => V • E 0 = 0; VxE = -^ => V x E 0 = LuB 0 ; 1 
V • B = 0 ^V-B o = 0; VxB=4,f => V x B 0 = -^Eo. J 
From now on Fib leave off the subscript (0). The problem is to solve the (time independent) equations 
f V ■ E = 0; VxE = iu> B; 

\ V-B =0; V x B = -i#E. 

From VxE = iwB it follows that I can get B once I know E, so I’ll concentrate on the latter for the moment. 

/ „ y , \ ,.,2 

V x (V x E) = V(V • E) - V 2 E = -V 2 E = V x (iwB) = iu 


ILJ \ (J* 

-- 5 -E ) = -=E. So 
c 2 ) c 2 


V 2 £L = 


= — j E x \ y 2 E y = — j Ey ; X 2 E z = — j E z . Solve each of these by separation of variables: 


E x {x, y, z) = X(x)Y(y)Z(z) 


,d 2 Z 


vr7 cPX , „ v dPY , V ^Z _ _ ( u y 

} Z dx 2+ X dy 2 +y 1 dz 2 l J X dx 2 ' Y dy 2 ' Z dz 2 


1 d 2 X 1 d?Y 1 d?Z 
+ 77 T 7 r + ‘ 


d 2 X d?Y d 2 Z 

- (w/c). Each term must be a constant, so — — = -klX, — — - = - k 2 Y , = - k 2 Z , with 

dx 2 dy 2 y dz 2 

fc 2 + ky + k 2 z = — (w/c) 2 . The solution is 

E x ( x, y, z) — [A sin(A: I a:) + B cos(A: I a:)][C , sin(fc y j/) + D cos(fc y (/)][Esin(fc 2 z) + F cos (k z z)]. 

But EH = 0 at the boundaries => E x — 0 at y = 0 and z = 0, so D = F = 0, and E x = 0 at y = b and z = d, so 
k y — nir/b and k z — lir/d, where n and l are integers. A similar argument applies to E y and E z . Conclusion: 

E x (x,y,z) = [Asm(k x x) + B cos(k x x)]sm(k y y) sm(k z z), 

E y (x,y,z) = sin(k x x)[C sm(k y y) + D cos{kyy)]sin(k z z), 

E z (x,y,z) — sin(k x x) s\n(k y y)[E s\n(k z z) + F cos(k.z)], 


where k x — mn /a. (Actually, there is no reason at this stage to assume that k x , k y , and k z are the same for 
all three components, and I should really affix a second subscript ( x for E x , y for E y , and z for E z ), but in a 
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I’ll assume 
they are from the start.) 

Now V-E = 0 => k x [Acos(k x x)-B sm(k x x)]sln(k y y) sin(k z z)+k y sin(k x x)\C cos(k y y)-D sln(k y y)] sin(fc z z)-l- 
k z sm(k x x) sin(k y y)[E cos(k z z) - Fsin(k z z)] = 0. In particular, putting in x — 0, k x Asin{k y y) sm(k z z) = 0, 
and hence A — 0. Likewise y — 0 => C — 0 and z = 0 => E = 0. (Moreover, if the k’s were not equal for different 


r 
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r 


components, then by Fourier analysis this equation could not be satisfied (for all x, y, and z) unless the other 
three constants were also zero, and we’d be left with no field at all.) It follows that — {Bk x + Dk y + Fk z ) — 0 
(in order that V • E = 0), and we are left with 


E = B cos(k x x) sin {k y y) sin (k z z) x + D s\n(k x x) cos(k y y) sin (k 2 z) y + F s'm(k x x) sm(k y y) cos(k z z) z, 
with k x — (mir (a), k y ~ (rnr/b), k z = (Ivr/d) (l, m, n all integers), and Bk x + Dk y + Fk z = 0. 


The corresponding magnetic field is given by B = — (i/cu)V x E: 
B x = 

By = 

B z = 

Or: 


Z l 

B = {Bk y — Dk z ) sin(EjX) cos {k y y) cos (k z z) x ( Bk z — Fk x ) cos (k x x) sin(k y y) cos(k z z) y 

U) UJ 

l 

— —( Dk x — Bk y ) cos(k x x) cos(k y y) s\n(k z z) z. 


These automatically satisfy the boundary condition B L = 0 (B x = 0 at x = 0 and x = o, B y — 0 at y = 0 and 
y = b, and B z = 0 at z = 0 and z = d). 

As a check, let’s see if V • B — 0 : 


i 

(dE z 

dE y 

j 

UJ 

V 9y 

dz 

i 

fdE x 

dE z 

j 

UJ 

\ dz 

dx 

i | 

(dEy 

_ dJG 

UJ 

\ dx 

dy 


= [Fk y sin (k x x) cos(k y y) cos (k z z) — Dk z sin(A: a: x) cos {k y y) cos(A: 2 z)] , 


u> 


[Bk z cos (k x x) sin(k y y) cos (k z z) — Fk x cos (k x x) sin (k y y) cos {k z z)\ , 

LxJ 

i 

[Dk x cos{k x x) co s(k y y) sin (k z z) — Bk y cos(k x x) cos(k y y ) sin(/c 2 z)] . 

UJ 


i i 

V ■ B = (Fk y — Dk z )k x cos (k x x) cos (k y y) cos(k z z) ( Bk z — Fk x )k y cos(k x x) cos(k y y) cos (k,z) 

UJ UJ 

1 

— — ( Dk x — Bk y )k z cos(k x x) cos(k y y) cos(k z z) 

UJ 

i 

= ( Fk x k y — Dk x k z + Bk z k y — Fk x k y + Dk x k z — Bk y k z ) cos(k x x) cos(k y y ) cos(A; 2 z) = 0. / 

UJ 

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE 
modes, we pick E z = 0, so F = 0 (and hence Bk x + Dk y = 0, leaving only the overall amplitude undetermined, 
for given l, m, and n); for TM modes we want B z = 0 (so Dk x — Bk y = 0, again leaving only one amplitude 
undetermined, since Bk x + Dk y + Fk z = 0). In either case (TE/ mn or TM; mn ), the frequency is given by 

u> 2 = c 2 {kl + k 2 + k\) — c 2 [(m7r/a) 2 + (nn/b) 2 + (/jr/d) 2 ], or 


ui — C7r\/(m/a) 2 + (n/6) 2 + ( l/d ) 2 . 


r 




Chapter 10 

Potentials and Fields 


Problem 10.1 


□ 2 V + 




dt 


= V V - 


□ 2 A - VL = V 2 A - mo £ o 


d 2 A 
dt 2 


dt 




— V (V • A + fi 0 eo ~g^j — _ MoJ- / 


Problem 10.2 

(a) IP = i J ^€o E 2 + — £? 2 j dr. At t\ = d/c, x > d = cti, so E — 0, B = 0, and hence W{t\) = 0. 
At T 2 = (d + h)/c, ct 2 = d + h: 


E = (d + h — x) z, B = -J^^-(d+ h — x)y, 


so B = —E , and 
c 2 


e 0 E 2 + — B 2 ) = € 0 [E 2 + — ] = 2 e 0 E z . 


Mo 


Therefore 


2^2 


(d+h) 




W(f 2 ) = 2 (2 £ o) 4 


/ 


(d + h — x ) 2 <lx (Zui) 


, ' C 2 


€ofiQa 2 lw 


(d + h — x) 3 


d+h 

to Mo ct 2 lwh 3 

d 

12 


(b) S(x) = — (B x E) = — E 2 [-z x (±y)] = ± — E 2 x = 

Mo Moc Moc 

(plus sign for x > 0, as here). For |x| > ct, S = 0. 

So the energy per unit time entering the box in this time interval is 

^ = r = /s M .«ia = 

Note that no energy flows out the top, since S(d + h) = 



0. 


±^g-(ct-|x|) 2 x 
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r 


1 2 

(c) W = J , 


Pdt = 


Pq OC 2 lw 
4c 


(d+h)/c 


J ( ct — d ) 2 dt = 


HaoPlw 

Ac 


t\ d/x 

Since 1/c 2 = po e o, this agrees with the answer to (a). 


(ct — d) 3 

(d+h)/c 

poa 2 lwh 3 

3c 

die 

12 c 2 ' 


r 


Problem 10.3 


E = -W- 


0A 

dt 


1 Q 
Attcq r 2 


r. 


B = VxA = 0. 


This is a funny set of potentials for a stationary point charge q at the origin. (V = — — , A = 0 would, of 

1 1 47T€o t 


1 <7 


course, be the customary choice.) Evidently p = q5 3 ( r); J = 0. 


Problem 10.4 


0A 


E = — W — — = — Aq cos(kx — wt)y(— cj) = Aou>cos(kx — u>t) y, 


. d 


B = VxA — i — [A 0 sin(kx - ut)} = Aokcos(kx — cot) z. 

dx l— — 


Hence V-E = 0 /, V-B = 0 /. 

VxE = z^- [A 0 wcos(A;a; - wf)] = — Aoojks\n(kx - uit) z, — = -AotuA:sin(Aa; - u>t ) z, 

Ox dt 

OB 

so V x E = - / . 

dt 

VxB = — y ~ [Aok cos(kx — ut)} = Aok 2 sin(A:a; — ujt) y, ^ = A 0 u 2 sin(fca; — ut) y. 
dx dt 

3E « r - 1 2 

So VxB — p 0 eo~^- provided k = pqCquj , or, since c = l//ioeo, to — ck. 


Problem 10.5 




1 <7 


47tco r ' 


A' = A -f VA = “j— f 
47reo 


47T6q 


qt 


0. 


This gauge function transforms the “funny” potentials of Prob. 10.3 into the “ordinary” potentials of a sta- 
tionary point charge. 


Problem 10.6 


dV 


Ex. 10.1: V-A = 0; -*- = 0. 

dt 


Both Coulomb and Lorentz. 


Prob. 10.3: V-A = V ' * 


47TC0 

dV 




dV 


r 2 ) ~ ~ (r) ’ ~dt ~ ° 


Prob. 10.4: V-A = 0; — = 0. Both. 

dt 


r 
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r 


Problem 10.7 

dV dV 

Suppose V’A / —po£o~zr- (Let V-A + po^o~^- — 4> — some known function.) We want to pick A such 
at at 

dV' 

that A' and V' (Eq. 10.7) do obey V-A' = — poeo-^-. 

__ . i dV' __ „ 2 . dV d 2 \ ^ 2 \ 

V*A + [aq€q ~ V*A + V A + noeo— — — $ + □ A. 

This will be zero provided we pick for A the solution to D 2 A = — 4>, which by hypothesis (and in fact) we know 
how to solve. 

We could always find a gauge in which V' = 0, simply by picking A — f*V dt' . We cannot in general pick 
A = 0 — this would make 13=0. [Finding such a gauge function would amount to expressing A as -VA, and 
we know that vector functions cannot in general be written as gradients — only if they happen to have curl 
zero, which A (ordinarily) does not.} 

Problem 10.8 

i,From the product rule: 

J 

n. 


V- 


= -(V.J)+J-(V), V'. 

'i \ -i- 


l) = i(VM) + J.(V 




But V- = — V'-, since -t = r — r'. So 

4 'i 


= j(V.J) - J • (Vi) = j(V-J) + i(V'-J) - V' (J 


r 


But 


and 


so 


Similarly, 


dJ x dJ v dJ z dJ x dt r dJ y dt r dJ z dt r 


V<J - ~dt + ~df + dz 


dt r 

dx 


V-J = - 


1 


dt r dx dt r dy dt r dz ’ 
1 ch- 


1 dJ 


1 di 

dt r 

1 di 

dt T 

c dx' 

dy 

c dy' 

dz 

dJ x ck 

dJy d* 

dJ z 

ch~ 


dt r dx 

dt T dy 

dt T 

dz 





[The first term arises when we differentiate with respect to the explicit r', and use the continuity equation, 
thus 


1 dJ_ 

C dt r 


(V'*) 


1 

+ - 


dp 1 dJ 

dt c dt r 


• (V'*) 


V- 


* dt 1 


(the other two terms cancel, since V-» = — V'-r). Therefore: 

« j t iT - [ V'. (1) dr] = Li- [ t dr] - £ 1 1 • 

dt J i J \* J J u dt [4ireo J * J 47 r / 


V-A = 

47T 




The last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = -poeo-—. / 

ot 


r 
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Problem 10.9 

(a) As in Ex. 10.2, for t < r/c, A = 0; for t > r/c , 




A(r ' 1) = (£ 2 ) 2 / 


k(t - \/r 2 + z 2 /c) fi 0 k _ 

— - — . . cLz — z \ 

\/r 2 + z 2 27 t 


v /(ct) 2 -r 


y/( ct ) 2 ~ r 


r dz i r 

1 x/r 2 + z 2 “ c J 


( Mo*: - 
V 2 tt Z 


f ln (- c<+ ^) 2 ^ 2 -)-lvW^ 


Accordingly, 


dz 


E(r, f) = 




(or zero, for f < r/c). 


B M) = 


/Tpfc 

27T 

Pofc 


f r ^ 

1 . 

- 1 (_2r) rf /fWY 2 r 2 

f 2 ^/(ct) 2 —r 2 ° V[C) J 

V ct + \/( C< ) 2 ~ 7-2 J 

f r 2 


1 (— 2r) 


2c ^/(dY - r 2 


4> 


-Ct Z T 

+ 


/i 0 fc (-c 2 t 2 +r 2 ) - 
<£ = - r— — 7 4> = 


27r 1 ry/(ct ) 2 - r 2 C\/(ct) 2 -r 2 J 27r rc^/(d) 2 - r 2 


/jp A: 
27rrc 


\/(ct) 2 - r 2 <p. 


(b) A(r, t) = ~ z [ S2^lL ^/ c ) . dz. But ■» = \/r 2 T z 2 , so the integrand is even in z: 

47r /-oo * 


M r, t) = 1^)2 r S A-dA dz . 
V 47 T / J 0 % 


Now z = \A 2 — r 2 => dz = 


1 2*dfc 




2 \A- 2 — r 2 %/i 


-i . 2 — r 2 


, and z = 0 =>■?• = r, z = oo => -i = oo. So: 


K)^=r 
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Now 6{t ~ ijc) - cS (* - ct) (Ex. 1.15); therefore A = ± c f — — dr so 

' 27r J r y/tf _ r 2 ’ 


! r 


A (r, t) = — 1 — _g (or zero, if ct < r); 


E(r,t) = - 


2tt \J{ct) 1 2 — r 2 
9 A Mo9oc 


9t 


2tt 


/ n 
V 2 y 


2c 2 t 


9A Z 7 Po<7oc / 1\ — 2r 




[(ct) 2 — r 2 ] 3 / 2 

-0 


z = 


Mo7o c 3 t 


27r[(ct) 2 - r 2 ] 3 / 2 


[(ct) 2 - r 2 ] 3 / 2 


<£ = 


-Hoqocr 


27r[(ct) 2 - r 2 ] 3 / 2 


(or zero, for t < r/c); 

(or zero, for t < r/c). 


<£ 


Problem 10.10 


A = !f« ('Maoist = ^ (i/--! M 

4 ? x J i 47 r J * 47T [ i ^ c J J 


A/jjfl./* 1/* /• 6 j 

But for the complete loop, /dl = 0, so A = — — l-jdl+-jd\ + 2xj — >. Here f t dl = 2a x (inner 
circle), f 2 dl — —2 bx (outer circle), so 


A = 


Po fct 
4?r 


-(2o) + 7(-26) + 21n(6/o) 

a o 


x => 


A = ln(6/o) x, 


E = -** = 
dt 


Po k 
' 2ir 


In (6/a) x. 


The changing magnetic field induces the electric field. Since we only know A at one point (the center), we 
can’t compute V x A to get B. 

Problem 10.11 

In this case p(r, t) = p(r,0) and j(r,t) = 0, so Eq. 10.29 => 


E(r, t) = t~ — f I ~ v ■■ + 

£o J I * 2 c* 


1 f [>(r\0) + p(r',Q)t r ( p(r',0) 

47TC( 


idr', but t r = t (Eq. 10.18), so 


1 f >(r',0) +p(r',0)t _ p{ r', 

47T£o i [ -i 2 


OKVg) /K r ', 0) 

o ""e 


C/l 


idT ' = i/ 


1 qed 


Problem 10.12 

In this approximation we’re dropping the higher derivatives of J, so J(t r ) = J (t), and Eq. 10.31 => 

B(r,t) = J ^ jj(r',t) + (t r — t)j(r',t) + -j(r',t)j xidr', but t r — t = — (Eq. 10.18), so 

= r-. qed 

47 r y v 


Problem 10.13 

At time t the charge is at r(t) = a[cos(o;t) x + sin(wt) y], so v(t) = a;a[— sin(wt) x + cos(mt) y]. Therefore 
4 = z z — a[cos(a>t r ) x + sin(a>t r ) y], and hence ^ 2 — z 2 + a 2 (of course), and * = \/z 2 + a 2 . 

1 1 ' * / i • v\ 

i ■ v = -(* • v) = - {— a;a 2 [— sin(a;t r ) cos(a;t r ) + sin(a;t r ) cos(a;t r )]} = 0, so [1 j = 1. 

'I i \ c / 


K 
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r 


Therefore 


V(z,t) = 




Problem 10.14 

Term under square root in (Eq. 9.98) is: 


I = c 4 t 2 - 2c 2 t(r • v) + (r • v) 2 + c 2 r 2 - c 4 t 2 - v 2 r 2 + v 2 c 2 t 2 

= (r • v) 2 + (c 2 - v 2 )r 2 + c 2 (vt) 2 - 2c 2 (r • vt). put in vt = r - R 2 . 

= (r • v) 2 + (c 2 - v 2 )r 2 + c 2 (r 2 + R 2 - 2r • R) - 2c 2 (r 2 - r ■ R) = (r • v) 2 - r 2 v 2 + c 2 R 2 . 


but 


Therefore 


Hence 


/ \2 2 2 
(r • v) — r v = 


((R + vt) • v) 2 - (R + \t) 2 v 2 

(R • v) 2 + v 4 t 2 + 2(R • v)v 2 t - R 2 v 2 - 2(R • v)tv 2 - v 2 t 2 v 2 
(R • v) 2 - R 2 v 2 = R 2 v 2 cos 2 6 - R 2 v 2 = —R 2 v 2 (l - cos 2 6) 
-R 2 v 2 sin 2 6. 


I = -R 2 v 2 sin 2 8 + c 2 R 2 = c 2 R 2 



V(T,t) 


q 

47re ° Rsfl - $ sin 2 8 


qed 


Problem 10.15 

Once seen, from a given point 
x, the particle will forever remain 
in view — to disappear it would 
have to travel faster than light. 

(Light rays in + x direction] 



r 
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r 


r 


Problem 10.16 

First calculate t r : t r = t - |r — w(t r )]/c : 


— c(t r — t) = x — \/b 2 4- c 2 t 2 => c(t r - t) + x = \/5 2 + c 2 t 2 ; 
c 2 t 2 r - 2c 2 t r t + c 2 t 2 + 2xct r — 2xct + x 2 = b 2 + c 2 t 2 ; 

2ct r (x — ct) + (x 2 — 2 xct + c 2 t 2 ) = 5 2 ; 


"(V 


2ct r (x — ct) = b 2 — (x — ct) 2 , or t, 
1 qc 


Now V (x, t) = 


4tT€o (tc - -t • v) 


_b 2 - (x — ct) 2 
2c(x — ct) 

, and tc - t • v = t(c — v)\ t = c(t - t r ). 


1 

v — - 


1 


:2c 2 t r = 


c 2 t r c 2 t r , , c 2 t r + c(x — ct) — c 2 t r c(x - ct) 


2 x /b 2 + c 2 t 2 c(tr -t)+x ct r + (x - ct) 

c(t — t r )c(x — ct) cr^t — t r )(x — ct) 


; (c-v) = 


ct r + (x - ct) 


tC — t • V = 


. ■ >, b 2 - (x - ct) 2 

; ct r + (x - ct) = — — :7r — + (x - ct) = 


ct r + (x — ct) ’ 

6 2 + (x — ct) 2 


t — < r = 

_L 

tC — t • V 


Ct r + (x — Ct) Ct r + (x — Ct) V ~ 2(x — Ct) 

2ct(x - ct) - 6 2 + (x - ct) 2 _ (x — ct)(x + ct) - b 2 _ (x 2 — c 2 t 2 - 5 2 ) 


2(x — ct) 


2c(x — ct) 
5 2 + (x - ct) 2 


2(x — ct) 


1 


2c(x — ct) 

2c(x — ct) 


2c(x — ct) 


Therefore 
5 2 + (x — ct) 2 


c 2 (x — ct) [2ct(x — ct) — 6 2 + (x — ct) 2 ] c(x — ct) [2ct(x — ct) — 6 2 + (x — ct) 2 ] 


The term in square brackets simplifies to (2ct + x — ct)(x — ct) — b 2 = (x + ct)(x — ct) — b 2 = x 2 — c 2 t 2 — b 2 . 
So 


V(x,<) = 


6 2 + (x — ct) 2 


47reo (a; — ct)(x 2 — c 2 t 2 — 6 2 ) 


Meanwhile 


A = 


V 


c 2 t r 


v r 


c 2 ct r + (x — ct) c 2 


X = 


b 2 — (x — ct) 


21 


2c(x — ct) 


2(x - ct) q b 2 + (x - ct) 2 

6 2 + (x — ct) 2 4 x 60 (x — ct)(x 2 — c 2 < 2 — ft 2 ) 


(x — ct) 2 


4xeoc (x — ct)(x 2 — c 2 f 2 — fc 2 ) 


X. 


Problem 10.17 

From Eq. 10.33, c(t — f r ) = t =>• c 2 (t — t r ) 2 = t 2 = t • t. Differentiate with respect to t: 


2c 2 (t - t r ) ( 1 


3t 

<9t 


dt- 


d t 


. dt / 3t r , , T .. . 

at ;=**•*• ““I 1- 3?) = *'*' ■> = r - w(l r ), so 


9w dw dt r dt r / 3t r \ at 

Q, Qs ^ ^ 1 I tV 


at 


at r at 


at 


at 


at ’ 


«• = v ) ~ ( Eq- 10 - 64 )’ 


at r » 

and hence — - = . 

5t tu 


qed 
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r 


r 


Now Eq. 10.40 says A(r, t) — — V(r,t), so 


dA _ 1 (dl v + v <W_\ _ 1 ( ^_9tr 
dt < 


dt 
dt r 1 


dt J c 2 \dt r dt 


E + v 


dt ) 


qc 1 

+ v- 


-qc d 


c 2 [ dt 47re 0 -t • u Attcq (a • u) 2 dt 


{flC — A. ■ v) 


1 gc 

a dt r v 


d* 


C 2 47T£o 

-t • u dt (* ■ u) 2 

V at 

di' V ~ 

dt ) 


But n. = c(t - t r ) => = c f 1 - ~ ) , * = r - w (t r ) 


Q A dt r 

7 j^ = — v-^- (as above), and 


dv dv dt r 
dt 


dt r 


dt r dt a dt 


47T£oc('t- ■ u) 2 

ja(* 

q 

l-c- 

47T£oc(-t • u) 2 

l C 

q 

/ c : 

47reoc(-t- • u) 2 

l C 

q 

[- 2 

47reoc(4. • u) 3 

qc 1 

i 


dt T 


1 - 


dt T 

dt 


, dt T 


+ a at 


dt r ] \ 

1 dt J j 


47re 0 (tc-*- v) 3 


{'ic — -t • v) v + -a^ + -(c 2 — v 2 + a • a)v . qed 


Problem 10.18 

E = -r~~, 7 T \(° 2 ~ v 2 )u + ■* x (u x a) 1 . Here v = 

47re 0 (* • u) 3 

»x, a = ax, and, for points to the right, i = x. So u = 
(c — v) 5c, u x a = 0, and i ■ u = -x(c — v). 


! * 


j “(*,.) 

V 


X 


E = JL 1 (<? - U 2 )(c - V) X = -g-1 - (c + ..V.)J£Ui) 2 . x = -j- 1 f £±?^ x- 

47T£o ^ 3 (c — u) 3 47 T£o ft (c — v) 3 Aneo T 2 \c — v J 

B = -i x E = 0. qed 
c 

For field points to the left, i = —x and u = — (c + v) 5c, so -t • u = i(c + v), and 


E = - 


JL 1 (c 2 

4/reo 'X 3 (c + v) 3 


- v 2 )(c + v) 5c 


— q 1 f c — v 
47re 0 'P \c + v 


5c; B = 0. 


Problem 10.19 




R 


dx 


R 2 [1- (u/c) 2 sin 2 #] 3/2 ' 
The horizontal components cancel; the vertical com- 
ponent of R is sin# (see diagram). Here d = f?sin#, so 

1 sin 2 9 x . , .. , m d 

— - = cot#, so dx = —d{— esc #) dQ 


R 2 


d 2 


d 


sin 2 # 


d#; 


y 



dq=\dx 


■x 


r 
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r 


1 d sin 2 6 d6 

-^dx = - a - —yr— d3 = — . Thus 
R 2 sin 2 0 cP d 

x ..2 /ji / y 


E = 


sin 0 


47re 0 (1 V / C ) \ d ) J 0 ^ _ („/ c )2 sin 2 e ^/ 2 


dd. Let z = cos 6, so sin 2 d = \ — z 1 . 


A(1 - v 2 /c 2 )y rl 
Aire^d 

A(1 - v 2 /c 2 )y 
47reo d 

A(1 — v 2 /c 2 ) c 1 


f L_ 

J-l fl - (v/c) 2 + (v/ 


2 „ 21 3 / 2 


[1 — ( v/c ) 2 + (v/c) 2 z 2 ] 
1 2 


dz 


(v/c) 3 (c 2 /v 2 - l)V'(c/u) 2 - 1 + 2 2 
2 


+i 


-l 


4ne 0 d v (1 - c 2 /v 2 ) yj(c/v) 2 -1 + 1 


y = 


1 2A 
47re 0 d 


(same as for a line charge at rest). 


(b) B = ~ (v x E) for each segment dq =; A dx. Since v is constant, it comes outside the integral, and the 
same formula holds for the total field: 

1 , 1 1 2A 1 2A „ no 2Xv „ 

B = -j( v x E) = -jv- -(x x y) = fi 0 eov— — z = — z. 

r>2 r-f rl 47TC0 d 4 tT d 


But Xv = I, so 


Po 2/ 2 


c 2 47re 0 d 

(the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7). 



Problem 10.20 

w (t) — R[cos(ut) x + sin(u)t) y]; 
v(f) = sin(wt) x + cos(wt) y]; 

a (t) = — i?w 2 [cos(a;t) x + sin(wt) y] = — w 2 w(t); 

*= -w (t r ); 

* = R; 

t r — t — R/c\ 
i — — [cos(wt r ) x + sin(wt r ) y]; 

u = ci — v(t r ) = — c[cos(u>f r ) x + sin (u>t T ) y] — uR[~ sin(u< r ) x + cos (ujt r ) y] 

= - {[ccos(wf r ) — u>R sin(wt r )] x + [csin(wf r ) + wilcos(ut r )] y} ; 

fi x (u x a) = (fi ■ a)u — (•* • u)a; fi • a = — w • (— w 2 w) = u> 2 R 2 ; 

fi ■ u = R [ccos 2 (wt r ) - wR sin(u£ r ) cos (uft r ) + csin 2 (w< r ) + u>Rsm(ujt r ) cos(wt r )] = Rc; 

v 2 = (uR) 2 . So (Eq. 10.65): 


{ — [c 2 cos(w£ r ) — ujRc sin(w£ r )] x — [c 2 sin(u£ r ) + u>Rc cos(w£ r )] y 


Q 1 
47re 0 ( Rc ) 2 
+ R 2 lj 2 cos (u)t r ) x + R?u> 2 sin (ut r ) y} 


Q 1 
47tc 0 (Rc) 2 


{ [( uj 2 R 2 - c 2 ) cos(w£ r ) + wi?csin(w£ r )] x + [(lo 2 R 2 - c 2 ) sin(wf r ) - uRc cos(wf r )] y} , 


r 
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-i x E = - (i x E y - i y E x ) z 
c c 


{cos(a;4 r ) [(w 2 /i 2 - c 2 ) sin(o>t r ) - a>/?ccos(ad r )] 

- sin(wl r ) [(w 2 /? 2 — c 2 ) cos (ut r ) + uRc sin(wt r )] } z 

- 7 — — f-wi?ccos 2 (wt r ) — uRc sin 2 (ut r )1 z = —--^--rusRci 
47re 0 Rrc* L 1 47re 0 R 2 <? 


q u> 
4ireo Rc 2 


Notice that B is constant in time. 

To obtain the field at the center of a circular ring of charge, let q A ( 2 tt /?. ) ; for this ring to carry current 

/, we need I = Xv = A wR, so A = I/u>R, and hence q -> (I IdR){2txR) = 2irl/ij. Thus B = — — z, or, 

47re 0 Rc 1 

since 1/c 2 = eoMo> B = z, the same as Eq. 5.38, in the case z — 0. 

2 R 

Problem 10.21 

A(i i>, t) — A 0 | sin(6>/2)|, where 9 = <f> — wt. So the (retarded) scalar potential at the center is (Eq. 10.19) 


J_ f b.dl' = J_ r A ° M(^~^r)/2]| . 

7rc 0 J - 5 . 47re 0 Jo a 

— [ sm(e/2)d0 = -^-l-2cos(O/2)]\ 2n 

7T€o J 0 47T€o lO 


fM2- (-2)]= — • 

47re 0 7re 0 


( 

A 

& 


a 1 

J 



(Note: at fixed t r , dtp = dB, and it goes through one full cycle of $ or 9.) 

Meanwhile I (<f>, t) = Av = Apwa |sin[(<^> — w<)/2]| 4>- From Eq. 10.19 (again) 


Mo Mo r- Apc^q jsin[(<ft - ut T )/2}\ 


Mo f I 

47T J t 


But t r = t — a/c is again constant, for the 4> integration, and = — sin 4 > x + cos^y- 

/ !sin[(<6 - w< r )/2]| (- sin^x + cos^y) d<f>. Again, switch variables to 6 — J> - o>t r , 

4?r Jo 

and integrate from 6 = 0 to 9 = 27r (so we don't have to worry about the absolute value). 

MoAq^q r s j n ^/2)[-sin(0 + wt r )x + cos(0 + w< r )y] dO. Now 

4rr Jo 


r 





sin [6/2) sin(0 -f ut r ) ad = - I [cos (6/2 + ut r ) — cos (30/2 + u>£ r )J d6 

* Jo 


1 2 1 j7r 

- 2 sin (0/2 -f ut r ) — - sin (30/2 -f ut r ) 

2 L ^ Jo 

sin(7r + ut r ) - sin(a;t r ) — ~ sin(37r + c ot r ) + - sin(ut r ) 

o o 

2 4 

— 2sin(wi r ) + - sin(a>£ r ) = --sin (ut r ). 

O O 


1 r v 

sin (8/2) cos(8 + u>t r ) d6 = — / [— sin (0/2 + iot r ) + sin (30/2 + wt r )\ dd 

2 Jo 


if 2 1 

= - 2 cos (9/2 + ut r ) — — cos (30/2 + u>t r ) 

2 3 J 0 

= C0s(7T + wt r ) - COS (u)t r ) — - COs(37T + U>t r ) + - COS (ojt r ) 

o o 

2 4 

= —2 cos (u>t r ) + — cos (ut r ) — — - cos(wt r ). 

O O 


fioXouo, / 4\ £ — cos(a;t r ) y] = {sin[cj(t — a/c)] x — cos[u;(i - a/c)] y} . 

07T 


[ ] devaluate at the retarded 
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Problem 10.23 

Using Product Rule #5, Eq. 10.43 


V-A == ^Qcv • V [(c 2 t - r • v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )] 1 ^ 


— v • j-i [(c 2 t - r ■ v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )] ~ 3/2 V [(c 2 < - r • v) 2 + (c 2 - u 2 )(r 2 - c 2 t 2 )] 

7T I ^ 

[(c 2 t — r • v) 2 + (c 2 — v 2 )(r 2 - c 2 t 2 )] v • {— 2(c 2 i — r • v)V(r • v) + (c 2 — w 2 )V(r 2 )} 


Product Rule #4 =>• 
V(r • v) 
(v • V)r 
V(r 2 ) 


v x (V x r) + (v • V)r, but V x r = 0, 

( d d 3V. . .. 

I v x — +v y-Q^+v z — ){xx + yy+zz) = v x x + v y y + v z z — v, and 
V(r • r) = 2r x (V x r) + 2(r • V)r = 2r. So 


V-A = _ Ro<l c j-^ 2 ^ _ r _ v ^2 _j_ ^2 _ w 2 )( r 2 _ c 2 £ 2 )j z l 2 v . [— 2(c 2 t — r • v)v + (c 2 — u 2 )2r] 

= [(c 2 t - r • v) 2 + (c 2 - u 2 )(r 2 - c 2 t 2 )] 3 ^ 2 {(c 2 t - r • v)v 2 - (c 2 - u 2 )(r ■ v)} . 

But the term in curly brackets is : c 2 tv 2 - u 2 (r • v) — c 2 (r ■ v) + u 2 (r • v) = c 2 (v 2 t — r - v). 

- / iQ( ? c3 (u 2 t - r • v) 

{{cH — r • v) 2 + (c 2 — v 2 )(r 2 — c 2 t 2 )] 3 ^ 2 

Meanwhile, from Eq. 10.42, 

= -fioe 0 -^—qc t( c2 * _ r • v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )]~ 3/2 x 

|[( C 2 t-r.v) 2 + (c 2 -u 2 )(r 2 -c 2 t 2 )] 

= [{c 2 t - r • v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )]~ 3/2 [2 (c 2 < - r ■ v)c 2 + (c 2 - u 2 )(-2 c 2 t)} 

o7T 


(c 2 t — r • v — c 2 t + v 2 t) 


^ 7r [{c 2 t — r • v) 2 + (c 2 — v 2 )(r 2 — c 2 f 2 )] 3 


= V- A. / 


Problem 10.24 

/ \ v 9l<72 1 

(a) 2 “ 47TC0 ( b 2 + c^ 2 ) X ' 



x(0 

? 2 

<h 


(This is just Coulomb’s law, since q\ is at rest.) 

(b) h=s & II (gr^r tt= S \h ta,r ’ <et/ ' ,) ] L = S [taa ~‘ (oo) ' ‘“"(-“H 


<?1<?2 fTT _ / _ 7T \ 1 _ gig 2 7T 

47re 0 6c L2 V 2/J 47re 0 be 


r 
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(c) From Prob. 10.18, E = — -=■ ( - — - | x. Here x 

4neo x z \c + v J 

and v are to be evaluated at the reta rded time t r , which is 
given by c(t — t r ) = x(t r ) = y/b 2 + c 2 t‘* => c 2 t 2 —2 ctt r +c 2 tl — 
c 2 t 2 - b 2 

b 2 + c 2 t 2 r => t r = — — • Note: As we found in Prcb. 10.15, 

!j 2 first “comes into view” (for qi) at time t = 0. Before that it 
can exert no force on q 1: and there is no retarded time. From 
the graph of t r versus t we see that t r ranges all the way from 
— oo to oo while t > 0. 


x{t r ) = c(f — t r ) 


2 c 2 t 2 -c 2 t 2 + b 2 
let 


b 2 + c 2 t 2 
2 ct 


(for t > 0). 


v{t) 



1 2c 2 t c 2 t 

2 y/b 2 + C 2 t 2 - V’ 


v{t r ) 


fc 2 t 2 -b 2 \f 2 ct \ fc 2 t 2 -b 2 \ 

V 2 1 J \b 2 + c 2 t 2 ) ~ C ( c 2 t 2 +b 2 ) 


(for t > 0). Therefore 


c-v _ (c 2 t 2 + b 2 ) - (c 2 t 2 - b 2 ) _ 2 b 2 b 2 _ qt ic 2 t 2 b 2 . 

c + v {c 2 t 2 + b 2 ) + {c 2 t 2 — b 2 ) 2 c 2 t 2 c 2 t 2 ^ 47reo (b 2 + c 2 t 2 ) 2 c 2 t 2 


0, t < 0; 

-3131 x t>0 

47TC0 {b 2 + c 2 t 2 ) 2 ’ 


(d) i\ = 


L f° 


47TC0 

1 


f 


(6 2 + C 2 t 2 j 2 dt The i^egral is 


[(6/c) 2 + 


■ dt = —7 


c 

252 


L(5/c) 2 -f t 2 


oo po 

+ / 

0 J 0 


l(b/c) 2 + t 2 )] 


dt\ 


So 


h = - 


3l3lIL 

47T£o be 


1 / 7TC \ n 

2 c 2 b 2 \2b) ~ 4 cb 2 ' 


(e) Fj ^ — F 2 , so Newton’s third law is not obeyed. On the other hand, 1 1 = —I 2 in this instance, which 
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered 
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might 
carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present 
case.) 


Problem 10.25 

S=-(Ex B); B = (v x E) (Eq. 10.69). 
Mo c 2 

So S = —i-j [E x (v x E)] = e 0 [£ 2 v - (v • E)E], 
Mo c 

The power crossing the plane is P = f S • da, 
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and da = 2irrdr~k (see diagram). So 


P - 


co J (E 2 v — E 2 v)2i:r dr; E x = Ecos8, so E 2 — El — £ 2 sin 2 #. 

7 1 


= 2ttcov / E 2 sin 9 r dr. Prom Eq. 10.68, E = 


= 27reon 


•I 

nc 


R 


47T€ 0 7 2 R 2 [1 - (n/c) 2 sin 2 0] 3/2 


where 7 = 


— u 2 /c 2 


r sin 2 9 


R 4 [l - (u/c) 2 sin 2 #] 3 


dr. Now r = a tan 9 =>• dr = a — — d8; — = — - . 

cos 2 8 R a 


v q 2 1 /' 7r//2 sin 3 9 cos 9 


;hJ. 


V 47T60 a 2 Jo [1 _ („/c) 2 sin 2 ' 


d9. Let u = sin 2 so du = 2 sin 8 cos 0 d#. 


vq* 


f — - — 

Jo [1 — (v/c) 2 u 


du = 


vq‘ 


167re 0 a 2 7 4 J 0 [1 _ ( v /c) 2 uf 167re 0 a 2 7 4 



vq 2 

\2 ) 

32neo a 2 


Problem 10.26 

(a) 


v , A _ 1 7l72 . 

Fl2( ) 47TCO ( Vt ) 2 ' 


(b) Prom Eq. 10.68, with 8 = 180°, R — vt, and R = — z: 


r f , 1 7i92(l — v 2 /(?) _ 


No, [ Newton’s third law does not hold: F12 ^ F21, 
because of the extra factor (1 — v 2 /c 2 ). 



(c) Fbom Eq. 8.29, p = eo / (ExB) dr. Here E = E1+E2, whereas B = B2, so ExB = (Ei xB 2 ) + (E 2 xB2). 
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part: 

(Ei x B 2 )dr. Now Ei = ^ r , while, from Eq. 10.69, B 2 = -^(v x E 2 ), and (Eq. 10.68) 


E 2 = 

e 2 = 


72 


47TCO r 2 

(1 - v 2 /c 2 ) ^ . But R = r - vt; R 2 = r 2 +v 2 t 2 - 2rvtcos9; sin#' = So 


2 47reo (1 — v 2 sin 2 #'/c 2 ) 3 / 2 R 2 

72 (1 - v 2 /c 2 ) (r - vt) 


R 


B 2 = 


„ . Finally, noting that v x (r - vt) = v x r = vr sin 9 <j>, we get 
47re 0 [1 _ (vr sin 9/ Rc) 2 } 3 / 2 -R 3 

t go f t \ = c si 72(1 ~ v 2 /c 2 )v r 1 r sin# (f x <ft) 

47re 0 c 2 (J? 2 - (orsin#/c) 2 ] 3/2 ’ ? £ °^e 0 47re 0 c 2 J r 2 [jp _ ( vr s in8/c) 2 ] 3/2 ' 


72(1— n 2 /c 2 ) or sin# 


But f x = —6 = — (cos# cos 0x -I- cos# sin 0y — sin#z), and the x and y components integrate to zero, so: 
7 i 72 u (1 - u 2 /c 2 ) z f sin 2 8 


p(t) = 


/: 


(47rc) 2 eo J r (r 2 + (vt) 2 — 2rvtcos8 — (or sin#/c) 2 ] 3,/2 
7172^(1 — v 2 /c 2 ) z f rsin 3 # 


r 2 sin 6 dr dd d<p 


Sire 2 to 


/ 


r 2 -(- (ot) 2 — 2 rut cos # — (or sin #/c) 


21 3 / 2 


dr d8. 
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I’ll do the r integral first. According to the CRC Tables, 


r * ctr - 

2 (bx + 2a) 

OO 

2 

' b 

2a 

Jo (a + bx + CX 2 )*/ 2 

(4ac — b 2 )\/a + bx + ex 2 

0 

4ac — b 2 

.Sc~ 

y'a 


\/c(4ac — b 2 ) 


/, „ / — \ 2 (2-y/oc -b) 2 , — . 

(6 2v^) - ^(2^ -6) (2^+6) “ ^ c ( 2 V^c+b). 


In this case x = r, a = (id) 2 , b = — 2id cos0, and c = 1 — ( v/c ) 2 sin 2 0. So the r integral is 

2 1 


\J 1 - (w/c) 2 sin 2 0 2nty / 1 - (u/c) 2 sin 2 0 - 2vt cos 0 vt^Jl-(v/c) 2 sin 2 9 y/l - (v/c) 2 sin 2 0 - cos 0 

cos 9 


y 1 — (v/c) 2 sin 2 0 + cos0 


So 


vt\J 1 — (v/c) 2 sin 2 9 [l — (v/c) 2 sin 2 9 — cos 2 0] ^sin 0(1 v 2 /c) \j^ ~ ( v / c ) 2 sin 2 


1 + 


p(0 = 


qiq 2 v(l - v 2 /c 2 )z 1 

87rc 2 eo vt( 1 - v 2 /c 2 ) 


r 1 

cos 6 

1 -j- — 

Jo sin 2 0 

yjl — (v/c) 2 sin 2 0 


sin 3 9 d9 


0102 z 
87TC 2 €| 


- / / sin 9d9+- f 
oM Jo v Jo 


cos 9 sin 9 


\J (c/u) 


2 — sin 2 0 


: (19 


But J* sin 0 (19 = 2. In the second integral let u = cos0, so du — — sin 0 d9: 


f 

Jo 


cos 0 sin 0 


\J (c/v) 2 - sin 2 0 
Conclusion: 

(d) 


d9 


L 


, 7*00102 ~ 
p<1) = "toT 1 


i/(c/u) 2 - 1 + a 2 

(plus a term constant in time). 


du = 0 (the integrand is odd, and the interval is even). 


f 12 + f 21 

dp 

dt 


1 9192 - 1 0102(1 - v 2 /c 2 ) 

A-ne 0 v 2 t 2Z 47reo i> 2 £ 2 


7*00102 * 

— z = r 

47r£ 2 


12 


+ F 2 i- 


qed 


0102 /. _ i V^\ - 0102 . 7*00102 - 

47reoi> 2 t 2 \ c 2 y Aneoc 2 t 2 Ant 2 


Since q\ is at rest, and q 2 is moving at constant velocity, there must be another force (F mec h) acting on 
them, to balance Fi 2 + F 2 i; what we have found is that F mec h = dp em /dt, which means that the impulse 
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of 
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).] 
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Chapter 11 

Radiation 


r 


Problem 11.1 

From Eq. 11.17, A = — — sin[w(£ — r/c)](cos0r — sin#0), so 


47T r 


V A = - 


MoPow f Id 


47 r (_ r 2 dr 

MoPqw ( _1 
47r 1 r 


r 2 - sin[w(f - r/c)] cos# 
r 


+ 


1 d 
r sin 6 86 


— sin 2 6- sin[w(£ — r/c) ] 
r 

2 sin 0 cos 0 


2 (sin[w(£ - r/c)] - — cos[w(£ - r/c)] J cos 9 - — sin[w(t - r/c)] 

' C / 7* SIR C/ 


= Mo^o { I "7T sin[w(f - r/c)] + — cos [u(t - r/c)] | cos#l . 

f 47 T£o \r rc j J 


Meanwhile, from Eq. 11.12, 


<9f 


Pocosfl f w 2 r , , u> . r / ... 

— < cos[w(t — r/c)] sin[w(f - r/c)] 

47reo r L c r 

p°.j I _L s i n r w ^ _ r / c )] + if. cos [ w (^ _ r /c)]l cos#. So V • A = qed 

* — at 


47T£q (r : 


rc 


Problem 11.2 
Eq. 11.14: 


E(r,£) = — P - - sin[w(< - r/c)]. 

47T£qC r 


Eq. 11.17: 


A(r, t) = - — sin[w(t - r/c)]. 

47 r r 


Now p 0 x r = po sin 6 </> and r x (po x r ) = po sin 0{r x <fi) = —p 0 sin 9 6, so 
Eq. 11.18: 


Eq. 11.21: 


. uoui 2 r x (p 0 x r) . , , ,, 

E(r, t ) = — cos[w(£ - r/c)]. 

47T 


Eq. 11.19: 


B(r, t) = - 


Mo^ 2 (po x f ) 
47 rc r 


cos[w(< — r/c)]. 


/cn Mow 4 (p 0 x r) 2 
<S) = 32 A " P ~ r ' 


Problem 11.3 


P = I 2 R — q 2 u) 2 si n 2 ( cj^)P (Eq. 11.15) =>• (P) == oj 2 /?. Equate this to Eq. 11.22: 


1 .2 .2 n M070<^W 4 
R - 


R = 


PoCp'ljJ 
6 7TC 


or, since w = 


2 7TC 

T’ 


R = ^ = r wc (!) = r* 4 ” * 10 ' ,)(3 * lo!) (! 


= 80 tt z | - ) n 

A , 


789.6(d/A) 2 fl. 


r 
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CHAPTER 11. RADIATION 


For the wires in an ordinary radio, with d = 5 x 10 2 m and (say) A = 10 3 m, R = 790(5 x 10 5 ) 2 = 2 x 10 6 f2, 
which is negligible compared to the Ohmic resistance. 

Problem 11.4 

By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14) 

in Cartesian coordinates: V(x,y,z,t ) = — l — %■ — j sin[w(f — r/c)]. That’s for an oscillating dipole 

47reoc \x z A y A z l J 

along the 2 axis. For one along x or y, we just change 2 to x or y. In the present case, 

P = Po[cos(wf) x + cos (ait — 7r/2) y], so the one along y is delayed by a phase angle 7r/2: 
sin[w(t — r/c)] — > sin[w(f — r/c) — 7r/2] = — cos[w(t — r/c)] (just let ait — » wt — 7r/2). Thus 


V = 


Pou 

47T 6qC { X 2 + y 2 + 2' 


sin[w(f - r/c)] - 2 ; 2 cos [ai(t - r/c)} 


x z + y z + z z 


Pool sin 6 
47re 0 c r 


{cos 4> sin[w(f - r/c)] — sin <j> cos[w(i - r/c)]} . 


Similarly, 


A = 


PoPqiu 

47rr 


{sin[w(f — r/c)] x — cos[w(f — r/c)] y} ■ 


We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.19, 
using superposition. Since z = cos 6t — sin 86, and cos# = 2 /r, Eq. 11.18 can be written 

2 g 

E = ^ 0 ^ oU> . cos[u(f — r/c)] (z r ). In the case of the rotating dipole, therefore, 

4nr \ r / 


M 0 P 0 W 2 

4irr 

cos[u(£ - r/c)] 

x - - r j + sin[w(f - r/c)] 

(»-?')}■ 

i(r x E). 



S = — (E x B) = -i- [E x (f x E)] = -i- f E 2 r — (E ■ f)E] = — — f (notice that E • r = 0). Now 
Mo Mo c Mo c L Moc 

E 2 — ( I a 2 cos 2 [ai(t — r/c)] + b 2 sin 2 [w(f — r/c)] + 2(a • b) sin[w(f — r/c)] cos[w(f — r/c)]} , 

V 4irr ) 


where a = x - (x/r)f and b = y — (y/r)r. Noting that x • r = x and y • r = y, we have 
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r 


o*2 /^2 

a 2 = ! + - 2 — 


i_— • 6 2 = i_^- a .b = - V- - -i + 


r r r r r 


E 2 = 


( PoPo ^ 2 
\ 47 r-r 


- 2^ sin fa; 

r i 


1 cos 2 [a>(£ — r/c)] + ! 1 sin 2 [a>(£ — r/c)] 


/ PoPQU 2 

\ 4irr 

( 2 \ 2 
PoPo^ 

47IT 


(f - r/c)] cos[w(i - r/c)]| 

^ |l — (x 2 cos 2 [w(t - r/c)] + 2 z 2 /sin[a;(t - r/c)] cos[w(t - r/c)] + y 2 sin 2 [w(< — r/c)]) 

1 j 

— - (xcos[u;(t — r/c)] + psin[w(t — r/c)]Y 


But x = r sin 0 cos cp and y = r sin 8 sin <p. 

( 2 \ 2 

j |l — sin 2 # (cos<^cos[w(t — r/c)] + sin 0 sin[w(£ - r/c )]) 2 1 
= {l - (sin 6 »cos[w(t - r/c) - <^>]) 2 1 . 


r 


s = 


(S) 

p 


Po ^ jl - (sin#cos[u;(t — r/c) — <j>]) 2 ] r. 


Po / Po^ 
c V 47r r 


1 sin 2 0 

2 


= /< s > 


• da = 


Po f Pou 


477 


n 



2 ^ 1 — - sin 2 8 ] r 2 sin 9 d9 dip 


PoPpU 4 

I 67 r 2 c 


2? r 


[ sin 9 d8 [ sin 3 8 d9 

_ Popfc 4 

M 

4 -) = 

PoP 2 0 w A 

[Jo 2 J 0 

8nc 

V 2 


Qttc 


This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = — (E x B) = 

Po 

— [(Ej +E 2 ) x (Bj +B 2 )] = — [(Ei x B!) + (E 2 x B 2 ) + (Ei x B 2 ) + (E 2 x B 1 )] = S 1 + S 2 + cross terms. 
Po Po 

In this particular case, the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time 
averaging, and the total power radiated is just the sum of the two individual powers. 


Problem 11.5 

Go back to Eq. 11.33: 


A = 


Pomp 

4i r 



- cos[w(£ — r/c)] 
r 


oj 

c 


sin[w(t — r/c)] 


<p. 


r 
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Since V = 0 here, 


E = 


dA Uottiq /sin#\ f 1 . . . . , ... u> . . , , T 

■ — = — f — J |-(-w)sin[w(i-r/c)]--a; C osKi-r/c)]^ 


(^) { r Sin ^ (t ~ r/c)3 + c C ° s[w(i ~ r/c)1 ^ 


B = 




Homo 

47r \r sin 9 
sin 9 


1 2 sin 9 cos 8 


- cos[w(f - r/c) j - — sin[cu(£ — r/c)] 

T C 


— -^r cosla>(£ — r/c)] + — sinfu>(£ — r/c)] — — (— — ) cos [u)(t — r/c)] 0 i 
r 2 rc c \ c / J J 


po^o j2cos# 
4 tT 


r 2 

sin# 


1 r w 

— cos[w(f - r/c)j sin[u(f — r/c)J 


— - cos[tu(£ — r/c)] +— ■ sin[w(t — r/c)] + ( -- ) cos[cu(£ — r/c)] #1. 
r 2 rc V c / J 


These are precisely the fields we studied in Prob. 9.33, with A —> The Poynting vector (quoting 


the solution to that problem) is 


47 rc 


S = 


porngo;-' 

167r 2 c 2 \ r 
2 

sin# | ( f 


sin it cos u + 


wr 


(cos 2 u — sin 2 u ) 


tu 


sin it cos it H — cos u + 


U)T‘ 


(sin 2 u — cos 2 it ) 


>}• 


where it = — uj(t — r/c). The intensity is 


(S) 


Po^qW 4 sin 2 # 
327r 2 c 3 r 2 


the same as Eq. 11.39. 


Problem 11.6 


,2, ,4 


/ 2 H = I 2 Rcos 2 (iot) * (P) = - 


i2 = 


Hon b A to 4 
6c 3 


or, since w 


27 rc 

T’ 




Ho^b 4 167 r 4 c 4 
6c 3 A 4 


r w£ u 


= -(7T 5 )(47r x 10 _7 )(3 X 10 8 )(6/A) 4 = 3.08 x 10 5 (6/A) 4 fi. 

O 


Because 6CA, and R goes like the fourth power of this small number, R is typically much smaller than the 
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 ( b = 5 cm and A = 10 3 m), 
R = 3 x 10 5 (5 x 10~ 5 ) 4 = 2 x 10~ 12 ft, which is a millionth of the comparable electrical radiative resistance. 

Problem 11.7 

With a = 90°, Eq. 7.68 E' = cB, B' = -E/c, q' m = —cq e => m 0 = q' m d -- -cq e d = — cpo- So 


E' = c 


Ho{~ m 0 /c)u 2 f sin# 


B' = 


47rc \ r 

po(-rno/c)w 2 ( sin# 
47r 


cos[w(£ - r/c)] <f > | = 
cos[w(£ - r/c)] 6 


Homooj 2 ( sin# 
47TC 


cos[tu(i — r/c)] 4>. 


Homou/ 1 f sin# 
47TC 2 


cos[w(£ - r/c)] 8. 
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These are identical to the fields of an Ampere dipole (Eqs. 11.36 and 11.37), which is consistent with our 
general experience that the two models generate identical fields except right at the dipole (not relevant here, 
since we’re in the radiation zone). 


Problem 11.8 

p(t) = p 0 [cos(w<) x + sin(tut) yj => p(£) = -cu 2 p 0 [ cos(u;£)x + sin(u;t) y] 
[p(t)] 2 = u> 4 pl[cos 2 (ujt) + sin 2 (cu£)] = PquA So Eq. 11.59 says 


PoPqW 4 sin 2 0 
^ — « « r. 


167T 2 c 


(This appears to disagree 


with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p(£ 0 ); 
as the dipole rotates, so do the axes. Thus the angle 6 here is not the same as in Prob. 11.4.) Meanwhile, 


Eq. 11.60 says 


P = 


PoPo^ 4 
67 rc 


(This does agree with Prob. 11.4, because we have now integrated over all angles, 


and the orientation of the polar axis irrelevant.) 


^Problem 11.9 

At t = 0 the dipole moment of the ring is 

p 0 = J Xvjdl — J (Ao sin (j>)(psm <py + bcos<f>x)bd(p = Ao6 2 (y J sin 2 <j>d(j) + x j sin 0cos <j)d(pj 
= Ab 2 (7ry + Ox) = 7r6 2 Ao y- 

As it rotates (counterclockwise, say) p (t) = po[cos(uP) y — sin(uP) x], so p = -w 2 p, and hence (p) 2 = w 4 Pq. 


Therefore (Eq. 11.60) P = -w 4 (irb 2 \o) 2 — 

birc 


7rp 0 w 4 b 4 Ao 

6c 


•^Problem 11.10 


P = -ey y, V = \gt 2 , sop = -\get 2 y; p = -gey. Therefore (Eq. 11.60) : P - 


Po 

67TC 


(ge) 2 . Now, the time 

it takes to fall a distance h is given by h = ~gt 2 => t = y/2h/g, so the energy radiated in falling a distance h 

is ?7rad = Pt = hjg. Meanwhile, the potential energy lost is U vo t = mgh. So the fraction is 

67TC 


/ = 


o 2 
Po3 e 2 


<2h 1 


fAad 

C/pot 6t rc U g mgh 


Poe" 
67rmc V h 


(4x x 10~')(1.6 x 10“ 19 ) 2 J (2)(9.8) 
6tt( 9.11 x 10~ 31 )(3 x 10 s ) y (0.0|) 


2.76 x 10“ 22 . 


Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = \gt 2 ). 
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Problem 11.11 

(a) V ± = sin[ia(£ - r±/c)]. V tol = V+ + V_. 

47re 0 c \ r± J 

r± = = rv / T^7^7^Tcos^ — ^ ( 1 — cos0 

\ 2 r 

1 1 ( d \ 

r± r \ 2r J 








d 
2 ' 

9/ 

/ 

d 

9 -/ 


2 ' 

y 



r cos# (d/2) f d\l f d \ d „ d 

cos #± = = r ( cos # =f — - ( 1 ± — cos 6 ) = cos 6 ± — cos 2 0 ^ — 

r± \ 2r J r \ 2r J 2 r 2 r 

= cos# T ^-(1 - cos 2 0) = cos# T sin 2 #. 

2 r 2 r 

sin[ia(£ — r±/c)] = sin |w t (\ — cos #^ | = sin ^ia£o ± cos#^ , where to = t — r/c. 

= sin(co£ 0 ) cos f cos# j ± cos(uto) sin f ^ cos# J — sin(ca£ 0 ) ± — cos # cos(w£o). 
V 2c / V 2c / 2c 


{ ( 1 ± jt - cos# j f cos # qF sin 2 # j sin(w£ 0 ) ± — cos# cos(wto) 
47T£ocr ( \ 2r / \ 2r / 2c 

q=— { f cos# T — sin 2 # ± — cos 2 # | sin(w£ 0 ) ± — cos# cos(w£n) 1 

47reocr ( \ 2r 2r J 2c j 

T - ^ oUJ - cos # sin(uto) ± — ^ cos 2 # cos(uto) ± — - (cos 2 # — sin 2 #) sin(w<o 

47rc 0 cr 2c 2r v ' 


Pota wd 
47reocr c 

PouJ 2 d 
47reo c 2 r 


— cos 2 #cos(u£ 0 ) + - (cos 2 # - sin 2 #) sin(wf 0 ) 
c r 

- cos 2 # cos(udo) + — (cos 2 # - sin 2 #) sin(w£o . 
f 1 wr ' J 


p u> 2 d 

In the radiation zone (r u/c) the second term is negligible, so V = — cos 2 #cos[ia(£ — r/c)]. 


47T€oC 2 r 


Meanwhile 


A ± = sin[ia(t — r±/c)\ z 

4rrr-i_ 

= / (\ ± A. cos#'] sin(wfo) ± — cos# cos(iato) Iz 

47T r [ \ 2r / 2c j J 

= T ~~~~~ sin(wto) ± ^ cos#cos(w£o) ± cos#sin(wto) z. 
47rr [2c 2 r 

. PoPow [wd . , d . ,] „ 

A to t = A+ + A = — cos# cos w£ 0 H — cos 0 siniudo) z 

47rr c r 


popped 

Arrcr 


Q 1 i 

cos# cos(utfo) -t sin(u;£o) 2.1 

u;r J i 


r 
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r 


In the radiation zone, 


HoPou 2 d 

A = cos 8 cos u>(t - r/c) z. 

Alter 


(b) To simplify the notation, let a = — . Then 

4t r 

,, cos 2 8 . . , ,, 

V = a cos[u>(t - r/c)J; 

r 

W = = a cos 2 * { - 1 oosMt - r/c)] + ^ sin[u,(t - r/c)} \ f 


rc 


dr ~ r 88 

— 2 cos# sin# t , . ,, s a; cos 2 8 . . . 

+ a- 5 cos[w(t - r/c)J 0 = a — sm[w(t - r/c ) J r (in the radiation zone). 

r 1 cr' 

. a cos 8 / . «\ 8 A aw cos# . , . , / „„ -\ 

A = — cos[w(t — r/c)j (cos#r — sin#0J . ~ — sin[w(t — r/c)J ^cos#r — sin##J . 


r 


r 


E = 


W — = - — sin[w(t - r/c)] ^cos 2 dr — cos 2 8 r + sin 8 cos 8 Oj 


aw 


sin 6 cos#sin[w(t — r/c) 1 0 . 

cr 


B = V x A = - 


<9 8A t 

dr ^ ^ a# 


0 


— (cos# cos[w(t - r/c)] (- sin#)) - ® 
cr \8r 

a 


88 


cos 2 8 


cos[w(t - r/c)] 


4> 




(- sin 8 cos 0 )— sin[w(t — r/c)] 0 (in the radiation zone) = 
cr c 


1 ,., 


aw 


— — sin#cos#sin[w(t — r/c)] (/>. 


Notice that B = -(r x E) and E • r = 0. 
c 


S = 


— (E x B) - — E x (f x E) = — [£ 2 f - (E • f)E] = — r 
Ho Hoc Hoc Hoc 


1 raw 
Hoc \ rc 


j — sin# cos# sin[w(t - r/c)] j r. 


/ = 


1 /QW 


2hqc 


(— sin#cos #Y 
V rc / 


/ I 2 r i 2 ex 

(S)-daL— {——) I sin 2 8 cos 2 # sin # d8 d<j> = f— 1 27 t / (1 — cos 2 0) cos 2 8 sin 8 d6. 

Hoc \ c / J 2hoc V c / y 0 ' 


. , . cos 3 # * cos 5 #!* 2 2 

The integral is : — + 


3 lo 

1 W 2 Ho / ,x2 4o 4 

5^?T6^ Mu, 2 'l5 = 


5 lo 3 5 15 


607TC 3 


(pod) w . 


Notice that it goes like w 6 , whereas dipole radiation goes like oA 


Problem 11.12 

Here V — 0 (since the ring is neutral), and the current depends only on t (not on position), so the retarded 

vector potential (Eq. 11.52) is A(r, t) = <f — 'tlS-L But j n this case it does not suffice to replaces by 

47T J 'i 


J 
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r in the denominator — that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use Eq. 11.30: 

- S - ( 1 + - sin 6 cos <j>'\ . Meanwhile, dl' = bdtp'cb = b(— sintp' x + costp' y) dtp 1 , and 
n- r \ r J 

I(t — i/c) = I(t — r/c+ ( b/c ) sin 0 cos <p') — I(t 0 + ( 6/c ) sin 9 cos <p') ~ I {to) + I (to) - sin 9 cos <p' 

c 

(carrying all terms to first order in b). As always, to = t - r/c. (From now on I’ll suppress the argument: /, 
/, etc. are all to be evaluated at t D .) Then 

A(r,t) = ~ j> — ^1 + - sin# costp'^j + /- sin Ocostp'^ b(— sin <p' x + cos</>' y) dtp' 

= f [/ + j- sin# costp' + I - sin # cos <?!>'] (- smtp' x + costp' y) dtp'. 

4irr J 0 l c r J 

r2n r2n r2n r2n 

But / sm<t> d(j) = / cos 4> d<t> = / sin <j>* cos </> d<f>* = 0, while / cos 2 <\> d<j) f = 7r. 

Vo */o Vo Vo 

= '^( I ,y)[/*si»S + /*si„«| =ag-sme(l+ r -t) y. 

47rr (_ c r 4r 2 V c / 

In general (i.e. for points not on the £ 2 plane) y — ► 0; moreover, in the radiation zone we are not interested 

• i 1 : 1 .. 1 /.2 \ TU _/_\l S * n ® 2 


in terms that go like 1/r 2 , so A(r, t) = — — [/(< - r/c) <£. 

4c L Jr 

. dA nob 2 r v . , j sin (9 - 

E ( r >0 = ST = [^-r/c)J — <t>- 


dt 4c 


B(r.<) = VxA =7h& (AiS ' mt,>e -;£ (rAi)S 

4c r sin U r r \ c J 4 c L r 

s - 

P = / S rfa =^( 6 l, )V^ r!sin 9 ^ #= l 6 ?( f ’ !/ ) 2(2,r) ( 




(Note that m = Inb 2 , so m — Inb 2 .) 


Problem 11.13 

2q2 

(a) P = — , and the time it takes to come to rest is t — vo/a, so the energy radiated is I/ rac j = Pt = 

67 rc 

. The initial kinetic energy was Uk in = hmyk, so the fraction radiated is / = 77-^ = - — . 

67 rc a 1 U kin oirmvoc 

^ d =\ at2 = \4 = fa' S ° a = fd- Then 

p 0 q 2 Vp _ Mo9 2 ^o _ (4?r x 10~ 7 )(1.6 x lCr 19 ) 2 (10 5 ) __ ~ 10 

2>i:mvoc2d Gnmcd 67r(9.11 x 10 -31 )(3 x 10 8 )(3 x 10~ 9 ) 
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So radiative losses due to collisions in an ordinary wire are negligible. 

Problem 11.14 

1* _ 1 <7 2 I 1 <? 2 A a a 1 l : : / 


1 q v z 

b = = ma — m — => v = 

47reo ri r 


47reo mr 


At the beginning (r 0 = 0.5 A), 


v _ (1.6 x 10- 19 ) 2 ' 1 

c ~ [47r(8.85 x 10-' 2 )(9.11 x 10“ 31 )(5 x IQ- 11 ) j 3 x 10 s 


= 0.0075, 


and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the 
velocity is safely nonrelativistic. 

2 / 2 \ ^ 2/i 2 \ ^ 

^From the Larraor formula, P — ■ ( — ) — \ 7 ) (since a = v 2 /r ), and P = —dU/dt, 

one \ r J one \4neo mr- J 

where U is the (total) energy of the electron: 


P — ^kin "h tfpot — „ TflV 


1 q 2 1 ( 1 q 


47reo r 2 \47reo r 7 47T6 q f* 87 T€o r 


so -f = - ■ Si* = P= ^ MjzLV , and hence * = 4 ( 4 I- 

dt 3ne 0 r 2 - dt ontoc 6 \4neo mr z J dt 3c \2neomc 

it = —3c Sir =» 1 = -3c J" Sir = c 


Vi 

; r 2 ’ 


= (3 x 10 s ) 


8 [2tt( 8.85 x 10 _12 )(9.11 x 10~ 31 )(3 x 10 s ) 


(1.6 x 10- 19 ) 2 


(5x10 n ) 3 = 1.3x10 11 s. (Not very long!) 


Problem 11.15 

d sin 2 d 

According to Eq. 11.74, the maximum occurs at — — — = 0. Thus 

at) [(1 - p coso) J 

2sin#cos# 5 sin 2 ^(/3 sin 0) ... n .. _ . . , „ - 2 .. 

(1-000.0)5 “ ~ 1 -ffcosfl) 8 = ° 2COS<,(1 - ^ C0S "> = 5/,S ‘ n 9 = 5,3(1 “ C “ 9)i 

2 cos 0 - 2/1 cos 2 # = 5/3 - 5/3 cos 2 0, or 3/3 cos 2 9 + 2 cos 9 - 5/3 = 0. So 


cos# = 


— 2 ± a/4 + 60/3 2 1 


= — ^±\/l + 15/3 2 — lj. We want the plus sign, since 6 m — > 90°(cos# m = 0) when 


/3 — x 0 (Fig. 11.12): # max = cos 1 


f l + 15/3 2 - 1 


For tifsc, /3 ss 1; write P = 1 — e (where eCl), and expand to first order in e: 


'1 + 15/3 2 - 1 
3/3 


3^y [\/l + 15(1 — e) 2 - l] a \(l + e) [yr + 15(1 - 2c) - lj 

1(1 +e) [yi6-30e-l] = i(l+e) [4^1 - (15e/8) - l] = 1(1 + e) [4 (l - - 1 


= -(1 + e) [v 16 -30c- 1] = -(1 + e) [4^1 - (15c/8) - lj = 3 

= ^(1 + «) (a - y c ) = (1 + e)(1 _ i £ ) ~ 1 + 6 ~ i e = 1 ~ j e - 


Evidently # max « 0, so cos# max = 1 - |# 2 „ ax = 1 - k =*> #^ ax = or # max = s/e/2 = \/(l - /3)/2. 


r 
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Let / 2 


(dP/dU |,J 


rest 


sin 2 9 n 


[(!-/? cos t? n 


Now sin 2 # max 


(1 - /?cos0 max ) e 1 - (1 - e)(l - if) = 1 - (1 - e - je) = fe. So / = 
1 1 


= e/2, and 

«/2 _ 


7 


/i - p 


(5e/4) 5 

.it-. = -7= => e = — — . Therefore 

VT-(1 -2e) 2 7 2 


4^ 5 1 

2? 


But 


1 


f = 



1 

4 



7 8 = 2.62 7 8 . 


Problem 11.16 


„ dP 

Equation 11.72 says — = 
all 


q 2 \i x (u x a)| 2 
167r 2 eo (-i-u) 5 


Let /3 = v/c. 


u — ci — v = oi — vz => i ■ u — c— v(i • z) = c — v cos 8 — c^l cos#j = c(l — ft cos 8)\ 

a - u = ac(x ■ i) — au(x • z) = ac sin 8 cos <p\ u 2 = u ■ u = c 2 — 2cu(-i • z) + r> 2 = c 2 + v 2 — 2 cv cos 9. 


ix (u x a) 
|i x (u x a) | 2 


dP 

dQ 


— (•* • a)u — ( i • u)a; 

= (i • a ) 2 u 2 — 2(u • a)(-t ■ a)(i • u) + (i ■ u) 2 a 2 

= (c 2 + v 2 — 2cvcos9)(asm9 coscp) 2 — 2(acsin#cos0)(asin#cos^)(c — ucos 9) + a 2 c 2 (l — 

= a 2 [c 2 (l — f3cos9) 2 + (sin 2 $cos 2 <j> )(c 2 + u 2 — 2cvcos8 — 2c 2 + 2cucos0] 

= a 2 c 2 [(1 - Pcos9 ) 2 - (1 - /3 2 )(sin#cos<?!>) 2 ] . 

/i 0 q 2 o 2 [(1 - (3 cos 8) 2 - P 2 ) sin 2 8 cos 2 <j>\ 

I67 r 2 c (l-/3cos#) 5 


The total power radiated (in all directions) is: 




[(1 -/?cos6>) 2 - (l-/J 2 )sin 2 6»cos 2 d>] . , 

— — sin 9 d9 dcp. 


(1 - pcos 9) 5 


But 

! l oq 


r 2ir 

L ' 


d<fi = 2 tt and 


n2ir 

Jo ' 


COS 2 (ft dtp = 7T. 


167t 2 c 


2 a 2 f n [2(1 - p cos 9) 2 - (1 - p 2 ) sin 2 0] 

— ~ ' — — — -sintfd#. 


7" 


(1 - Pcos8 ) 5 


Let u; = (1 — pcosd). Then (1 — w)/P = cost?; sin 2 (? = \p 2 — (1 - iy) 2 ] jP 2 , and the numerator becomes 


2» 2 - (1 pP- W 2 -1 + 2W-W 2 ) = ■ j 4[2t» 2 ( 0=+(l-^) ! -2(l-(3 2 )t« + «’ 2 (l-^)] 

= ^[(i-^) 2 -2(i-/J> + (i + /3> 2 ]; 


/? COS 0) 2 




1 
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dw = /3 sin 6 dd => sin 0 <16 = ^jdw. When 9 = 0, w = (1 — /3); when 0 = 7r, iu = (1 + /3). 
2 a 2 1 /-( 1+ « 1 


P = ~^-pJ ~ 5 [(1 — /3 2 ) 2 ~ 2 (1 - /3 2 )w + (1 + ft 1 )™ 2 ] dw. The integral is 


Int = (l-/? 2 ) 2 f ±rdw-2(l-p 2 ) f±dw + (\+0 2 ) f X 

J ttr J w* J w % 

■—) 

4m 4 / 


(1 - ( -i) - 2d - « f-5^) + (1 + « I - 


dw 

1 

2^2 


1+/3 

1-0 


W “ 


1+/9 

1-/9 


1 j!+/9 

W 3 1 1 — /? 

1 


ur 


1+/3 

1-/9 


1 


1 


(1 + /3) 2 (1-/3) 2 

1 1 

(1 + /3) 3 ” MP 

1 1 


(1 - 2/3 + /3 2 ) - (1 + 2/3 + /3 2 ) 4/3 

(l + /3) 2 (l-/3) 2 ~ (1 - /3 2 ) 2 

(1 - 3/3 + 3/3 2 - /3 3 ) - (1 + 3/3 + 3/3 2 + 0 3 ) 2/3(3 + /3 2 ) 

(1 + /3) 3 (1 - /3) 3 “ (1 - /3 2 ) 3 

(1 - 4/3 + 6/3 2 - 4/3 3 + /3 4 ) - (1 + 4/3 + 6/3 2 + 4/3 3 + 0 4 ) 8/3(1 + /3 2 ) 


(1 + / 3) 4 ( 1 -/ 3) 4 


(1+/3) 4 (1-^) 4 


(i - P 2 ) 4 


r 


ln« = (.-^(-1)^42 


2/3 


P = 


(1 - /3 2 ) 2 
Hoq 2 a 2 18 /3 3 


( 1 -/ 3 2 ) 4 


(l+/3 2 )--(3 + /3 2 ) + (l + /3 2 ) 


-4/3 


2/3(3 + /32) +d I B 2 )( v 

3 y ( i -^ 2 ) 3 v p ' v 2 ; ( l -^ 2 ) 2 

8 /3 3 


167rc /3 3 3 (1 — /3 2 ) 2 


p 0 q 2 a 2 7 4 

6?rc 


where 7 = 


3(1 -/3 2 ) 2 ' 

1 


v^-T 2 


Is this consistent with the Lienard formula (Eq. 11.73)? Here v x a = va ( z x x) = vay, so 

H 0 q 2 y 6 a 2 

67 rc 7 2 


a 2 — x aj = a 2 f 1 - = (1 — /3 2 )a 2 = ~ja 2 , so the Lienard formula says P = 


. / 


Problem 11.17 

(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F e = 


F oq 

67 rc 


a. 


For circular motion, r (t) = F[cos (ut) x + sin(wi) y] , v(t) = r = Rui [- sin(od) x + cos(wt) y] ; 
a (t) = v = — Rjw 2 [cos(tuf) x + sin(wt) y] = — iu 2 r; a = — w 2 r = — w 2 v. So j 


FV = ^-cu 2 v. 


67 rc 


P e ~ F e * V = ~~—UJ 2 V 2 , 

67 rc 


This is the power you must supply. 


„2„2 


Meanwhile, the power radiated is (Eq. 11.70) P rac j = — , and a 2 = w 4 r 2 — ui 4 R 2 — w 2 v 2 , so 

07 rc 

2 

P rad = w 2 v 2 , and the two expressions agree. 

677 c 

(b) For simple harmonic motion, r(t) = Acos(wt)z; v = r = — Aasin(wt) z; a = v = — Aui 2 cos(ut) z 


-w 2 r; a = — w 2 r = — w 2 v. So 


■n, Fo q 2 2 7-> AIOQ 2 2 2 

F,. = — — -oj v; P e = — — u> v . 


67 rc 


6nc 


But this time a 2 = w 4 r 2 = w 4 A 2 cos 2 (wf), 


r 
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whereas u> 2 v 2 — u 4 A 2 sin 2 (ad), so 


Prad = -~~ 0 J 4 A 2 cos 2 (ut) ^ P e 

07 re 


t-m 
6 t rc 


or A 2 sin 2 (ad); 


the power you deliver is not equal to the power radiated. However, since the time averages of sin 2 (ad) and 
cos 2 (ad) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the 
mean time energy is evidently being stored temporarily in the nearby fields.) 

(c) In free fall, v(t) = \gt 2 y; v = gty; a = g y; a = 0. So 


0 ; the radiation reaction is zero, and 


hence 


P, =0. 


But there is radiation: 


p - 

p-ad — „ 9 ■ 

07 rc 


Evidently energy is being continuously extracted from 


the nearby fields. This paradox persists even in the exact solution (where we do not assume v <K c, as in the 
Larmor formula and the Abraham-Lorentz formula) — see Prob. 11.31. 

Problem 11.18 

(a) 7 = a> 2 r, and r = 6 x 10 ~ 24 s (for electrons). Is 7 <£ u> (i.e. is r <C l/o;)? If u> is in the optical region, 
u> — 27ti/ = 27t( 5 x 10 14 ) = 3 x 1 0 1 5 ; lfw — (1/3) x 10 " 15 = 3 x 10~ 16 , which is much greater than r, so the 
damping is indeed “small” . / 

(b) Problem 9.24 gave Au; 2 * 7 = UqT — [2n(7 x 10 1S )] 2 (6 x 10~ 24 ) = 1 x IO 10 rad/s. Since we’re in the 
region of wo ~ 4 x 10 16 rad/s, the width of the anomalous dispersion zone is very narrow. 

Problem 11.19 

F dv da F 

(a ) a = ra + — => — = r— + — =*• 
m dt dt m 


f dv , I da If 

/ — dt — r / — dt-\ 

J dt J dt m J 

„ 2e„ 


Fdt. 


[u(to + e) — v(to — e)] = r [a(<o + e) — a(t 0 — e)] H — ~F ave , where F ave is the average force during the inter- 

77 1 

val. But v is continuous, so as long as F is not a delta function, we are left (in the limit e -> 0) with 

[a(to + e) — a(t 0 — e)] = 0. Thus a, too, is continuous, qed 

...... . da da 1 f da 1 f t 

(b) ( 1 ) a = ra = t — =>■ — ■ = - dt => / — = - / dt => In a = — I- constant 

ww dt a t J a t J r 

is a constant. 

.... F da F da 1 . . t F 

( 11 ) a — ra H => r— = a =7> — — = — dt => ln(a — t / m ) = — I- constant => a = 


a(t) = Ae^ T , 


where A 


m 


dt 


m 


Be t/T => 

a(t) = — + Be t/T , 

771 

where B is 

(iii) Same as (i): 

a(t) = Ce l /\ 


a - F/m t 


m 


where C is a third constant. 


(c) At t = 0, A = F/m + B; at t — T, F/m + Be T F = Ce T F => C = {F/m)e t ^ t + B. So 



' [(F/m)+B]e t l\ 

t < 0 ; 

aft ) = < 

[(F/m) + Be l ' T ] , 

0 < t < T\ 


b 

QJ 

'"ST 

■ *+* 

K 

K 

1 

V 

? 

Sr 

t > T. 


To eliminate the runaway in region (iii), we’d need B = —(F/m)e T ^ r \ to avoid preacceleration in region 
(i), we’d need B — —(F/m). Obviously, we cannot do both at once. 









207 




(d) If we choose to eliminate the runaway, then 



(F/m) 


t < 0; 

a{t) = < 

(F/m) 

\ - e^~ T ^] , 

0 < t < T\ 


o, 

V. 7 


t > T. 


(i) v — ( F/m ) [^1 - e _T/T j J e t/r dt — ( Fr/m ) ^1 — e _r/r j e l ^ T + D, where D is a constant determined 
by the condition v(—oo) = 0 =>• D = 0. 

(ii) v — {F/m) — re* l “ r ^ r | + F, where E is a constant determined by the continuity of v at t — 0: 

(Fr/m) [l - e - T / r ] = (F/m) [-re- T/r ] +E^ E= (Fr/m). 

(iii) v is a constant determined by the continuity of u at t = T: u = (F/m)[F + r — r] = (F/m)T. 



' (Fr/m) [l-e- r/T ]e (/r , 

t < 0; 

v{t) = - 

(F/m) [t + r - re (t - T,/r ] 

0 < t < T; 


k (F/m)T, 

t > T. 


(e) 


uncharged particle: 




Problem 11.20 
(a) From Eq.11.80, 


f *nd 

rad 


(b) F rad 


Jfo 

12n-c 


°->nr 

xc Jo [Jo 


H>(q/ 2) ; 

67TC 


a, so 


F rad =FjP5+2F' a n d d = ^d 


2\dy2 > 2\dy\. (Running the t /2 


integral up to y\ insures that jq > yi, so we don’t count the 
same pair twice. Alternatively, run both integrals from 0 to L — 
intentionally double-counting — and divide the result by 2.) 


67TC 


+ 2 



/W . , 

= 7 — a. / 
07 rc 



r 
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(i 0 a fA x2 >, 

•i ran — 


12itc 


(4A 


Vi diy 1 




t. ■/ 


Problem 11.21 

(a) This is an oscillating electric dipole, with amplitude po = qd and frequency io = \Jk/m. The (averaged) 

/ PoPo^ 4 \ sin 2 6 


Poynting vector is given by Eq. 11.21: (S) = 
I f = (S) • z 


V 327 r 2 c 


f , so the power per unit area of floor is 


( poPo^ 4 ^ sin 2 $ cos 0 
V 32?r 2 c 


/ p 0 q 2 d 2 uj 4 > 

, P 2 /i 

\ 327t 2 c J 

> (P 2 +/i 2 ) 5 / 2 ' 


But sin# = — , cos# = — , and r 2 = R 2 + h 2 . 
r r 


dlf n d 
— - = 0 => — - 
dP dP 


P 2 


(P 2 + /i 2 ) 5 / 2 J 


0=> 


2P 


l? 2 


2P = 0 => 


{R 2 + h 2 ) - -P 2 = 0 => h 2 = -P 2 => R = s/2/3h, 
(b) ~ “ 


(P 2 + h 2 f! 2 2 (P 2 + h 2 ) 7 / 2 

for maximum intensity. 


P = 


r(P)da = J I f (R) 

R 3 


V 32 tt 2 c 


P 3 


/o (P 2 + h 2 ) 5 / 2 


dR=l 


2 J 0 {x + h 2 ) 5 / 2 


dx — 


Jo (P 2 + /l 2 ) 5 /2 
1 r(2)T(l/2) 2 

2h f(5/2) _ 3P * 


dP. Let x = R 2 


= 2n 


/ p 0 q 2 d 2 LO A N 

) h— = 

Poq 2 d 2 u> A 

V 32 tt 2 c , 

I 3 h 

24 tic ’ 


which should be (and is) half the total radiated power (Eq. 11.22) — the rest hits the ceiling, of course. 

(c) The amplitude is a:o(0> so U — ^kx g is the energy, at time t, and dU/dt = —2 P is the power radiated: 

2) - ° =* *2 - dV '“ or = de_Kf/2 - 


127rfcc 


k po q 2 k 2 


m 2 = 


127rcm 2 

poQ 2 k 


Problem 11.22 

(a) From Eq. 11.39, (S) = r . Here sin# = 


R/r, r = \/R 2 + h 2 , and the total radiated power (E- 
q. 11.40) is P = — ■ So the intensity is 7(P) = 


127TC 3 


8?r (P 2 + h 2 y 



(Y2 P\ P 2 | 3P P 2 
V32^J (P 2 + h 2 ) 2 

(b) The intensity directly below the antenna (P = 0) would (ideally) have been zero. The engineer should 
have measured.it at the position of maximum intensity: 


dl 

dR 


2 P 


2 P 2 


3P 


8tt [(P 2 + /i 2 ) 2 (P 2 +/i 2 ) 3 


2 P 


3P 


2P 


8tt (P 2 + h 2 ) 3 


(P 2 + h 2 - 2 P 2 ) = 0 =*■ 


P = /i. 
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At this location the intensity is 1(h) = 


3 P h 2 


8 tt ( 2 h 2 ) 2 


3 P 

32irh 2 ' 


(c) = 3 Son!^ ) = 0-026 W/m 2 = |~2.6/xW/cm 2 . | | Yes, KRUD is in compliance. | 


32tt(200) 2 


Problem 11.23 

(a) m(t) = Mcos?/>z + Msin?/>[cos(u;f)x + sin(oM) y]- As in Prob. 11.4, the power radiated will be twice 
that of an oscillating magnetic dipole with dipole moment of amplitude mo = M sin ip. Therefore (quoting 


Eq. 11.40): 


P = 


fio Amor sin ip 
6ttc 3 


(Alternatively, you can get this from the answer to Prob. 11.12.) 


(b) From Eq. 5.86, with r R, m — > M, and 8 = 7 t/ 2: 13 = so 

47T IP 


Mo 


4tt( 6.4 x 10 6 ) 3 (5 x 10~ 5 ) 


(c )P = 


4t r x 10- 7 

(4?r x 10“ 7 )(1.3 x 10 23 ) 2 sin 2 (ll°) ( 2tt 


1.3 x 10 23 Am 2 . 


6tt( 3 x 10 8 ) 3 


24 x 60 x 60 


4 x 10- 5 W 


(not much). 


/ .S n Mo(47ri? 3 j5/Mo) 2 w 4 sin 2 i/7 87T , 2n , n . ,,2 TI . . , , 2 , 

(d) P = 5 = =■ (u) 2 R s B sm ip) . Using the average value (1/2) for sin 2 ?/), 

67tc 3 3moc 3 


P = 


87T 


3(4tt x 10- 7 )(3 x 10 8 ) 3 


27T 

IcP 


n 2 


( 10 4 ) 3 ( 10 s ) 


2 x 10 36 W 


(a lot). 


Problem 11.24 


(a) A(x, t) — y— [ da 
47r J 1 


Moz f I<(t r ) 


=2nr dr 


47 T J s/r 2 + ; 

Moz j" K(t - Vr 2 + x 2 /c ) 

2 J \Zr 2 + x 2 


r dr. 


The maximum r is given by t — Vr 2 + x 2 /c = 0; 
r max = \/ c 2 t 2 — x 2 (since K(t) = 0 for t < 0). 

(0 

A(x,t) 



Mo/foz f r ” 


E(x, t ) 
B(x,f) 


2 

dA 

dt 


1 0 v^r 2 + x 2 


dr 


MoAqZ 




r z + x 


2 1 ~ 

0 


HqKqZ 


-xj = 


H 0 K 0 (ct - x ) _ 
z. 


M0P0 c _ 
Z 

1 2 

for ct > x 

II 

1 

03 § 
H ^ 

'O 

II 

HqK 0 _ 
2 y ’ 


for cS > x, and 0, for ct < x. 


2 
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(t - vr 2 + x 2 /c) Uoaz 

- — ■ ■ . , = — -r dr - ■■■ t 

v/r 2 + x 2 2 


/o VrT? 


dr / r dr 

C Jn 


t(ct — x) — — ( c 2 t 2 — x 2 ) = ^° Q Z (x 2 — 2ctx + c 2 f 2 ) = 


2,2, Moa(x - ct ) 2 


A(x, t) = 


, 3A u 0 a(x - ct) _ . , „ _ 

E(x, t) = — — - z, for ct > x, and 0, for ct < x. 

C/C £ 

B(x, f) = V x A = — y = — -(x — ct) y, for ct > x, and 0, for ct < x. 

ox 2c 


(b) Let u = - ^\/r 2 + x 2 — xj , so du = - - 


1 [1 1 „ , | 1 r 

- - ' — 2rar - — 7 ==dr, and 


c \ / c [/ + x^ J c ■y'r'* + x i 

y/r 2 + x 2 x , „ . , /tr>cz 

t — — — t u, and as r : 0 -> oo, n : 0 -> oo. Then A(x, t ) = 

c c 2 


K (t — — — uj du. qed 


E(x,t) = 


5 A pocz f 00 

Ik(, 

X \ 
' u I 

at ~ 2 Jo 

dt \ 

c / 


x \ 

it 


2 J 0 du \ 

c / 

2 

- ~^K(t~ x/c) z, 

[if A(- 

-oo) = 0]. 


Note that (i) and (ii) are consistent with this result. Meanwhile 


du. But 


f 00 5 r / 

X \ 


£ u ) 

/o 3x V 

c ) 


8 ( x \ 15 

— A ^ - - ~ u ) = 


1 5 / x \ 

cfa K Vc~ U )' 


= ~f 9 l §i K ( t ~Z~ u ) du = ~ < f > [ K ( t -7~ u )}\™ = ! Y lK{t ~ l/c> “ ? 

= -x/c)y, [if K(-oo) = 0]. 

S = ^ (ExB) = ^(^)(tW~ x/ ^ 

This is the power per unit area that reaches x at time t; it left the surface at time (t — x/c). Moreover, an 
equal amount of energy is radiated downward, so the total power leaving the surface at time t is [/f(t)] 2 ■ 

Problem 11.25 


p(t) = 2 qz(t); p = 2 qz\ F — mz — -- 


1 q 2 


1 q 2 

9 9 

_ Hoc q .. _ 

9 T 

Poc q 6 

47reo 4mz 2 

167rmz 2 ’ P 

8n mz 2 ' 

C MOC 2 ? 3 \ 

l4c 3 q 6 

l fJ-ocq 2 

\ 8?r mz 2 ) 

6(47r ) 3 m 2 z 4 

\ 47T 


Us,» g E ,. 1160, the po« r ranted U P = g ^ ^ | 

Problem 11.26 

With a = 90°, Eq. 7.68 gives E' = cB, B' = — E, q' m = — cq e . Use this to “translate” Eqs. 10.65, 10.66, 

c 


r 
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r 


and 11.70: 

E' = 
B' = 


c ( -i x E j = -i x (-cB') = —c(i x B'). 
' c ' 


i E _ 1 ge ^ 

c c ineo (* • u ) 3 


[(c 2 - u 2 )u + * x (u x a)] 


1 (-9m/ c ) 

C 47T£o (•* • u) 

2 ,..„2 


[(c 2 - w 2 )u + >i x (u x a)] = 


Mo<7 n 


47T • u) 3 


[(c 2 - v 2 )u + /i x (u x a)] 


P = 


Mo a 2 _ t JL O a 

Qe 


67TC C 67TC 
Or, dropping the primes, 




as. —(q 1 ) 2 

67TC 3 


r 


B(r, t) = 

f^oQm * (•/ 2 2 \ / \1 

4 7t (^-u)3[ (c «)“+*x(»xa)]. 

E(r, t) = 

— c(-t x B). 

P - 

MO<7m a2 


6nc 3 


r 


Problem 11.27 


(a) W ext = [ F dx = F [ v(t)dt. From Prob. 11.19, v(t) = — 

J Jo m 


t + t — re^ r ^ r 1 . So 


W R .. 


F 2 

[ tdt + t 

r T 

/ dt — Te~ T J T 

* -+o 

_ F2 

— + rt — re T/,r re t//r 

771 

Jo 

1 0 

7 0 j 

777 

2 


El 

m 


+ tF — r 2 e 7//r — l) 


F 2 

f-T 2 +tF-t 2 +r 2 e' 

v / 


777 

V2 


1 IF 2 

(b) From Prob. 11.19, the final velocity is vj = ( F/m)T , so W\^ m = -mu? = -m — -F 2 = 


F 2 T 2 

2m 


u o 2 n 2 

(c) IFrad = f P dt. According to the Larmor formula, P = , and (again from Prob. 11.19) 

07TC 


a(t) = 


(F/m) [1 - e- r / r ] e l ! T , (t < 0); 
(F/m) [1 - e ( £ - r )/ r ] , (0<t<T). 
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r 


W'rad = 


m 


6irc m‘ 


j(l-e- /T ) 2 /° e 2t ' T dt + J^ [l-e (t - T)/r ] 2 dt | 


2 r 0 T 'J' T 

= ^ dt-2e~ T / T J e t/T dt + e~ 2T / r e 2t ' T dt 


tF 2 
m 
tF 2 r r 
7TZ l 2 
tF 2 rr 
m i 2 


l e ~2T/r 

2 



■3T/,] _ 

!^( r _ r + re -rM. 

mV / 


Energy conservation requires that the work done by the external force equal the final kinetic energy plus 
the energy radiated: 


W kin + kkrad = + — (r - r + re~ T l r ) = — ( V +tT - r 2 + rV 7 ^ ) = W ext . / 

2m m \ / m \ 2 / 


F 2 /I 


r 


Problem 11.28 


k r ( r c dn k f e 

(a) a = ra 1 5(t) => / a{t)dt = v{e) — v{—e) — t / — dt 1 / <5(t) dt = r[a(e) — a(— e)l + 

m d -~c J c dt m J — ^ 

If the velocity is continuous, so v(e) = v(—e), then 


A: 

m 


a(e) - a(— e) = . 

mr 


When t < 0, a = ra. => aft) = Ae l ^ T \ when t > 0, a — ra =>■ a(t) = Be l ^ T \ Aa — B — A = 

771T 


B - A , so the general solution is 

mr 


a(t) = 


_ / Ae tlT , 


(t < 0); 


[yl — ( k/mr )] e^ r , (t > 0). 


To eliminate the runaway we’d need A = k/mr; to eliminate preacceleration we’d need A = 0. Obviously, 
you can’t do both. If you choose to eliminate the runaway, then 


a{t) = 


(k/mrfe 1 ^ , (t < 0); 


0, 


(t > 0 ). 


v(t) = [ a(t)dt = [ e l l T dt = (re 1 / 7 ) 

J - OO mT J-OO mT ' ' 

r l 

for t > 0,u(t) = v(0) + / a(t)dt = v(0) = — . So 
Jo m 


= -e‘/ T (fort <0); 
-oo m 


v(t) _ J ( k/m)e t/T , (t < 0); 
1 J - \ (fc/m), (t > 0). 


For an uncharged particle we would have 
The graphs: 


a(t) = ^(t), v(t) = J a(t) dt = | 


(t < 0); 
( k/m ), (t > 0). 
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r 



r 



Problem 11.29 

Our task is to solve the equation a = ra + — [— 5{x) + S(x — L)], subject to the boundary conditions 

(1) x continuous at x = 0 and x = L\ 

(2) v continuous at x = 0 and x = L; 

(3) A a — ±Uo/mTv (plus at x = 0, minus at x — L ). 

The third of these follows from integrating the equation of motion: 

f ~ dt = t f ~y- dt + — — [ [— S(x) + <5(a: - L)\ dt, 

J dt J dt in J 

Av = rAa + — - / f— <5(m) + 6(x — L) ] ~ dx = 0, 
m J dx 

A a — = f - [—<5(2:) + S(x — L) ] dx = =b - - 0 

mr J v mTV 

In each of the three regions the force is zero (it acts only at x = 0 and x = L), and the general solution is 

a(t) = Ae t ^ T \ v{t) = Are t/T + B; x(t) = Ar 2 e t/T + Bt + C. 

(I’ll put subscripts on the constants A, B, and C, to distinguish the three regions.) 

Region iii (x > L): To avoid the runaway we pick T3 = 0; then a{t ) = 0, v(t) — B 3, x(t) = B 2 t + C3. Let 
the final velocity be Vf (= B3), set the clock so that t = 0 when the particle is at x = 0, and let T be the time 
it takes to traverse the barrier, so x(T) = L = VfT + C3, and hence C3 — L — v/T. Then 

(t < T). 



r 
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Region ii (0 < x < L): a = A 2 e^ T , v = A^re 1 ^ 4- -B 2 , x = A 2 T 2 e t l T + S 2 < 4- C 2 . 

( 3 ) =» 0 - A 2 e T/T = — =* A 2 = -^-e~ T/T . 

mrv / mrv / 

(2) =» Vf = /l 2 re T / r + J3 2 = — + B 2 =» J3 2 = u/ - — . 

mv/ mi?/ 

(1) =» L = A 2 T 2 e T/T + B 2 T + C 2 = — + v f T- l ^+C 2 = v f T+-^{T-T)+C2^ 


C 2 = L-v f T+ —{T -r). 

mV/ 

a(t) = 

rnrvf 

v(t) = vf+Vo-U'-’n/T-i]. 

mvr L J 


(0 < < < T). 


a:(<) = L + Vf(t — T) + - — — fre^ T ^ T —t + T — r ; 

mvf L J 


[IVoie: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L , but we’re 
interested here in the regime where it does tunnel through.] 

In particular, for t = 0 (when x = 0): 


0 = L — v/T 4 re 

my/ . 


t/t 4- T - t| => L = v f T 


J re T t T 4- T — r| . qed 


Region i (x < 0): a = A\e l ^ T , u = A\re t / T + Bi, x = A^e 1 ^ 4- Bit 4- C\. Let v, be the incident velocity 
(at t -> —00); then B\ = u,-. Condition (3) says 

_^2_ e -T/r _ A = _3_ 

mrvf mrvo 

where Vo is the speed of the particle as it passes x — 0. Prom the solution in region (ii) it follows that 

v 0 = v/ 4 (e~ T//T — 1 )• But we can also express it in terms of the solution in region (i): vo = A\r 4- 14. 

mvf \ J 

Therefore 


Vi = Vf 4- (e T t T - l) - Ait — V; 4- (e t ! t - l) 4- — ^-e t ^ t 

mvf \ J mvf \ > mvo mvj 


U 0 , U 0 U 0 (, v f \ U 0 [ 

Vf mvf I* 1 4- (Uo/mvj) [e~ T / r - l] | ^ 


„ _ I ! vi 

mvf ) Vf 4- (Uo/mvf) e~ T ! J — l] 


If \mVf — |C/ 0 , then 


L — VfT — Vf re T//t 4 -T — t ~Vf T — re t ^ t ~T + t —TVf(\ — e ; 



) 
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r 


r 


Vi = Vf — Vf 


1 - 


1 + e~ T / T - 1 


= Vf ^1 — 1 + e T/,r ^ = Vfe T / r . 


Putting these together, 
L 


1 


_ 1 _ e -T/r ^ e ~T/r _ j _ ^ J/r _ _ 

TVf. TVf 1 — ( L/TVf ) 


Vi = 


Vf 


Vf 4 

In particular, for L — VfT/4, Vi = - — ~ 3 ^’ S ° 

KEt = 'Ike, = = |c„. 


KEi fmv? 


KEf \rnv 2 j 


1 - ( L/VfT ) 
16 

9 ^ 


. qed 


Problem 11.30 

(a) From Eq. 10.65, Ei = — -r f (c 2 - u 2 )u + (* ■ a)u - (-» • u)a] . Here u = oi - v, -* = / x + dy, 

47reo (4 • u) J 

v = v x, a = a x, so * ■ v = Iv, a = la, % ■ u = ai - -* • v = m - lv. We want only the x component. Noting 
that u x = ( c/n)l — v = (cl — m)/-), we have: 


Ex, = 


1 

87re 0 (ai - lv ) 3 [i 

g i 


(cl - m)(c 2 - v 2 4- la) - a(ai - lv) 


= — - —yj [(d — w)(c 2 — v 2 ) + d 2 a — Vila — act 2 + a/w] . But ^ — l 2 + d 2 


E self — 


87Te 0 (ct - lv ) 3 


[(d — m)(c 2 — v 2 ) - acd 2 ] x. (This generalizes Eq. 11.90.) 


Now x(t) — x(t r ) = l = vT + \aT 2 + | aT 3 + • • • , where T — t - t r , and v, a, and a are all evaluated at the 
retarded time t r . 

(cT) 2 = * 2 = l 2 + d 2 = d 2 + (vT + \aT 2 + \dT 3 ) 2 = d 2 + v 2 T 2 + vaT 3 + JuaT 4 + ]a 2 T 4 ; 


c 2 T 2 (1 - v 2 /c 2 ) = c 


'T 2 / 7 2 = d 2 + uaT 3 + + ^a 2 ^j E 4 . Solve for T as a power series in d: 


r= ^(l + ,4d + .Bd 2 + --) =► ^^(l + 2.4d + 25d 2 + /l 2 d 2 ) = d 2 +va^(l+3Ad)+ ^-d 4 


7 2 c 2 


c 3 


3 4 ; c‘ 


1_._7 3 . oo , 42 3 va-y 3 ( va a‘ \ 7’ 


Comparing like powers of d: A = -va~; 2 B + A = — ^ — /l + I — 4- — j — . 

^ Cr C \ <J *■ J C 


2 \ „,4 


2B = 


T = 


3uo7 3 


c 3 2 


1 7 3 1 2 2 7 6 ua 7 4 a 2 7 4 _ vd'y 4 j 6 a 2 /I i> 2 \ 3u 2 a 

2 Va c 3 4 V c 6 3 c 4 4c 4 3 c 4 "*" 4c 4 \ 7 2 c 2 ) 2 c 1 


„2„2 7 6 


ud a 2 7 2 / u 2 v 2 ,,n 2 \] 7 4 [no 7 2 a 2 / .u 2 \ 

T + T L ( 1 -?-? + 6 ^Jj^ B =i?[y + V( 1 + 4 ?)J’ 

? {> + "iP + t [f + l2 f (> + 4 ?)] + ( )* + ■ ■ ■ feaeralizing Eq. 11.93). 


r 
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vT + \aT 2 + \dT 3 + ■■■ 
2 6 


vyd ( vaj 3 7 4 fua 

= ~r\ 1 + T3r <i + 25r[T + 


frt + I V / +4 


1 7 2 d 2 7 3 ] 1 7 3 , 

+ 2°V 1+ “? d 


- (?W 

= 

= (=)-+ 


, , a 7 
d+ 2^ 


u 2 ® 2> \ ,2 


f V 7 7 4 fua 7 2 a 2 / u 2 \] 1 7 2 7 3 1 j 3 ) ■ 

{ & ? It + v + ^ ) + rW* + 6 a ^ } rf 


2c 3 3 


U, o u \ 

« 1+ ^3 + 


s?lT + Vl 1+4 ?JJ + rt 




2c 3 [3 4 c 2 


cT = 7 4l + ^ + ^f^ + 7Vfi + 


2c 4 3 


«• — Iv = cyd + 


ua 7 4 ,2 , 7 5 fua 




2c 3 [ 3 

7 5 [ ua 


= C7C? 1 


= ?^+^ 3 + 0^ + 


+ ()d 4 + -- 


7 5 u fa 5 V 7 2 cr 


+ 7‘a‘ 7 + 70 -- 5 - 


2c 3 3 4 


• r 2 9 V 

va 5i; 7 a 


d 3 + • • ■ 


cl — v-i = U 7 <i + 


(os- — /u)~ 


07 4 2 7 5 f a 5 i>7 2 Q : 

2c 2c 2 V 3 4 c 2 


r_ ^ 1^2 

2 c 3 


d 2 + ^ 


[3 + 4 
V 7 2 a 2 


5 U 7 2 a 2 


/l v; 



" r 2c 2 [3 7 2 

l*’ + £4 + 


7 6 0 2 - 

1 + NTT* 
8 c 4 


9 9 

v'y a 


1 u 2 \ 

4 ~ 


d 3 + ( ) d 4 + • • • 


■Y 6 a 2 


d 3 + ( ) d 4 + • ■ 


VCL ry r\ 

T + 7a 


d 3 + ()d 4 + ■ 


F self = 


~6 n 2 

1 - 3^-d 2 
8c 4 


_r_r_ 

8neo c 3 d 


1 8 c 4 


d + 2^U + 


• 9 2 

a U7 a 


rf 2 -^ + 


ac 7 /a U7 2 a 2 


9 2 7 3 1 f 

ss?j2r“ c+7 


a v'y 2 a 2 

o + — 


a vj 2 a 2 

~ 4 ^ — 


cr — - acd J 


d + ( ) d 2 + ■ 


+ ( ) d + • • • x (generalizing Eq. 11.95). 


47TC0 [ ' 4c 2 d 1 4c 3 V3 c 2 ) ' K ' J V£3 & ^ 

Switching to t: v(t r ) = v(t) 4- v{t){t r —£) + ••• = v(t) — a(t)T = v(t) — ayd/c. (When multiplied by d, it 
doesn’t matter — to this order — whether we evaluate at t or at t r .) 
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1 - 

'v(t r y 


c 

7 = 

M 


_ 1 _ M*) 2 - 2va~(d/c] _ T _ v(t ) ^ 1 


- 1/2 




so 




a(t r ) = a(t) -Ta= a(t) - Sid. 

c 


Evaluating everything now at time t: 

„2 


Fself — 


47T60 

„2 


3 (1 - 3m 7 3 d/c 3 ) (q - djd/c) 7 4 (a u 7 2 q 2 \ 

7 4c 2 d 4c 3 V3 + c 2 ' + Ud + " 


4x60 

[ 4 c 2 d * 4c 2 

9 2 

7 3 a 7 4 

47re 0 

4c 2 d 4c 3 

<? 2 1 

7 3 a 7 4 


i2«,2 


v * r _ t 

— + 3- 


c 3 


7 4 f a vy 2 a 2 \ 

+ 4j{3 + ~^~) +i)d + 


47re 0 


a n va 2 j 2 vj 2 a 2 \ 

a+ 3 +3 “? L + "V~) +()d + 


4c 2 d 3 c 3 


va 2r y 2 


+ ( )dH 


x (generalizing Eq. 11.96). 


The first term is the electromagnetic mass; the radiation reaction itself is the second term: 
2 (*■ " 


i?»int f^OQ ^,4 

■^rad 


127TC 


VO 2 ''/ 2 ' 

7* ( a + 3 — -5 — ] (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is 


r, _ Mo<7 2 _.4 { ■_ , 0 wa 2 7 2 

Prad — « 7 1^ + 3 2 

07TC V 


(b) F ra d = fa + — ^ ^ , where ^4 = P = Aa 2 j 6 (Eq. 11.75). What we must show is that 

\ Cr J 07TC 


ft 2 rt2 rt2 / 

/ F Ta dvdt— — P dt , or / 7 4 I an + 3 

9ti -/ (i •/ 1 1 \ 

cept for boundary terms — see Sect. 11.2.2). 

r l 2 r ( 2 

Rewrite the first term: / 7 4 au dt — (7 4 w) — dt = 

Ju Ju dt 


v 2 a 2 y 2 


dt 


f l 2 

= -/ a 2 7 6 
Jt\ 


7° dt 


4 

7 t/a 


Now ^ ( 7 4 u) = 4 7 3 + 7 4 a; ^ 7 d 


7, 5 (7 ‘” )< “ tt ' 

2ua\ uay 3 


dt 


dt dt \ ifl — v 2 /c 


2 (1 - u 2 /c 2 ) 3 / 2 


So 


7 

dt 


( 7 4 u) = 4 7 3 u^J- + 7 4 a = 7 e a ^1 - ^ + 4^ = 7 6 a (l + 3^- j . 


/ 7 ‘ 
Ju 


av dt — 7 4 ua 


/m- 


37 2 a 2 w 2 


rl2 

/ A 2 

Jt, 


1 2 / ^ 

2 1 1 + 3— ) dt, and hence 
c 2 


c 2 


dt = 7 m 


h + r 

h j lx 


-7 6 a 2 I 1 + 3^ ) + 37' 


2, ,2 




t 2 r* 2 

dt = 7 4 ua — / 7 6 a 2 dt. 

‘i Ju 


qed 


Problem 11.31 ^ 2 

(a) P = ^e^ 7 ' 8 (Eq ' 1L75) ' w = ^ 62 + c2 * 2 ( Ec *- 10 - 45 ): w = « = \f b fl ( x t p 


c 2 


a = v = 


c 2 t{c 2 t) 


V6 2 + c 2 t 2 (6 2 + c 2 t 2 ) 3 / 2 (ft 2 + c 2 t 2 ) 3 / 2 


( 6 2 + c 2 i 2_ c 2 < 2^ = 


6 2 c 2 


(6 2 + c 2 t 2 ) 3 / 2 ’ 
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„2 _ 


1 — V 2 jc 2 


b 2 +c 2 t 2 1 , 2 2 2 , 

~ b 2 + c 2 t 2 - cH 2 “ 62 ( b “ + c 1 ) • So 


F = 


fioq 2 h 4 c 4 (h 2 + c 2 £ 2 ) 3 

q 2 c 


6;rc (6 2 +c2< 2 ) 3 6 6 

67T£o b 2 ' 



( b ) Frad = ^f d+ 37^ 


3 i> 2 c 4 £ 


67TC 


+ 


3 (6 2 + c^ 2 ) 


a ~ — 


Yes, it radiates (in fact, at a constant rate). 

3-y 2 " 2 


6 4 c 4 


3 b 2 c 2 (2c 2 t) 
2 (6 2 +c 2 £ 2 ) 5 / 
c 2 t 


3 6 2 c 4 f 

( b 2 + c 2 <2 )5/2 ; 


ft + 


£) = 


(^2 + <^2)5/2 T c 2 62 ( fc 2 + C 2 £2)3 ^ + C 2 £ 2 


= 0. F ra d = 0. No, the radiation reaction is zero. 




Chapter 12 

Electrodynamics and Relativity 


Problem 12.1 

Let u be the velocity of a particle in S, u its velocity in S, and v the velocity of S with respect to S. 
Galileo’s velocity addition rule says that u = u + v. For a free particle, u is constant (that’s Newton’s first 
law in S). 

(a) If v is constant, then u = u - v is also constant, so Newton’s first law holds in S, and hence S is inertial. 

(b) If S is inertial, then u is also constant, so v = u — u is constant. 


Problem 12.2 

(a) m A u A + tubUb = Tn^uc + mono; Uj = Uj + v. 
m A (u A + v) + m B (u B + v) = m c { uc + v) + m D (u D + v), 
m A u A + m B u B + (' m A + m B )v = m c iic + m D u D + ( m c + m D )\. 

Assuming mass is conserved, (m A + m B ) — (me +m£>), it follows that 
m A u A + m B u B = meue + mono, so momentum is conserved in S. 

(b) | m A u 2 A + \m B u\ = \m c u 2 c + \ mou 2 D => 

\m A (u 2 A + 2u a ■ v + v 2 ) + \m B (u 2 B + 2ub • v + v 2 ) = ^mc(uc + 2u c • v + v 2 ) + \ m D (u 2 D + 2uo • v + v 2 ) 
\m A u 2 A + \m B u% + 2v • (m A u A + m B u B ) + ~v 2 (m A + m B ) 

= \ m c u^ + \m D u 2 D + 2v ■ (meue + m D u D ) + \v 2 (mc + m D ). 

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation 
of mass, so \m A u 2 A + \m B u 2 B = + i mDU 2 D . qed 

Problem 12.3 


VAB+VBC 


va (1 


VABVBC 




(a) V G = V AB + V BC \ VE = 1 +vT D «bc7c 4 

In mi/h, c= (186, 000 mi/s) x (3600 sec/hr) = 6.7 x 10* mi/hr. 


VC.-VE 




V A 3 . V B C 
7-2 • 


VXL. 


T = (S = 6 - 7 * 10_ 


16 




(6.7 x 10®) 

(b) (|c + |c)/(l + |-|) = (fe)/(£) = 


6.7 x 10 14 % error, (pretty small!) 


10 

11 * 


(still less than c). 


(c) To simplify the notation, let 0 = v A c/c, 0i = v AB /c, 02 = v B c/c. Then Eq. 12.3 says: 0 = f+pf 3 ^ , or: 


o2 _ 0i + 20102 + 02 _ 1 + 2/?i/?2 + 0\0\ _ (1 + Pi 02 — 0i ~ 0%) _ (1 ~ 0i)(\ ~ 0V) _ 1 _ A 

(l + 20102 + 0 2 P 2 ) 0- + 20102 + PiP%) (1 + 20102 + 010%) (1 + 0102) 2 
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where A = (1 - /3 J ) (1 — /?f)/(l + P1P2) 2 is clearly a positive number. So /? 2 < 1, and hence \vac\ < c. qed 

Problem 12.4 

(a) Velocity of bullet relative to ground: \c + jc = |c = j|c. 


Velocity of getaway car: |c = y^c. Since Vb > v g , | 

bullet does reach target. 


(b) Velocity of bullet relative to ground: ?rir*r — A- 

2" 3 6 

= 5 C= 20 
28 


Velocity of getaway car: | c = ||c. Since v g > Vb, j 

bullet does not reach target. 


Problem 12.5 

(a) Light from the 90th clock took 3 9 °i 0 1 8 ° m '/ > s — 300 s = 5 min to reach me, so the time I see on the clock is 
1 11:55 am. I 


(b) I observe 12 noon. 


Problem 12.6 


{ light signal leaves a at time t' a ; arrives at earth at time t a = t' a + d a /c , 
light signal leaves b at time t' b ; arrives at earth at time 4 = t' b + db/c. 


,. At = tb — t a = t'h — t' a + = At 1 + 


c c 

(Here d a is the distance from a to earth, and db is the distance from b to earth.) 


= At' j^l - - cos 6 . 


As = v At' sin 6 = 


v sin 6 At 
(1 - v/ccos9) ’ 


vsin9 


(1 — - cos 9) 


is the the apparent velocity. 


du u[(l - ~ cos 0) (cos 0) - sin0(^sin0)] v m „ v . 2n 

— = -A e — — £ 1 = 0=> (1 - -cos0 cos0 = - sin 9 

d0 (1 — ^ cos 6) z c c 

=> cos 9 — - (sin 2 9 + cos 2 9) = - 


9„ 


= cos '(n/c). At this maximal angle, u — 


As v — t c, I u -4 00 , 1 because the denominator -4 0, even though v < c. 


Problem 12.7 

The student has not taken into account time dilation of the muon’s “internal clock” . In the laboratory, the 
muon lasts 7 r = ■■ ■■ >■■ r ■ ; ■ -=: , where r is the “proper” lifetime, 2 x 10 -6 s. Thus 

v/l — V 2 /c 2 


r/ y/l — V 2 /c 2 T 

o’*-- 1 -? 


= - y/l — v 2 /c 2 , where d = 800 m. 

1 


(r/d ) 2 + (l/c) 2 ' 
re (2 x 10 _6 )(3 x 10 8 ) 6 3 v 2 1 16 


c 2 l + (rc/d) 2 ’ d 


8 4’ c 2 1 + 9/16 25’ 


4 

v = -c. 

5 


800 
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Problem 12.8 

(a) Rocket clock runs slow; so earth clock reads 7 1 — - 1 . . . 1 hr. Here 7 — - , ■ -R.. = —^1 — , = S 

y/l-vVc 2 V^l-t / 2 /c 2 ^/l — 9/25 4 

According to earth clocks signal was sent 1 hr and 15 min after take-off. 

(b) By earth observer, rocket is now a distance (|c) (|) (1 hr) = | c hr (three-quarters of a light hour) away. 
Light signal will therefore take | hr to return to earth. Since it left 1 hr and 15 min after departure, light 
signal reaches earth 2 hrs after takeoff. 

(c) Earth clocks run slow: £ roc ket = 7 • (2 hrs) = | • (2 hrs) = 2.5 hrs. 

Problem 12.9 



ri — 

\ 2 _ /?. 1 _ 1 V 2 _ 3 . td _ 1 3 _ 13. 

V 4- S? X ^ 16’ 4 16 16’ 

Vl3 

u — — — c. 

4 


Problem 12.10 

Say length of mast (at rest) is l. To an observer on the boat, height of mast is' l sin 9, horizontal projection 
is l cos 0. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to - 1 cos 9. 
Therefore: 

i l sin 9 „ tan 9 \ 


* l sin 6 . ^ 

tanfl = — 7 tanu, or tan# = 

M cos9 ' 


T — v 2 /c 


Problem 12.11 

Naively, circumference/diameter = L( 2itR)/(2R ) = a/ 7 = ir\Jl — (tuff/c) 2 -— but this is nonsense. Point 
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a 
specific model for the internal forces holding the disk together. 

Problem 12.12 


(iv) => t = ~ + pL Put this into (i), and solve for x: 


x = yx — jv 


( t vx\ / u 2 \ - 1 x - — r— 1 , 

( — I — —I =71 1 T 7 ) - vt = -yx-x - vt — vt; x — j{x + vt). / 

\ y c z / \ • cr / y z y ' 


Similarly, (i) => x = ^ + vt. Put this into (iv) and solve for t: 


jv /x \ f v 2 \ v _ t v 
1 = + 


( = 7 ■ / 


Problem 12.13 

Let brother’s accident occur at origin, time zero, in both frames. In system S (Sophie’s), the coordinates 
of Sophie’s cry are x = 5 x 10 5 m, t = 0. In system S (scientist’s), t = 7 (t — — —jvx/c 2 . Since 

this is negative, Sophie’s cry occurred before the accident, in <S. 7 = — 7 ======== = = y. So 


J ’ | -- 7 - - _L ’ I ' ^/l — (12/13) 2 V169-144 5 

t = - ( y) (yfc) (5 x 10 5 )/c 2 = -12 x 10 5 /3 x 10 s = -4 x 10 -3 . 4 x 10 ~ 3 s earlier. 

Problem 12.14 

(a) In S it moves a distance dy in time dt. In <S, meanwhile, it moves a distance dy = dy in time dt 
7 (dt - fkdx). 

dy _ dy _ (dy/dt) _ _ u y , _ u z 

Tt ~y(dt-$dx) ~ 7 ( 1 -A r f) ; ° r Uy ~ 7 (l-^) 5 UZ ~ 7(1-^)' 
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(b) tan §=-%L = = 1-L JH>L . 

Ux (u x -v)/ (l - 7 (.Ux-v) 

In this case u x = — ccos0; u y = csin# => tan# = L ( -^cos ' g-u ) ■ 


tan 9 = — 


sin 9 


7 \cos0 + v/cj 


[Compare tan 9 = 'y^Lj. in Prob. 12.10. The point is that velocities are sensitive 


not only to the transformation of distances, but also of times. That’s why there is no universal rule for 
translating angles — you have to know whether it’s an angle made by a velocity vector or a position vector.] 


Problem 12.15 


Bullet relative to ground: -c, Outlaws relative to police: 


l c _ i c 

4 C 2° 


Bullet relative to outlaws: 


—c — 3 C 

1 _ 5 3 

7 ' 4 


-(1/28 )c 


3 I 

4 ’ 2 


(1/4 )c 2 

(5/8) 5° 


1 


c . [Velocity of A relative to B is minus the velocity 


(13/28) 13' 

of B relative to A, so all entries below the diagonal are trivial. Note that in every case Ubuiiet < t’outiaws, so no 
matter how you look at it, the bad guys get away.] 


speed of — ► 
relative to 4- 

Ground 

Police 

Outlaws 

Bullet 

Do they escape? 

Ground 

0 

5 C 

fc 

7 C 

Yes 

Police 

-|c 

0 

fc 

fc 

Yes 

Outlaws 


-fc 

0 

-73° 

Yes 

Bullet 

-fc 

-|c 

n> c 

0 

Yes 


Problem 12.16 

(a) Moving clock runs slow, by a factor 7 


n/i-(4/5P 


= |. Since 18 years elapsed on the moving clock, 


x 18 = 30 years elapsed on the stationary clock. 51 years old. 


(b) By earth clock, it took 15 years to get there, at |c, so d — |c x 15 years = 12c years (12 light years) 


(c) t = 15 years, x = 12 c years. 


(d) t = 9 years, x = 0. [She got on at the origin in S , and rode along with S, so she’s still at the origin. If 
you doubt these values, use the Lorentz transformations, with x and t from (c).] 

(e) Lorentz transformations: J i + vt) | (note that v is negative , since S is going to the left). 

t = j(t + \x) 


:. x — | (12 c yrs + • 15 yrs) = | • 24c yrs = 40c years. 


t = | (15 yrs + - 12c yrs) = | (15 + 4y) yrs = (25 + 16) yrs = 41 years. 


(f) Set her clock ahead 32 years, from 9 to 41 (t -4 t). Return trip takes 9 years (moving time), so her clock 


will now read 50 years at her arrival. Note that this is I • 30 years — precisely what she would calculate if the 


stay-at-home had been the traveler, for 30 years of his own time. 

(g) (0 t = 9 yrs, i = 0. What is <? t — + ^ = | • 9 = ^ = 5.4 years, and he started at age 21, so he’s 


26.4 years old. ( Younger than the traveler (!) because to the traveler it’s the stay-at-home who’s moving.) 


(ii) t — 41 yrs, x — 0. What is t? i = - = |-41=l|^ = 24.6 years, and he started at 21, so he’s 


45.6 years old. 
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r (h) It will take another j 5.4 years] of earth time for the return, so when she gets back, she will say her 

twin’s age is 45.6 + 5.4 = 


years— which is what we found in (a). But note that to make it work from 
traveler’s point of view you must take into account the jump in perceived age of stay-at-home when she changes 
coordinates from S to S. 

Problem 12.17 

-d°6° + d 1 ^ 1 + d 2 b 2 + a 3 b 3 = -7 2 (a° - pa 1 )^ 0 - 0b l ) + y 2 (a 1 - 0a°)(b l - 0a°) + a 2 b 2 + a 3 b 3 

= —7 2 (a°b° - p/b 1 - p/b° + fa'b 1 - aV + p/b° + p/b l - 0 2 a°b°) + a 2 b 2 + a 3 b 3 

= - 7 W(1 - 0 2 ) + 7 W(1 - P 2 ) + a 2 b 2 + a 3 b 3 


= — a u 6° + a l b l + ab z + orb 6 . qed [Note: 7^(1 - 0 Z ) — 1.] 


r 


Problem 12.18 


(a) 


(b) 


(ct\ 

X 

y 

w 


/ 1 0 0 0\ fct\ 

-p 10 0 X 

0 0 10 y 

\ 0 0 0 1 J \z) 


(using the notation of Eq. 12.24, for best comparison). 



( 7 

0 

-10 

0^ 



0 

1 

0 

0 


A = 

-10 

0 

7 

0 



\ ° 

0 

0 

1 J 



(c) Multiply the matrices: A = 


( 7 

0 

-10 



( 

i 

-10 

0 




( 

11 

-77 P 

-10 



0 _ 

1 

0 

0 


- 

-10 

1 

0 

0 



~10_ 

1 _ 

0 

0 


-10 

0 

7 

0 



0 

0 

1 

0 




-110 

1100 

7 

0 


\ 0 

0 

0 

V 


\ 

0 

0 

0 

V 




0 

0 

0 




Yes, 


the order does matter. In the other order, “bars” and “no-bars” would be switched, and this would give 


a different matrix. 


Problem 12.19 

(a) Since tanh# = ° e , and cosh 2 9 — sinh 2 9 = 1, we have: 


cosh 6 


7 = 


•y/l — v 2 /c 2 \/l — tanh 2 9 \J cosh 2 8 — sinh 2 9 


= cosh 9 ; jP — cosh 8 tanh 8 — sinh 9. 



/ cosh# 

— sinh 8 

0 

O') 



- sinh 8 

cosh# 

0 

0 


A = 

0 

0 

1 

0 



^ o 

0 

0 

V 



cos <f> sin <f> O'' 

Compare: R = | — sin tfr cos <j> 0 
0 0 1 , 


u — v 


u 

c 


(u/c) - (v/c) 


tanh(/> = 


tanh (j> — tanh 6 


, where tanh</> = u/c, tanh# = u/c; 


( b ) U ~ ^ c - l-(s)(£) ^ _ 1 — tanh <p tanh 9 ’ 

tanh$i = u/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says: 

tanh (p — tanh 8 


1 - tanh 0 tanh 6 


= tanh(</> — 8). ,\ tanh p = tanh(i/> — 8), or: <f> = </> — 8. 


r 
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r 


r 


Problem 12.20 

(a) (i) I = -c 2 At 2 + Ax 2 +Ay 2 + Az 2 = -(5 - 15) 2 + (10 - 5) 2 + (8 - 3) 2 + (0 - 0) 2 = -100 + 25 + 25 = 


-50. 


(ii) I No. | (In such a system At = 0, so I would have to be positive, which it isn’t.) 


(iii) I Yes 



S travels in the direction from B toward A, 
making the trip in time 10/c. 


-5x - 5y 
10/c 


x y. 

2 


Note that ^ j + I = |, so v = ^c, safely 
less than c. 


(b) (i) / = -(3 - l) 2 + (5 - 2) 2 + 0 + 0 = -4 + 9 = (T] 


(ii) Yes. By Lorentz transformation: A(ct) = 7[A(ct) — /3(Ax)] . We want At = 0, so A (ct) = /?( Ax); or 
v A (ct) __ (3—1) 


Ax 


(5-2) 3 S ° 


V ~ 3°’ 


in the +x direction. 


(iii) I No. I (In such a system Ax = Ay = A z = 0 so / would be negative, which it isn’t.) 


Problem 12.21 

Using Eq. 12.18 (iv): At = j(A t - /rAx) = 0 => A t= pi Ax, orw= ^c 2 = 


tB -tA 2 
—c. 


X[) - XA 



Truth is, you never do communicate with 
the other person right now — you communicate 
with the person he/she will be when the mes- 
sage gets there; and the response comes back 
to and older and wiser you. 


(b) No way. It is true that a moving observ- 
er might say she arrived at B before she left 
A, but for the round trip everyone must agree 
that she arrives back after she set out. 



c 
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Problem 12.27 

(a) Prom Prob. 11.31 we have 7 = j;Vb 2 + c 2 t 2 . t = f i dt = b f = £ ln(cf + \/b 2 + c 2 t 2 ) + k; at 


t = 0 we want r — 0 : 0 = - In b + k, so k = — £ In 6 ; 


r = - In 
c 


\(ct + y/b 2 + c 2 t 2 ) 


(b) Vx 2 — b 2 + x — be CT / b \ Vx 2 — b 2 = be CT ^ b — x; x 2 - b 2 = b 2 e 2cr ^ b — 2 xbe CT / b + x 2 ; 2xbe CT H = 6 2 (1 + e 2cr / b ); 
x 




= 6 ( — 


= -\/x 2 — b 2 = 


) = 6 cosh(cr/ 6 ). Also from Prob. 11.31: v = c 2 t/\/b 2 + c 2 t 2 . 


b cosh(cr/6) 


# cosh 2 (cr/ji) - ^ = c = cgSfSfS 


c tanh 


(?)• 


( CT C7” \ 

cosh — , sinh — , 0 , 0 J . 


Problem 12.28 

(a) + m B u B = mcuc + m D uo', Ui = 


Ui + V 


m A - 


Ua+V 


+ m B - 


u B +v 


= me: 


1 + ( Uiv/c 2 ) 

tic + v ud+« 

+ m D: 


1 + ( u A v/c 2 ) ’ D 1 + ( u B v/c 2 ) 0 1 + ( uev/c 2 ) ’ ^ 1 + ( udv/c 2 ) 

This time, because the denominators are all different, we cannot conclude that 
m A u A + m B u B = mcuc + m D uo. 

As an explicit counterexample, suppose all the masses are equal, and u A = -u B = v; uc = uo = 0. This 
is a symmetric “completely inelastic” collision in 5, and momentum is clearly conserved (0 = 0). But the 
Einstein velocity addition rule gives u A — 0, ub = —2u/(l + u 2 /c 2 ), uc = ud — —it, so in S the (incorrectly 
defined) momentum is not conserved: 


— 2 u 


^ — 2 mu. 


1 + u 2 /c 2 1 

(b) m A T]A + m B T]B = mcVC + moVD', Vi — 7 (Vi + PVi)- (The inverse Lorentz transformation.) 
m A i{vA + Pva) + mBl(VB + Pv B ) = m c j(vc + Pv°c) + m D j(f} D + Pv° D )- The gamma’s cancel: 
m A VA + m B f)B + P(m A V 0 A + m B if B ) = m c fj c + m D fj D + P{m c ff c + m D rf D ). 

But mo = Ei/c , so if energy is conserved in S (E A + Es = Ec + Ed), then so too is the momentum 
(correctly defined): 

m A f}A + mBVB = mcVc + m D VD- qed 


Problem 12.29 

7 me 


2 — me 2 = nmc 2 =7 7 = n + 1 


77 - 


PhTP 


1 


1 _ rp+2n+l-l _ »(n+2) . 

(n+l) 2 (n+lp (n+ip ’ 


v/ n(n + 2 ) 

u = — c. 

n + 1 


Problem 12.30 

Ex = Ei + E 2 + 


Pt = Pi + P2 + 


Pt = 7 (pr - PEt/c) = 0 => P = v/c — ptc/Et- 


- 


c 2 pt/E t = c 2 (pi +P 2 + ■■•)!{E\ +E 2 + •••)• 


Problem 12.31 


E m = 


(m 2 +m 2 ) 2 


2m* 


2 . ( m l + m D 

■ym^c => 7 = — — 


1 _ _ - J_ 
1 T - " 


1 


*- = l 
c 2 7 2 


4m 2 m 2 


2 ^/l -v 2 /c 2 ' <? 7 

m* + 2m 2 m 2 + - 4 m 2 m 2 _ (m 2 - m 2 ) 2 


(m 2 + m 2 ) 2 


(m 2 + m 2 ) 2 


(m 2 +m 2 ) 2 ’ 
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Problem 12.32 

Initial momentum: E 2 - pV = mV => p 2 c 2 = ( 2 me 2 ) 2 - mV = 3 m 2 c 4 => p = \/5mc. 
Initial energy: 2 me 2 4- me 2 = 3mc 2 . 

Each is conserved, so final energy is 3 me 2 , final momentum is 73 me. 


E 2 - p 2 c 2 = (3 me 2 ) 2 - (73mc) 2 c 2 = 6 m 2 c 4 = M 2 c 4 => M = 7 6 


m 


2.5m. 


(In this process some kinetic energy was converted into rest energy, so M > 2m.) 


v = 


pc 


73 


me c 


3 me 2 


c 

73' 


Problem 12.33 

First calculate pion’s energy: E 2 = p 2 c 2 + mV = AmV + m 2 c 4 = ?§mV => E = -me 2 . 


Conservation of energy: 
Conservation of momentum: 


: 2 — + Eb 


rmc 

I me 2 = PA + PB = ^ 


fmc 2 


£7 - Eb 


2E a — 2 me 2 . 


V — me 2 


1 9 

E b = 7 me 2 . 
4 


Problem 12.34 

Classically, £1 = |mu 2 . In a colliding beam experiment, the relative velocity (classically) is twice the 
velocity of either one, so the relative energy is 4 E. 


a 




<S 


s 


Let S be the system in which (7) is at rest. Its 
speed v, relative to S, is just the speed of © 
in S. 


p° = 7 (p° — pp l ) =4 E — -y _ ( gp) ) where p is the momentum of © in S. 

E = 7 Me 2 , so 7 = p = —■yMv — — 7 M/3c; £1 = 7 + fiiMfic) c = 7 (£ + 7 Me 2 /? 2 ). 

O • P <•. 7 


7 2 = r 


V => 1 -^ 2 = = = E=^E+ [(^) 2 - lj A4c 2 . 


E 


_ £ 2 
— mF 


+ 


£4 

M? 


- Me 2 ; 


E = 


2E 2 
Me 2 


Me 2 . 


For E = 30 GeV and Me 2 = 1 GeV, we have E = ^^21 - 1 = 1800 - 1 = [ 1799 GeV 


60E. 


Problem 12.35 


One photon is impossible, because in the “center of mo- 
mentum” frame (Prob. 12.30) we’d be left with a photon 
at rest, whereas photons have to travel at speed c. 



(before) 



(after) 


Cons, of energy: 7 poC 2 + mV 

f horizontal: 
Cons, of mom.: <, 

vertical: 


+ me 2 — E A + E B . 

Po = cos 60° + cos 9 => E b cost) —jp 0 c — \E a , 

0 = Ef sin 60° - ^e-sin<9 =4 £ B sin 0 = & E A ; 


| square and add: 
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r 



1 3 

E%( cos 2 6 + sin 2 (?) = p 0 c 2 - p 0 cE A 4- -E\ + -E\ 


=>• Eg = p 0 c 2 - PqcEa + E\ ~ 


\JPqC 1 + m 2 c 4 + me 2 — E A 
= poc 2 + m 2 c 4 + 2 \JpqC 2 + m 2 c 4 (mc 2 — E A ) + m 2 c 4 — 2 E A mc 2 + Or: 

—p 0 cE A = 2m 2 c 4 + 2mc 2 \J PqC 2 + m 2 c 4 — 2E A yj^c^fm^c 4 — 2E A mc 2 ; 

E A (mc 2 + yi^c 1 + m 2 c 4 — poc/2) = m 2 c 4 + me 2 \/po c 2 + m 2 c 4 ; 


= me 1 


— me 


(me 2 + \Zp^(R~+ m 2 c 4 ) (me 2 — \/ppi 2 ~Tm 2 c 4 — poc/2) 


(me 2 + VPo c2 + m2 c 4 — Po c /2) (me 2 — \/pqC 2 + m 2 c 4 — poc/2) 
(rp^c 4 - pgC 2 - ryz^c 4 - | p 0 mc 3 - ^a/pqC 2 + m 2 c 4 ) 


(rp^c 4 — pome 3 + ^ PgC 2 


rp/c 4 ) 


me 2 (me + 2p 0 + y/po + m 2 c 2 ) 
2 (me + fpo) 


Problem 12.36 


F _ d 
dt 


mu 


du 

dt 


dt y'T— U 1 / C 2 \J 1 — u 2 /c 2 

u(u • a) 


+ u - 


-4? 2u • — 

27 (T4I u 2 /c 2 )3/ 2 


a + 


•y/l - u 2 /c 2 l (c 2 - u 2 ) 


qed 


Problem 12.37 

At constant force you go in “hyperbolic” mo- 
tion. Photon A, which left the origin at t < 0, 
catches up with you, but photon B, which 
passes the origin at t > 0, never does. 



Problem 12.38 

(a) 


dpo dpo dt 

c V 

1 

dr dt dr 

dt \yll-u 2 /c 2 J _ 

•y/ 1 — U 2 /C 2 

c M 

A (~?r) 2u ' a 

1 u • a 

>/l - w2 /c 2 V 2 

) (1 -u 2 /c 2 ) 3 / 2 

c (1 — u 2 /c 2 ) 2 


dp dt dr] 1 d 

dr dr dt ^/l — vFJc 2 dt 


1 

(1 — u 2 /c 2 ) 


u(u • a) 

(c 2 — u 2 )_ 


— u 2 /c 2 


1 ( a 1 -?r2u-a } 

\ s/1 - «*/<? + 2 J (1- uVeY' 2 ] 


r 
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(b) = —(a 0 ) 2 + a • a — — 


1 (u • a) 2 
c 2 (1 — u 2 /c 2 ) 4 ' (1 — u 2 /c 2 ) 4 [ 


+ 


3 ( 1 “ ^2 J + ^2 U ( U • a ) 


{-?(“ • * )! + “ 2 0 - i?) + 1 (> - 1) (u • -) 2 + ?» 2 ( u 


(1 - u 2 /c 2 ) 4 

(i-S) 


1 

L 2 1 (u ,a)2 l 


(1 - u 2 /c 2 ) 2 

(c 2 - u 2 ) 



(c) rj^rj^ = -c 2 , so = qM ^ + v’ 1 **? = VofTfn = 0, so | = 0. 

(d) K" = ^= ±{mrf) = 


K^r]^ = ma^rjn = 0 . 


r 


Problem 12.39 


K^R* = -(K 0 ) 2 + K • K. Prom Eq. 12.70, K • K = ■ Prom Eq. 12.71: 


'0 _ 


l dE 


me 


me 


dr Cy /l-u 2 /c*dt \^/l-u 2 /c 2 ) sj 1 - u 2 /c 2 L 2 (1 - u 2 /c 2 ) 3 /2 


1 (-1/c 2 ) 


-2u • a 


m (u • a) 
c (1 — u 2 /c 2 ) 2 


But (Eq. 12.73): u • F = uFcostf = 
uF cos 9 


m 


K u 


C\/l — u 2 /c 2 


= 


■v/l — u 2 /c 2 
F 2 


(u ■ a) + 


u 2 (u • a) 


m(u • a) 


c 2 (l — u 2 /c 2 ) J (1 — u 2 /c 2 ) 3 / 2 ’ 


so 


u 2 F 2 cos 2 6 


(1 — u 2 /c 2 ) c 2 ( 1 — u 2 /c 2 ) 


1 - (u 2 /c 2 )cos 2 0l 2 


(1 -u 2 /c 2 ) 


F. qed 


Problem 12.40 


F = 


m 


a/ 1 - u 2 /c 2 


a + 


u(u • a) 


= ?(E + uxB)^a+ ~ « 2 /c 2 (E + u X B). 

(c J — U ) 771 


Dot in u: (u • a) + 


u • a 


u 2 (u • a) 
c 2 (l — u 2 /c 2 ) (1 — u 2 /c 2 ) m 


= — \/l — u 2 /c 2 [u • E + u • (u x B)1 ; 
m ' r 


= 0 


ff r ^ Fj = ~^ 1 ~ u 2 lc ^ l. so a = ly/1 - u 2 /c 2 [E + u X B - ^u(u • E)] . qed 


m 


Problem 12.41 

One way to see it is to look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of 
charge, moving at constant velocity in the plane, J = 0 and p — 0, while p (or rather, a) is independent of t 
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except 
that cr itself is altered by Lorentz contraction). 

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector) . This means that 
any given component changes sign if the configuration is reflected in a planer perpendicular to that direction. 
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would 


r 
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have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular 
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should 
reverse its sign.) 

Problem 12.42 

(a) Field is <7o/eo, an d it points perpendicular to the positive plate, so: 


Eo = — (cos 45° x + sin 45° y) = 
£o 


<70 


V2 


-(-* + y). 


€0 


(b) From Eq. 12.108, E x = E xo = E y = 7 E yo = 7 ^-. 


So 


E = 


<70 


x /2 


eo 


■(— x + 7y). 


(c) From Prob. 12.10: tan# = 7 , so # = tan 1 7 . 


(d) Let n be a unit vector perpendicular to the plates in S — evidently 
n = - sin 9 x + cos 9 y; |£| = \/l + -y 2 . 

So the angle <j> between n and E is: 

E • n , 1 . . . .. cos# . . . 27 

— cos <p = — (sin # + 7 cos #) — — r _ ... (tan # + 7 ) = — — ■ cos # 



\E\ 


\fl + 7 2 


\/l +7 2 


y/T+" T 2 


But 7 = tan ( 


sin 6 \/l— cos 2 6 

~ cos 6 ~ cos 8 


~ \f PSFe * ^ cos ^ - 7 2 + 1 


cos# 


_ 1 


v/l+T 


.. So 


27 

C0S ^ = tj ^2 


Evidently the field is | not | perpendicular to the plates in S. 


Problem 12.43 

(a) E = — & R (Eq . 12.92) =. 

47re 0 (1 - £ sin 2 #) 3 / 2 R 2 

g(l— u 2 /c 2 ) f R 2 sin9d9d(p 


E • da = 


47T€o 


i? 2 (l - K sin 2 #) 3 / 2 


2ir 


sin# d# 


g(l -v ! c ) _ 

47TC0 '"Jo (l-£sin 2 #)3/2 

q(l-v 2 /c 2 ) C du _ g(l - u 2 /c 2 ) fc y 3 ^ 

J-i + i 


Let u = cos#, so du — - sin #d#, sin 2 # = 1 — u 2 . 

du 


2cq 


The integral is: 

/ 


^ U 2 ] 3 /2 

1 + 1 


2 en 




- 1 - 1 + u 2 ) 


3/2 ' 


(!)' 


So / E • da = 


(^-i) y^-i+^i - 1 W 

g(l — v 2 /c 2 ) / c' 3 


/ex ' 3 /u\ ; 

\i>y Vc/ 


2 eo V «2 V c / (1 — i> 2 /c 2 ) 

(b) Using Eq. 12.111 and Eq. 12.92, S = — (E X B) = 


-q./ 


1 1 1 /to g 2 (l — v 2 /c 2 ) 2 v sin # 


Po 


Ho 47re 0 4x E 4 (l - 4 sin 2 #) 3 


Mi 

-0 
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r 


s - 

g 2 (1 - v 2 /c 2 ) 2 vsin6 - 



167r 2 € 0 #4(1 - sin 2 (9) 3 



Problem 12.44 

(a) Fields of A at B: E = ^y; B = 0. So force on qg is 


F 1 

9 aQb . 

47 re 0 

d 2 


1 

t 

V 

9/3 

d 

, 

9.4 1 



y 

QB I 


v 


(b) (i) From Eq. 12.68: 


F 7 

9 a 9b 

47TCQ 

d 2 3 ‘ 


(Note: here the particle is at rest in S.) 


QA 


(ii) From Eq. 12.92, with 9 = 90°: E = ~ ^ f 
x 47 T€o (1 — v 2 Ic-yi 1 a 2 4tt cq d~ 

(this also follows from Eq. 12.108). 


B/0, but since vg = 0 in S, there is no magnetic force anyway, and 


F — 7 

9.49c - 

47re 0 

d 2 3 


(as before). 


Problem 12.45 

Here 6 — 90°, i = y, 0 = z, 'i = r, so (using c' 2 = 1/^qCo): 


E = 


9 7. n q V 7 ~ 

y, B = 2~ 2 ’ 

47T€o 1 '- 47T£o c 2 r- 


where 7 = 


yjl — v 2 /c 2 


Note that (E 2 — B 2 c 2 ) = (47^7) 7 2 (l — 77) = (4^—) is invariant, because it doesn’t depend on v. We can 
use this as a check. 

q 7 q v 7 1 

System /l: ^ =y, so E= y, B — — - -r- — z, where 7 = 

/1 ”' ^ 2 47T€o C 2 7’ 2 

,,2 


47T€o r 2 


71 - w 2 /c 2 ' 


F = g[E + (-wx) X B] = - ^j(x X z)] = - — J(i + ^)y- 


System B: vg = 


2v 


7 b = 


u + u _ 
l + u 2 /c 2 (1 + v 2 /c 2 ) 

1 (l + u 2 /c 2 ) (l + u 2 /c 2 ) 


E ne ! (l-u 2 /c 2 ) 

( 1 + 7 * 77 * 7 * A/l-^Tr + TT 


1 _ 4t, 7‘ 

*- 7TTTT7 


47 T€o r 2 c 2 


47T6o T ’ 2 


= 7 2 (1 + t) ; VblB = 2 u 7 2 . 


<7 2d 7 2 


47ren c 2 r 2 


[Check: E 2 - B 2 c 2 = (^)V(l + £ + £ - £) = (^)V^ = (^) 2 - /) 


4 7TCqV > 

m2 


2-2 * 

F = gE = —~(l + -w)y- (+9 at rest =7 no magnetic force). [Check: Eq. 12.68 => F A = iFg. /] 

47re 0 t 1 c 1 7 


--iy; B = 0; F = 9 E=-^-iy. 


System C: vc = 0. E- ~ ^ — 

47T €o r 2 47 T€o T~ 

[The relative velocity of B and C is 2u/(l + tr/c 2 ), and the corresponding 7 is y 2 (l + v 2 /c 2 ). So Eq. 12.68 


=7 Fc - ■= 


7 2 (l+p 2 / c 2 ) 


E b . /] 
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Summary. 


("wiby (-4^b 2 (i + £)y (-&%*) y 

(" 4 ^?)^^ (~1 0 

+ %r)y + ?r)y ( _ i^bif)y 


Problem 12.46 

(a) Prom Eq. 12.108: 


E • B — E X B X + EyB y + E Z B Z — E X B X + 7 2 {E y — vB z )(B y + —E z ) + 7 (E z + vB y )(B z — E y ) 

= E X B X + 7 ~ {E y B y + —^^E z — 1 >p^B z — —E Z B Z + E Z B Z — —J2^E Z + vip^B z — E y B y } 

2 2 *1 

= E X B X + 7 2 EyBy ^1 — — j + E Z B, ^1 — — j = E X B X + E y B y + E Z B Z = E • B. qed 


(b) E 2 - c 2 B 2 = [E 2 + 7 2 (E y - uEJ 2 + 7 2 (^ + vB y ) 3 ] - c 2 [B 2 x + 7 2 (E y + ^E z f + 7 2 (E, - ^E y f] 
= E 2 + 7 2 (E 2 - 2E/E, + v 2 B 2 + E 2 + 2EytfB y +v 2 B 2 - c 2 B 2 y - c 2 2^£ y E, 
-C^E]-c?Bl+<?2^B,E, <Nr^) -Sill 

= * - + + k (1 -$) + * (. -$) - **. (, .*) - 4)i 


= (E 2 + E 2 + E 2 ) - c 2 (E 2 + B 2 + B 2 ) = E 2 - B 2 c 2 . qed 

(c) No. For if B = 0 in one system, then (E 2 — c 2 B 2 ) is positive. Since it is invariant, it must be positive in 
any system. Therefore E / 0 in all systems. 

Problem 12.47 

(a) Making the appropriate modifications in Eq. 9.48 (and picking <5 = 0 for convenience), 

E(x,y, z, t) = E 0 cos(kx — ut) y, B(a;, y, z, t) = — cos(kx — cot) z, where k—~. 
c c_ 

(b) Using Eq. 12.108 to transform the fields: 

E x — E z — 0, E y — 7 (Ej, - vB z ) = 7E0 jcos(/c£ — ut) - - cos (kx - w<)j = otEo cos (te - cat), 

B x = B v = 0, E z = 7(Ej — ~^E V ) — 7E0 [■ - cos (kx — ut) — -~r cos(kx — ut) — a—cos(kx - ut), 

cr I c c J c 


where 
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Now the inverse Lorentz transformations (Eq. 12 . 19 ) => x = 7(1 4- vt) and t = 7 so 

kx-cot = 7 jfc(x + vt) - to (t + ^x) j = 7 [(& ~ x — (to — fcn)tj - kx - Cot, 
where (recalling that k = to/c): k = 7 (k - ^ j = 7^(1 — v/c) = ak and Co = 7^(1 - v/c) = ato. 


Conclusion: 


E(x,y, z,t) — E 0 cos (kx — Cot) y, B(x, j/,z, t) = — cos (fcx — d)t) z, 

c 


where Eq = otE 0, k — ak, to = aw, and a = 


'1 — v/c 
1 + v/c 


(c) 


LO = LOi 


' 1 — v/c 
1 + v/c' 


This is the 


27T 27T 


Doppler shift for light. A = = — = — . The velocity of the 

k ak a 


LO - LO 


wave in <S is u = — A = — = | c. | Yup, this is exactly what I expected (the velocity of a light wave is the 

Z7T A — 

same in any inertial system). 


I E 2 

(d) Since intensity goes like E 2 , the ratio is - — — | — a 2 = 


I El 


1 - v/c 
1 + v/c' 


r 


Dear Al, 

The amplitude, frequency, and intensity of the light wave will all decrease to zero as you 
run faster and faster. It’ll get so faint you won’t be able to see it, and so red-shifted even your 
night-vision goggles won’t help. But it’ll still be going 3 x 10 8 m/s relative to you. Sorry about 
that. 

Sincerely, 

David 


Problem 12.48 

t 02 = A 0 A * a t x * = A°A 2 t 02 + A°A 2 t 12 = 7 1 02 + (—7 p)t 12 = 7 (t 02 - (it 12 ). 

t 03 = A° A 3 t A<7 = Aq A g t 03 + AJA3P 3 = 7P 3 4 - (-7 P)t 13 = 7 (t 03 - ( 3 t 13 ) = 7(i 03 + /It 31 ). 

t 23 = A 3 A 3 t A<7 = A 2 Alt 23 = t 23 . 

t 31 = A 3 A 1 t Xa - A3A0P 0 + Aj]A}t 31 = (-7 /I)t 30 + 7 t 31 = 7(t 31 + /It 03 ). 

P 2 = A\A 2 t Ag = A 1 A 2 t 02 + A] A 2 t 12 = (-7 P)t 02 + 7 1 12 = 7 (t 12 - (it 02 ). 

Problem 12.49 

Suppose t v ^ — ±t p " (+ for symmetric, — for antisymmetric). 


t* A = A*A X F U 

f AK = A x A*t tl1 ' = A a A * t" M [Because fi and v are both summed from 0 — > 3 , 

it doesn’t matter which we call n and and which call v\ 
= A*A A (±t M ") [I used the symmetry of P 1 ", and wrote the A’s in the other order.] 
= ±t K \ qed » 


C 
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Problem 12.50 

JP £p00 jpOO jt* 01 JT'Ol jt>02^02 j^Q 3^7*03 p>10 j^plQ j^20jt*20 ^30^30 

_l_ p 11 4 . p l2 F 12 4 p l3 F ri + F 2l F 21 + F 22 F 22 + F 23 F 23 + F 31 F 31 + F 32 F 32 + F 33 F 33 
= ~(E,/c ) 2 - (F y /c ) 2 - (F z /c ) 2 - (F x /c ) 2 - ( E v /c ) 2 - (F z /c ) 2 + B 2 + B 2 + B 2 + B 2 + B 2 + B 2 

= 2B 2 - 2E 2 /c 2 - I 




which, apart from the constant factor — %r, is the invariant we found in Prob. 12.46(b). 


G^G^v = 2 (F 2 /c 2 — B 2 ) (the same invariant). 


F^G M „ 


-2 (F 01 G 01 + F 02 G 02 + F 03 G 03 ) + 2 (F 12 G 12 + F 13 G 13 + F 23 G 23 ) 

E z B z j 2[B z (-E z /c) + (~B y )(E v /c) + B x (-E x /c)} 

--(E- B) - -(E-B) = 

c c 




— E X B X H EyBy H — 

c c c 


which, apart from the factor — 4/c, is the invariant of Prob. 12.46(a). [These are, incidentally, the only 
fundamental invariants you can construct from E and B.] 


Problem 12.51 


E = 


1 2\- _ Mo A c 2 ~ 

4-ttco x 2jt i 


t > _ MS-lAlL-v — BS.LH-V 
— 4jt x * 2n x * 


Problem 12.52 



( ° 

c 

0 

0 ^ 


ppv _ 

— c 

0 

0 

— V 


2nx 

0 

0 

0 

0 



Vo 

V 

0 




d„F f1 '' = / iqJ **. Differentiate: d tl d„F fl ‘' = pod^J^. 

But <9 m B„ = dvdy. (the combination is symmetric) while F" M — — F M " (antisymmetric). 

dyjduF^" = 0. [Why? Well, these indices are both summed from 0 — > 3, so it doesn’t matter which we 
call p, which v: d^d^F^ = 5„<9 M F" M = <9 M d„(-F M ") = -d fl d„F ,lv . But if a quantity is equal to minus itself, 
it must be zero.] Conclusion: d^J 1 * = 0. qed 


Problem 12.53 

We know that d „G M1/ = 0 is equivalent to the two homogeneous Maxwell equations, V-B = 0 and VxE = 
— All we have to show, then, is that d\ F A „ + <9 m F„a + B„F\ M = 0 is also equivalent to them. Now this 
equation stands for 64 separate equations (/a — 0 — t 3, v — 0 — >3, A = 0 — >3, and 4x4x4 = 64). But many 
of them are redundant, or trivial. 

Suppose two indices are the same (say, p — v). Then d\ F MM + d^F^x 4- <9 m Fa m = 0. But F mm = 0 and 
F m a = — Fx M , so this is trivial: 0 = 0. To get anything significant, then, p, u, A must all be different. They 
could be all spatial (p, v, A = 1, 2, 3 = x,y,z — or some permutation thereof), or one temporal and two spatial 
(p = 0, v, A = 1 , 2 or 2, 3, or 1, 3 — or some permutation). Let’s examine these two cases separately. 

All spatial : say, p = 1, i/ = 2, A = 3 (other permutations yield the same equation, or minus it). 
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it). 


or — 


One temporal : say, /x = 0 , i/ = l, A = 2 (other permutations of these indices yield the same result, or minus 


d 2 F 01 + do F n + 9A- 0 =* + ~y(^) + ~ (f 1 ) - 0, 


as, 

9t 


+ ( 


QE X _ \ _ 

dy dx 


) = 0, which is the 2 component of — ^ = VxE. (If fi = 0, v — 1, A = 2, we get the y 


component; for v = 2, A = 3 we get the x component.) 

Conclusion: d\F^ v + 9^F„x + d„F A(J = 0 is equivalent to V-B = 0 and ® = - Vx E, and hence to 
d^G^ = 0 . qed 

Problem 12.54 

K° = q^F 0 " = < 7(771 F 01 + 772 F 02 + 773 F 03 ) = < 7(77 • E)/c = -711 • E. 

c 


Now from Eq. 12.71 we know that 


K° = i where W is the energy of the particle. Since dr = ~dt, we have: 


1 dW q . 

- 7 — = - 7 (u-E) =>• 
c at c 


dW 

dt 


q(u. • E). 


This says the power delivered to the particle is force (qE) times velocity (u) — which is as it should be. 
Problem 12.55 

Wa- 9 A- 19 A- 1 ,d(j>dt d<t>dx d(f>dy d<f>dz. 

9 </> >3= . 0 c gj-fi „ ( m + pr + a ,, m / ■ 


3x 0 


c y dt dt dx dt dy dt dz dt ‘ 


_ t-, dt dx dy dz 

FVora Eq. <2.19, we have: j- = 7. = 7», = aJ = ^ 

So a°a = + v^~) or (since d = x° = -x 0 ): a °0 = 'i{rfr ~ ~ 7 ;;) ) = 7 [(aV) -<?(5V)]. 


dx' 


‘ dx 0 cdx 1 

d(f> 

f di 


753-7 3 d<j> dt d<pdx dcfrdy d<pdz v d<p dtp ,9<p v d<p . r . fl ,„ 0 27 i 

st _ q 2 , 

dy dt dy dx dy dy dy dz dy dy 

03-7 = a 3 , 

dz d£ dz dx dz dy dz dz dz dz 

Conclusion: d^<p transforms in the same way as (Eq. 12.27)— and hence is a contravariant 4-vector, qed 

Problem 12.56 

According to Prob. 12.53, 9 g x „ — 0 is equivalent to Eq. 12.129. Using Eq. 12.132, we find (in the notation 
of Prob. 12.55): 

dF^ dF vX , dF x , L 


+ 


+ 


— d\Fp U + duF v \ + 9 V F\n 


dx A 1 dx» ' dx " 

= dxidftAv - dvAft) + 9 fl (d u Ax - d x A v ) + d„(d A A M - d^Ax) 

= {dxd^Av - d^dxA,,) + (d^Ax - d v 9^Ax) + {d u dxA^ - dxdvAff) = 0. qed 

d^Au 9 2 A l/ 

(Note that d A d u A v = — — — - = d u d A .4„, by equality of cross-derivatives. 1 

dxTlx^ dx 11 dx A 
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Problem 12.57 

Step 1 : rotate from xy to XY, using Eq. 1.29: 

X = cos 4>x 4- sin <f> y 
Y = — sin <p x 4- cos 4> y 

Step 2: Lorentz-transform from XY to X Y, using 
Eq. 12.18: 

X = j(X — vt) = 7[cos <px + sin <py — Pet] 

Y = Y — — sin<px 4- cos <py 
Z = Z = z 

ct = 7 (cf — (IX ) = 7[ct — p(cos<f>x 4- sin^p)] 



Step 3: Rotate from XY to xy, using Eq. 1.29 with negative <p : 


x = cos <p X — sin <)> Y — 7 cos <£[cos <px + sin 4>y — Pet ] — sin (j>\- sin <p x 4- cos (f> y] 

= (7 cos 2 <p 4- sin 2 <p)x + (7 — 1) sin<£cos0j/ — 7/3 cos <p(ct) 

y — sin 4>X 4- cos <pY = 7sin0(cos<^>x 4- sin (f>y — pet) 4- cos <}>{— sin <f>c 4- cos <py) 

= (7 — 1) sin<£cos<^£ 4- (7 sin 2 tp 4- cos 2 <p)y — jP sin cp (ct) 


In matrix form: 


fd\ 



( 

7 

—7 P cos 4> 

— 7/?sin <p 

°\ 

X 




-7 P COS <p 

(7 cos 2 <p + sin 2 (j>) 

(7 — 1) sin<£cos<£ 

0 

y 




-7/?sin</> 

(7 - l)sin<)>cos(£ 

(7 sin 2 <p 4- cos 2 cf>) 

0 

w 



\ 

0 

0 

0 

1/ 


(i\ 




Problem 12.58 


In center-of-momentum system, threshold occurs when incident ener- 
gy is just sufficient to cover the rest energy of the resulting particles, 
with none “wasted” as kinetic energy. Thus, in lab system, we want 
the outgoing K and £ to have the same velocity , at threshold: 

O O OO— ■ 

^ P K E 

Before After 


ir p 

O — •- ■* — O before (CM) 

CO after (CM) 

K £ 


Initial momentum: p„; initial energy of 7r: E 2 — p 2 <? — m 2 c 4 =f> E 2 = m 2 c 4 + p 2 c 2 . 

Total initial energy: m p c 2 4- y/m 2 c 4 4- p 2 c 2 . These are also the final energy and momentum: E 2 — p 2 <? = 
(rriK 4- m-z) 2 c 4 . 


( m p c 2 4- \Zm 2 cP 4- p 2 c 2 ) - p 2 c 2 = (1 m K 4- m^fc 4 


m 2 p (Z+ -yfmlc 2 4- p 2 c 4- m 2 / 4- p£c 2 - $c 2 = (m K 4-m s )V 


2f7l e 


y/m 2 c 2 4-P 2 = ( m K 4- m K ) 2 - ml — m 2 
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Am? 

(■ m 2 n c 2 + p 2 )— ^ = (m K + ms) 4 - 2(m 2 + m 2 ){m K + ms) 2 + m 4 + m 4 + 2 m 2 m 2 


4m 


£ P 2 = (m* + m E ) 4 - 2(m 2 + m 2 n )(m K + m s ) 2 + (m 2 - m 2 ) 


2 _ ^ 2^2 
P 




P* = 


2m, 


' \/ (mK +m E ) 4 - 2(m 2 +m 2 ,)(mic + ms) 2 + (m 2 -m 2 ) 2 


= (2^577 \A m *' c2 + mEC 2 ) 4 - 2[(m p c 2 ) 2 + (m,c 2 ) 2 ](m/fc 2 + m E c 2 ) 2 + [(m p c 2 ) 2 - (m^c 2 ) 2 ]' 


_ I 

2c(900) 


^/(1700) 4 - 2[(900) 2 + (150) 2 ] (1700) 2 + [(900) 2 - (150) 2 ] 2 


= ^^(8.35 x 10 12 ) - (4.81 x 10 12 ) + (0.62 x 10 12 ) = ^(2.04 x 10 6 ) = 1133 MeV/c. 


Problem 12.59 


In CM: 


P P 

O 

Before 



(p — magnitude of 3-momentum 
in CM, <p = CM scattering angle) 


After 

Outgoing 4-momenta: r 11 — (^,pcos0,psin <j>, 0); s* 1 = (^,—pcos<p,—psin(p,0). 


In Lab: 


O O 


Before 


)8 Problem: calculate 9, in terms of p, <p. 




Lorentz transformation: r x = j(r x — /3r°); r y — r y ; s x = 7(sz - {3s°)\ s y = s y . 

Now E — 7771c 2 ; p = -7 mv (v here is to the left); E 2 - p 2 c 2 = m 2 c 4 , so fi — — 
f x — 7 (pcos0+ - 7P(1 + cos <^) ; f y = psin<£; s* = 7p(l - cosep); s y = -psirup. 


cos# = 


r • s 
fs 


7 2 p 2 (l - cos 2 </>) - p 2 sin 2 (p 


\J [t 2 P 2 (1 + cos </>) 2 + p 2 sin 2 <p] [7 2 p 2 (1 - cos (p) 2 + p 2 sin 2 <p] 

(y 2 - 1) sin 2 <p 


yj [7 2 (1 + cos <p) 2 -I- sin 2 4>] [y 2 (1 - cos <p) 2 + sin 2 <p ] 

(7 2 -l) _ (7 2 -l) 

+ 1 72 ( 1 ~. co ^ ^ ) 2 -)_ ij \J (y 2 cot 2 l) (7 2 tan 2 f + l) 


r 
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r 


r 


cos 6 — 


cn 


yf (1 + cot 2 | +wcot 2 f)(l + tan 2 | + cntan 2 |) 


(where cn = y 2 — 1) 


tu 


cn sin | cos | 


y (esc 2 f + cn cot 2 | ) (sec 2 | + cn tan 2 | ) y/ (l + encos 2 |) (l + ensin 2 |) 
|cn sin <p 


sin< 


>/[l + + cos $)] [l + \u){\ - cos </»)] y/[(£ + 1) +cos<^.] [(£ + l) - cos</>] 

si n<f) 1 


sin < 


y/^+lj’-COS^ v^ + ^ + sin 2 * %ATWihT^ 


, 2 4 4 

, where r = — - 4 — . 


CO “ CU 


sin 9 


- r2 = M l + u ) = 80 tan e = 


- 4 -.2 


2a_ 


Or, since (7 2 - 1) = 7 2 (l - y?) = 7 2 ^r, 


tan 9 = 


2c 2 


7« 2 sin <p 



rj sin < 


Problem 12.60 

& = * (a constant) =* But £ = 


dr yi-u 2 /c 2 ’ p v/i -« 2 / c = ' 
= f yi-wVc 2 . Multiply by f = ±: 


f— -g- 

\ v/l - u 2 


K y/l - u 2 /c 2 


dt d 

da: dt \ ^/\ - u 2 /c 2 J dx V y/l - u 2 /c 2 7 ™- u 

dw _ K 1 din _ 1 d 2 _ _fc d(w 2 ) _ 2K 

m 


. Let in = 


y/ 1 — u 2 /c 2 
2K . 


dx m w W dx 2dx W 


dx 


=> d(in 2 ) = (da:). 


•. in 2 = — a: 4- constant. But at t = 0, x = 0 and u = 0 (so in = 0), and hence the constant is 0. 


2 2 K u 2 

~~ . 2/2’ 
m 1 — u* jc 1 


u 2 = 


2ATa: 2i^a: 


2ATa:, 2ATa: 


2 2Kx/m 


m me 
dx c 


.2 “ ’ 


9 / 


mc‘ 


m 


c 2 dx c [ L 1 mc 2 \ 

1 , 2/Tx _ 1 , c me 2 \ ’ 17 ~ 7 / — 77 ’ ct - y 1 + ^2Kx’ dx ' 

1 + 7^ 1 \277x/ y/l + (^|) J V 


Let = a 2 ; ct = J dx. Let x = y 2 \ dx = 2y dy\ y/x = y. 


ct = J — y 2ydy = 2 J Vv 2 + °- 2 dy = y^/y 2 + a 2 + a 2 ln(j/ 4- \Jy 1 + a 2 ) 4- constant. 


At t = 0, x — 0 => 1/ = 0, so 0 = a 2 In 0+ constant => constant = —a 2 In a 


ct = t/vV 2 + a 2 + a 2 ln(i//a+ \/{y/a) 2 + l) = a 2 ^ j \/(^) + + ^ n (a + \/ (a) + 
= ,/^f . Then 

Y tnr 


Let: z = y/a = v/5 


= z\/l + 2 2 + ln(z + y/l + z 2 ). 
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r Problem 12.61 



—q will be the mirror image of the force of — q on +<7 (in the x axis), 
so the net force is in the x direction (the net magnetic force is zero). 

All we need is the x component of E. 

The field at +q due to —q is: (Eq. 10 . 65 ) 

E = - 4^ (^p ^ - ” 2 ) + “(* • a) - a(* • u)] . 

u = o* — v =b u x = c^-v = \(cl — w)\ 'i ■ u — m — -t • v = (or — Iv); 4 ■ a = la. So: 

-(cl ~ m)(c 2 — v 2 ) + -(cl —yi)la — a(ca — ,K>)j 


E _ ? * 

47TC0 (ci — V l) 3 


\ca(l 2 — T 2 ) = — cad 2 /'! 


1 


• [(cl — w)(c 2 — v 2 ) — cad 2 .] 


47reo (01 — vl) 3 

The force on +<7 is qE x , and there is an equal force on —<7, so the net force on the dipole is: 


F = ~^l^hvT^ d ~ ” )(c2 “ ” !) -“^1*- 


It remains to determine i, l, 
v , and o, and plug these in. 


r 


i±\ dx _ c 1 1 

V{t ’ ~dt~ a 2^1 + (at) 2= 


2 a 2 t = 


~f== == 5 v = v(t r ) = where T = y/l + (at r ) 2 . 

\/l - (at) 2 1 


, , dv ca ( l\ 2a 2 t r ca , . 

a(f r ) — — — — — + cat r [ — — | ,„3 — ^3 [l + (at r ) — (at r ) ] — 


Now calculate t r : c 2 (f — t r ) 2 = nf = l 2 + d 2 ; l = x(t) — x(t r ) = ^ [a /1 + (at ) 2 — y/T+ (at r ) 2 J, so 
f - 2 tt r = Aj [l + (p 4 2 + 1 + ( Q / 4 2 ~ 2 \/l + (at) 2 ^l + (at r ) 2 ] + ( d/c ) 2 

(★) y^TTTa^x/Tl^QtT ) 2 = 1 + a 2 tt r + \ (^) 2 . Square both sides: 



1 , 

fad\ A „ , 

^t 2 

+ 4 ( 

— 1 P 2a tt r 
< c / 

/ad' 

\ 2 

yd \ 2 a 2 /d \ 4 

(t. 

) ~ 

(c) _ T\c) 


'ad s' 2 
k c / 


f ad \ 2 
< c ) 


At this point we could solve for t r in terms of t, but since v and a are already expressed in terms of t r it is 
simpler to solve for t (in terms of t r ), and express everything in terms of t r : 


t 2 - tt 






= tr 


2i" r ■ vc ■ - ±Jt ' 

l/ad\ 2 l . It,.,. ,^td\ 2 \. . f ad \ 2 




r 
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Problem 12.62 

(a) A M = (V/c,A x ,Ay,A z ) is a 4-vector (like x^ = (ct,x,y, z)), so (using Eq. 12.19): V = j(V + vA x ). But 
V = 0, and 

t Mo (m X r) x 
x ~ 4tt f 3 ' 

Now (m x r)x = m y z - m z y = m y z - m z y. So 


r 


V — -yv 


Mo ( myz - m z y) 
4tt r 3 


Now x = q(x — ut) = yR x , y = y = f? y , z = z =■ R z , where R is the vector (in <S) from the (instantaneous) 
location of the dipole to the point of observation. Thus 


= 7 2 Rl + Rl + Rl = i\Rl + R 2 y + R 2 z ) + (1 - i 2 )(R 2 y + R\) = t 2 - -j^ 2 sin 2 0) 


(where 0 is the angle between R and the x axis, so that R% + R 2 = R 2 sin 2 0). 


v _ Mo vi{myR z - m z R y ) 

~ 47r 7 3 R 3 (l- £sin 2 0) 3/2 ’ 


but v • (m X R) = u(m X R)x 


v{m y R z — m z R y ), so 


Mq v • (m X R)(l - )£) 
4?r R 3 (l - £ sin 2 0) 3/2 ’ 


or, using Mo = and v • (m x R) = R • (v x m): 
(b) In the nonrelativistic limit (v 2 Cc 2 ): 


1 R- (v X m)(l — )£) 
4 7T€o c 2 R?(l — *£ sin 2 ^) 3 / 2 


1 R • (v x m) _ 1 R • p 

47T6q C 2 R 2 4tT£o R 2 


v X m 

with p = -z — 

c 2 


which is the potential of an electric dipole. 
Problem 12.63 


(a) B = - fK y (Eq. 5.56); N = m x B (Eq. 6.1), so N = 


N = ^-mKx 
2 


f{\ vl 2 )(av)x = tf\av 2 l 2 x. 


-fmK{ z X y). 



Charge density on the front side: Ao (A = 7A0); 

Charge density on the back side: A = 7A0, where v = => 


7 = 


1 



4u 2 /c 2 
(1 +i/ i /c 4 ) = 


(1 +v 2 /c 2 ) 


1 + V 2 / c 2 



(l + u 2 /c 2 ) _ 2 ( V 2 

(1 -v 2 /c 2 ) 1 \ c 2 


Length of front and back sides in this frame: 


1/ 7. So the net charge on the back side is: 




Xl_ 

77 



r 
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r 


r 



Net charge on front side is: 


l XI 1 
q- = Ao- = -- = -xAZ. 


So the dipole moment (note: charges on sides are equal): 


l l 

p = = 




AZ 2 / « 2 u 2 \ 

y = ~( 1+ ^- 1+ ?) y= 


AZ 2 u 2 „ 

^j-y 


E = ^z, where a = 7<toj so N = p X E = 


A l 2 v 2 a 
c 2 2e 0 7 


(y X z) = 


1 MO , ,2 2- 

— — -A al v x. 
7 2 


So apart from the relativistic factor of 7 the torque is the same in both systems — but in S it is the torque 
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on 
an electric dipole. 

Problem 12.64 

Choose axes so that E points in the 2 direction and B in the yz plane: E = (0, 0, E)\ B — (0, B cos <j>, B sin <j>). 
Go to a frame moving at speed v in the x direction: 

_ v 

E = ( 0 , — 7 vB sin 0,7 (E + vB cos <^>)) ; B = (0,7 (B coscp + — E), 7 B sin <$) . 

-■yvB sin 0 7 (E + vB cos <j>) 


(I used Eq. 12.108.) Parallel provided 


l{B cos 4>+ \E) 


7 B sin 4> 


or 


—vB 2 sin 2 <j> = (B cos(f> + E) (E + vB cos cj>) = EB cos cp + vB 2 cos 2 (p H — ^E 2 + — EB cos (p, 


~ V o / V 2 \ V 

= vB 2 + - 7 E 2 + EBcostpl 1 + -y ); — ; 

c 2 V C 2 / 1 + V 


2 /c 2 


EB cos <p 
' B 2 + E 2 /c 2 ' 


Now E x B = 


x y z 

0 0 E 

0 B cos (j> B sin (p 


= — EB cos $x. So 


E X B 


1 +u 2 /c 2 B 2 + E 2 /c 2 


qed 



there can be no frame in which E A. B, for (E • B) is invariant, and since it is not zero in 5 it can’t 


be zero in S. 

Problem 12.65 



Just before : 

Field lines emanate 
from present position 
of particle. 
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Just after: Field lines outside sphere of radius ct emanate from 
position particle would have reached, had it kept going on its 
original “flight plan”. Inside the sphere E = 0. On the sur- 
face the lines connect up (since they cannot simply terminate 
in empty space), as suggested in the figure. 

This produces a dense cluster of tangentially-directed field 
lines, which expand with the spherical shell. This is a pic- 
torial way of understanding the generation of electromagnetic 
radiation. 


Problem 12.66 

Equation 12.68 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. So 
Fj_ = — Fx, F|| = F||. Using F = qE , then, 

F x = F x = qE x , F y = —F y = - qE y , F, = -F z = - qE z . 

7 7 7 7 

Invoking Eq. 12.108: 

F x = qE x , F y - \l{E y - vB z ) = q(E y - vB z ), F z = \l{E z + vB y ) = q(E z 4- vB y ). 


But v x B = —vB z x + vBy z, 

Problem 12.67 

z i i 


so F = g(E + v x B). qed 


Rewrite Eq. 12.108 with x —» y, y —> z, z — » x: 


E 





v 


y 


X 


y 


Ey — Fy 

E z 

= 7 (E z ~ vB x ) 

E x - 7 (E x + vB z ) 



f _ v \ 

/ V \ 

By = By 

B z 

- + fjFxj 

B x = 7 [Bx - ~^F z j 


This gives the fields in system S moving in the y direction at speed v. 


Now E = (0,0, E 0 ); B = (£? o ,0,0), so E y = 0, E z - 7 (E 0 - vB 0 ), E x = 0 


If we want E = 0, we must pick v so that Eo — vBq = 0; i.e. v = Eo/Bq. | 

(The condition Eo/Bq < c guarantees that there is no problem getting to such a system.) 

1 r~ 

With this, B y = 0, B z = 0, B x = j(B 0 - %E 0 ) = 7^0 (l - £) = lB 0 ^ = ±B 0 ; 

The trajectory in S: Since the particle started out at rest at the origin 
in <S, it started out with velocity — vy in S. According to Eq. 12.72 
it will move in a circle of radius R, given by 


(-B 0 )r=> 

m~f 2 v 
H ~ _ . 

V'y / 

qB 0 


The actual trajectory is given by x = 0 ; y = —Rsinut ; z — R( 1 — cos cut) 



r 
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The trajectory in S: The Lorentz transformations Eqs. 12.18 and 12.19, for the case of relative motion in 
the y direction, read: 

x = x x — x 

y = i(y - vt) y = i(y + vt) 

z = z z = z 

t = -^yj t = j(t+%$) 

So the trajectory in S is given by: 

i = 0; y — 7(-f?sinwt + vt) = 7 j-i?sin + iry(t - ^y^j j, or 

AjCSll = („-„ lh = -flsin[ u 7 (i-i 9 ) 

py( l-^ + £)=-Y 2 y 

z = fi(l - cos 2 cot) = _R^1 - cosury^t - -^-y^J . 


So: 


x — C 

• y — vt — — sin fury ( 

1 _ 4^) 

; z = R- i?cos[u>7 (t - -wy ) 1 • 


7 L \ 

c z / 

L \ C Z / J 


We can get rid of the trigonometric terms by the usual trick: 

7(2/ - vt) = -R sin [u>7 (t - ^y)] 
z - R- -Rc os [w7(t - ^y)] 


7 2 (y - ut) 2 + (z - H) 2 = f? 2 


Absent the 7 2 , this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 7 2 makes it, as it were, an 
elliptical cycloid — same picture as p. 206, but with the horizontal axis stretched out. 

Problem 12.68 

(a) D = e 0 E + P suggests E — > Tj) j 

„ 1 _ , , , _ { ° TT > but it’s a little cleaner if we divide by a 0 while we’re at it, so that 

H = ~B - M suggests B -> /i 0 H J J ^ ’ 


E -> -E-D = c 2 D, B -> H. Then: 



0 

cD x 

CDy 

cD z 

-cD x 

0 

H z 

~Hy 

-CDy 

-Hz 

0 

H x 

-cD z 

Hy 

-#» 

0 


Then (following the derivation on p. 539): 


dx 


°-D 0 " = cV'D = op/ = J° f ; = ~(-cD x ) + (VxH), = (J f ) x ; 


cdt' 


SO 


dD^ _ 
dx " ~ f ' 


where 


= (cp/, J/)- 

£md hence 

sc'"' _ 

Si" 


Meanwhile, the homogeneous Maxwell equations (V-B = 0, E = — ^ ) are unchanged 



0 

H x 

Hy 

H z 

-Hx 

0 

—cD z 

CDy 


cD z 

0 

—cD. 

-H z 

— CDy 

cD x 

0 
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(c) If the material is at rest, T] v = (— c, 0 , 0 , 0 ), and the sum over v collapses to a single term: 

D^rio = c 2 eF»°Tio => D M ° = c 2 eF M ° =* -cD = -c 2 c- =*■ D = eE (Eq. 4 . 32 ), / 

c 

H^rjo = — G m °77o =* H 1 * 0 = -G^° =► -H = --B =*• H = (Eq. 6 . 31 ). / 

M M MM 

(d) In general, = 7(— c, u), so, for p = 0 : 

D 0 i 't] 1/ = D 01 ^ + D 02 t ) 2 + I> 03 7?3 = cDx^Ux) + cD y (ju y ) + cD z (yu z ) = 7c(D • u), 

F 0 v T) v - F 01 77! + F 02 t?2 + F 03 t? 3 = — (TUx) + —{ru y ) + —(7 u 2 ) = -(E • u), so 

c c c c 

D 0v tj v = (?eF 0v T) v =► 7 c(D • u) = c 2 e Q) (E • u) =*• D ■ u = e(E • u). [1] 

F°v - + tf 02 7?2 + ^ 03 % = i*x(7«*) + ff„(7tty) + = 7(H • U), 

G 0 v t) i/ - G 01 r7i + G 02 p 2 + G 03 773 = B x {ju x ) + B y (ju y ) + B z (ju z ) = 7(B • u), so 

H 0 u t) v = —G 0 i/ t] u => 7 (H • u) = — (7) (B • u) => H • u = — (B • u). [2] 

M M M 

Similarly, for p = 1 : 

P 1 "^ = P 10 7? 0 + P 12 t ? 2 + P 13 t /3 = (— cP x )(— 7 c) + F 2 (7Uy) + (-ff y )( 7 U,) = 7(c 2 Px + u y P 2 - n z H y ) 

= 7 [c 2 D + (uxH)] z , 

F Xv r) v = F 10 r? 0 + F 12 r? 2 + F 13 ^ - + B 2 ( 7 « y ) + (-S y )( 7 u*) = 7(^x + u y P 2 - u z F y ) 

= 7 [E + (uxB)] I ,sofl\=c 2 6F\^ 

7 [c 2 D + (u x H)] s = c 2 e( 7 ) [E + (u x B)] x 4 D+^(uxH) = t(E + (uxB)]. [ 3 ] 


# N, = + H l2 m + H l3 V 3 = (-ff*)(-7c) + (-eP 2 )( 7 u y ) + (cP y )( 7 u 2 ) 

= 7c(#x -u y D z +u z D y ) =7c[H- (u x D)]^ , 

G 1 ^, = G 10 r; 0 +G 12 7 ? 2 + G 13 7 ?3 = (-Bx)(-7c)+(-^(7u y )+^)(7^) 

= ~(c 2 B x — u y E z + u z E y ) — — [c 2 B - (u x E)1 , so H lv rj u = -G lv r] v =*>■ 
c c * /i 


7 c[H - (u x D)], = i J [c 2 B -(uxE)] t 4H-(uxD) = J B - i(u x E) 


Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D: 


D + x <( (u x D) + - 


B- 4(uxE) 


= e[Ef(uxB)j; 


D + \ [(u • D)u - u 2 D] = € [E + (u x B)] (u x B) + [u x (u x E)] . 

cr L per pc’ 


[ 4 ] 
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Using Eq. [1] to rewrite u • D: 

D (l-^) = ~(E'u)u + e [E + (uxB)]-i(..xB) + -i [(E • u)u - u 2 E] 


r 

r u 2 ] 

„ 1 

r i i 


1 7 

E — 

i 

l 

epc 4 

c 2 

eyic 2 


(E • u)u + (uxB) 


efic z 


}• 


Let 


7 = 


v = 


sjl — u 2 /c* i JDp 


Then 


D = ^1l 1 -^rJ E+ 


(u x B) j(E • u)u 


Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H: 


H 




^(uxH)+e[E+(uxB)]| = J B-^(uxE) 


H + 4r [(u ■ H)u — u 2 H] = - 
c z v t 1 


B — w(u x E) 


+ e(u x E) + e [u x (u x B)] . 


Using Eq. [2] to rewrite u • H: 


1 


B j(u x E) 


+ e(u x E) + e [(B • u)u — u 2 B] 


= ^ | [l - jaeu 2 ] B + - ^ ) [(u x E) + (B • u)u] 




B + 


i-i)[(uxE) + (B.u)u] 


Problem 12.69 

We know that (proper) power transforms as the zeroth component of a 4- vector: K° = The Larmor 

formula says that for v = 0, ~ (Eq. 11.70). Can we think of a 4- vector whose zeroth component 

reduces to this when the velocity is zero? 

Well, o 2 smells like (a v a v ), but how do we get a 4-vector in here? How about whose zeroth component 
is just c, when v = 0? Try, then: 

K “ = 

This has the right transformation properties, but we must check that it does reduce to the Larmor formula 

when v -4 0: 

dW 1 dW 1 n 1 Hoq 2 . u . Q n j 

— - = — = -cK° = -c~^(a a„)if, but if = cry, so 

dt 7 dr 7 7 one 6 


dW 

dt 


iMvr 

6irc 


(a 1 ' at,). 


[Incidentally, this tells 


us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we 
could simply have looked for a Lorcntz scalar that generalizes the Larmor formula.] 
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In Prob. 12.38(b) we calculated (a"a„) in terms of the ordinary velocity and acceleration: 

= 7 ‘ !» J + (3^5)1 = 7 * P 7 ” 2 + ? (v • a)! ] 

= - (j) + = 7 ‘{ <1 ' - If[” V - < v ■ a) 2 ] }■ 

Now v • a = vacosO, where 6 is the angle between v and a, so: 

= v 2 a 2 sin 2 6 — | v X a| 2 . 


which is Lienard’s formula (Eq. 11.73). 


tra 2 - (v - a) 2 = tra 2 (l - cos 2 6) 
|vxa|b 
c 




dW flog 2 


dt 


67TC 


7 




Problem 12.70 

(a) It’s inconsistent with the constraint = 0 (Prob. 12.38(d)). 

(b) We want to find a 4-vector b p with the property that (^r + = 0. How about 6" — k ( r/„ ) ? Then 

'da“ 


iirr + b>1 ) T ln = +K^rr r li>{‘n il ri ll ). But = -c 2 , so this becomes (^t-t? m ) - c 2 k(^- 7?^) , which is zero, 
if we pick /c = 1/c 2 . This suggests I 




1 dOL U 


rad 6nc V dr c 2 dr 


\ 


Note that 77^ = (c, v)7, so the spatial 


components of b ** vanish in the nonrelativistic limit v <g! c, and hence this still reduces to the Abraham-Lorentz 
formula. [Incidentally, a ? = 0 =i> -^(a^ry,) = 0 ^-77,, + a"^r = 0, so = -a^a^, and hence 6^ can 

just as well be written — ji{<x‘'ot l ,)Ti f ‘.] 

Problem 12.71 === 

Define the electric current 4- vector as before: J£ = (cp e , J e )> and the magnetic current the same way: 
J> „ = (c.p m ,J rn ). The fundamental laws are then 


d v F* v = (L 0 J?, d v G^ = = (q e F^ + g v . 


The first of these reproduces V-E = (1 /t 0 )p e and V xB = p 0 3 e -\-pot a dEjdt, just as before (p. 539); the second 
yields V B = ( po/c)(cp m ) = Po Pm and -(l/c)(3B/3i + VxE) = (po/c)J m , or V x E = -poJ m - dB/dt 
(generalizing page 540). These are Maxwell’s equations with magnetic charge (Eq. 7.43). The third (following 
the argument on p. 540) says 


K 1 = 
K = 


— c 


-^==|B+(« B )], + ^ L ^__ 5 _ 5 . 
-- u 2 fc 2 { 9e + x + 


(~B X ) + 


0^7 

F = q e [E + (u x B)] + q m 


B-iuxE) 


}• 


\J\ — u 2 /c 2 


or 


Ez 

c 


+ 


y/l - U 2 /c 2 V c 


E, 


B r(u x E) 


which is the generalized Lorentz force law (Eq. 7.69). 




Errata 

Instructor’s Solutions Manual 
Introduction to Electrodynamics, 3rd ed 
Author: David Griffiths 

Date: June 14, 2001 


• Page 4, Prob. 1.15 (b): last expression should read y + 2z + 3x. 

• Page 8, Prob. 1.26: last line should read 

From Prob. 1.18: V x v a = —6 xz x + 2z y + 3 z 2 z => 

V • (V x Vo ) = &(-6xz) + ±(2z) + £(3 z 2 ) = ~6 z + 6z = 0. / 

• Page 8, Prob. 1.27, in the determinant for V x (V/), 3rd row, 2nd column: 
change y 3 to y 2 . 


• Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert 
minus sign). 

• Page 9, Prob. 1.31, line 2: change 2x 3 to 2 z 3 ; first line of part (c): insert 
comma between dx and dz. 

• Page 14, Prob. 1.46(b): change r' to a. 


• Page 14, Prob. 1.48, second line of J: change the upper limit on the r 
integral from oo to R. Fix the last line to read: 

= 47t (— e~ r ) + ine~ R = 477 (— e~ R 4- e -0 ) + 4776”^ = 477. / 


• Page 15, Prob. 1.49(b), last integration “constant” should be l(x,z), not 
l(x,y). 

• Page 17, Prob. 1.53, first expression in (4): insert 0, so da = rsint'drd^^. 

• Page 17, Prob. 1.55: Solution should read as follows: 

Problem 1.55 

(1) x = z = 0; dx = dz = 0; y : 0 — » 1. v ■ d\ = ( yz 2 ) dy = 0; f v ■ dl = 0. 

(2) x = 0; z = 2 — 2 y; dz = -2 dy; y : 1 — > 0. 

v • dl = (yz 2 ) dy + (3 y + z) dz = y ( 2 - 2 y) 2 dy - (3y + 2 - 2y)2 dy; 


u 

J v ■ dl = 2 J (2 y 3 - 4y 2 + y - 2) dy = 2 


r u 4 4u 3 y 2 

— + 2 y 

2 3 2 y 


14 
3 ‘ 


(3) x = y = 0; dx ~ dy — 0; z : 2 — > 0. v • dl = (3 y + z)dz — zdz. 



1 


Total: fvdl = 0+^-2 


Meanwhile, Stokes’ thereom says j> v ■ dl = J(Vxv) ■ da. Here da = 
dydzx, so all we need is 

(V xv), = ^(3 y + z)- yz 2 ) = 3 - 2 yz. Therefore 

/(Vxv)-da = f f(2>-2yz)dydz = j/ Q 2-2 ' y (3 - 2yz) dz j dy 

= Jo [3(2 - 2 y) - 2y\{2 - 2 y) 2 ] dy = fj (-4 y 3 + 8y 2 - lOy + 6) dy 
= [— 2 / 4 + §y 3 — 5y 2 + 6y] |q = — 1 + | — 5 + 6 = |. / 

• Page 18, Prob. 1.56: change (3) and (4) to read as follows: 

(3) <j>= f ; r sin# = y = 1, so r = dr = cos #d#, # : f -> # 0 = 
tan _1 (|). 


dl = (r cos 2 #) (dr) — (r cos# sin#) (rd#) = d# — 


cos # sin # 


cos 3 # cos # 

sin 3 # sin # 


d0 = 


cos # ( cos 2 9 + sin 2 # 


sin 2 # 


de = .^± d e. 

sin 3 # 


d# 


Therefore 


/ 


v ■ dl = — 


7r/2 


cos # 
sin 3 # 


d# : 


2 sin 2 # 


00 1 1 5 1 

tt /2 ~ 2 • (1/5) 2 - (1) ~ 2 _ 2 ' 2 - 


(4) # = #o, 4> = f ; r '■ 1 > 0. v • dl = (rcos 2 #) (dr) = ~r dr. 


/ v ■ dl — — [ r dr = - 

5 J 


4 r 2 


5 2 




= --■-= - 2 . 
5 2 


Total: 


3tt 

v-dl = 0+ — + 2 — 2 


Page 25, Prob. 2.12: last line should read 

Since Q to t = fir R 3 P , E = (as in Prob. 2.8). 

Page 26, Prob. 2.15: last expression in first line of (ii) should be d<j:, not 
d phi. 

Page 30, Prob. 2.28: remove right angle sign in the figure. 

Page 42, Prob. 3.5: subscript on V in last integral should be 3, not 2. 


2 



Page 45, Prob. 3.10: after the first box, add: 


4tt£ 0 { (2a) 2 


(2 b)- 


y + 


(2s/ a 2 + b 2 y 


[cos 6 x + sin d y] 


where cos 9 = aj\/ a 2 + b 2 , sin# = bj\fa 2 + b 2 . 


F 9 2 f 

a 

1 1 

x + 

b 

1 ' 

167re 0 ( 

(a 2 + 5 2 ) 3 / 2 

fl2 J 

(a 2 + 6 2 ) 3 / 2 

b 2 


1 1 

\~q 2 ~q 2 q 2 1 


q 2 

1 

1 r 

4 47TC0 

L(2a) (26) (2s/a 2 + b 2 )\ 


327T£o 

_\/a 2 + b 2 

a b 


• Page 45, Prob. 3.10: in the second box, change “and” to “an”. 


• Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72. 

• Page 58, Prob. 3.28a, second line, first integral: R 3 should read R? . 

• Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3. 


• Page 79, Prob. 4.19: in the upper right box of the Table (07 for air) there 
is a missing factor of eo- 

• Page 114, Prob. 6.4: last term in second expression for F should be 
(plus, not minus). 

• Page 125, Prob. 7.2(b): in the box, c should be C. 

• Page 129, Prob. 7.18: change first two lines to read: 


= / B da; 




Pol a 
2t r 


r 


ds Uola ( s + a 
—r — — — In ' 

2n 


dQ 




Moa , 


dl 


£ = /loop R =-2-R = -— = ln(l + a/s) — . 


dt 


dt 


2 ? r 


dt 


dQ = -^|ln(l + a/s) dl 
2irK 


Q = Sl ln(1 + a/s) - 


• Page 131, Prob. 7.27: in the second integral, r should be s. 

• Page 140, Prob. 7.47: in the box, the top equation should have a minus 
sign in front, and in the bottom equation the plus sign should be minus. 

• Page 141, Prob. 7.50, final answer: R 2 should read J?2- 

• Page 143, Prob. 7.55, penultimate displayed equation: tp should be •. 
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• Page 147, Prob. 8.2, top line, penultimate expression: change o 2 to a 4 ; in 
(c), in the first box, change 16 to 8 . 

• Page 153, Prob. 8.11, last line of equations: in the numerator of the ex- 
pression for R change 2.01 to 2.10. 

• Page 175, Prob. 9.34, penultimate line: a — 71 . 3/712 (not 713 / 713 ). 

• Page 177, Prob. 9.38: half-way down, remove minus sign in fc 2 + fc 2 + fc 2 = 
-(^/c) 2 . 

• Page 181, Prob. 10.8: first line: remove 

• Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42). 

• Page 203, Prob. 11.14: at beginning of second paragraph, remove 

• Page 222, Prob. 12.15, end of first sentence: change comma to period. 

• Page 225, Prob. 12.23. The figure contains two errors: the slopes are for 

v/c = 1/2 (not 3/2), and the intervals are incorrect. The correct solution 
is as follows: 



(b) § = slope 


=> V = 


- Ml r - 

9.25 c — 


_ 9.25 
“ 8.75 



(c) v' = |c, SO V = 


_ (7/5)c _ 
(37/25) - 



• Page 227, Prob. 12.33: first expression in third line, change c 2 to c. 
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